Corran James W ebster

University of California

Lo cal Op erator Spaces and Applications

Los Angeles

A dissertation submitted in partial satisfaction

of the requirements for the degree

Do ctor of Philosophy in Mathematics

by

1997

◯ c Copyright by

Corran James W ebster

1997 to Boyd and Di.

iv

∞

∞

M

M

Con ten ts

1 Intro duction 1

2 Matrix Convexity 7

3 Lo cal Op erator Spaces 23

4 Analogues of Compactness in Op erator Spaces 53

References 73

1.1 Standard Notation and Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Matrix Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Matrix Convexity and Matrix Gauges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 The Bip olar Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 The Hahn-Banach Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 -Convexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1 Lo cal Op erator Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 Pro jective Limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3 T ensor Pro ducts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4 Complete Boundedness and Mapping Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.5 The Uniform Complete Boundedness Principle . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.6 Lo cally -Convex Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.7 Injective Limits and Matrix Bornology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.8 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.9 Op erator Nuclearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.10 The Kernel Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.1 Definitions of Matrix Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 C*-Op erator Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.3 Approximation Prop erties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.4 Strong Op erator Approximation Prop erties . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.5 Co-exactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 vi

Acknowledgments

First and foremost, it is my pleasure to thank Professor Ed Effros for the advice, assistance and direction

he provided as my advisor during this pro ject. I would also like to extend a sp ecial thank-you to my colleague

and, for a time, fellow student, Soren Winkler, for getting me ho oked into the study of op erator spaces and

for the many fruitful discussions we had while he was at UCLA and via e-mail since then.

I would also like to acknowledge and thank Professor Marc Rieffel, who got the ball rolling back in 1995

in W aterlo o; Zhong-Jin Ruan, for many helpful comments, esp ecially concerning compactness arguments

for op erator spaces; and Professor Masamichi T akesaki for his comments and for the illuminating courses

he taught at UCLA. I would also like to thank my fellow students T ony F alcone and Eduard V aysleb for a

numb er of useful discussions.

Finally

, I would like to thank my siblings, Koa, Romily and V ana, for helping to keep my feet on the

ground during my journey to this alien shore.

viii

∞

L

B H

In tro duction

The field which might b est b e called “quantized functional analysis” was b orn out of the study of the

prop erties of op erator algebras, itself a child of von Neumann’s program of “quantizing” mathematics to

adapt it to the study of quantum mechanics, inspired by Heisenb erg’s “matrix mechanics.” Murray and

von Neumann’s early work pro duced a version of non-comm utative integration theory [26]: the basic idea

b eing that spaces of functions asso ciated with the measure space, such as are to b e replaced by a

corresp onding space of b ounded op erators on a Hilb ert space, such as ( ) itself. As these spaces were

often *-algebras of op erators, a rich theory concentrating largely on the algebraic structure develop ed, and

continues to develop, some 60 years on. Moreover the basic program of quantization by replacing functions

by op erators has led to such developments as Connes’ noncomm utative geometry [5], and V oiculescu’s free

probability theory [39], to name a couple of recent developments.

Arveson’s 1969 pap er [1] on subalgebras of C*-algebras initiated the study of spaces of op erators in

their own right. The key theorem from this p oint of view was the fact that there was a version of the

Hahn-Banach extension theory which applied to linear spaces of op erators on a Hilb ert space, the so-called

op erator spaces. This work was picked up by Effros and Choi, Wittsto ck, Paulsen and others who proved

a numb er of other results, including a characterization of self-adjoint subspaces and a generalization of the

GNS construction. This p erio d of development concluded with Ruan’s celebrated representation theorem

which provided an axiomatization for op erator spaces.

With the key pieces in place, and the imp ortant philosophical viewp oint that op erator spaces are the

“quantized” or “non-comm utative” versions of Banach spaces, the theory develop ed in leaps and b ounds

driven by the work of Effros and Ruan, Blecher and Paulsen, Sinclair, Smith, Christensen, Kirchb erg and

Pisier. During the space of a few years many of results of asp ects of classical Banach space theory had b een

generalized to this new setting. This development was facilitated by following the program of Grothendieck,

concentrating on the language of tensor pro ducts, a very natural concept to workers coming in from op erator

algebras, rather than the equiv alent language of mapping spaces that dominated Banach space theory (and

for which op erator space versions were also created). Again, after nearly 30 years, this field is vigorous,

and it app ears that many imp ortant concepts in the theory of op erator algebras, such as injectivity and

exactness, stem from attributes gained from the underlying op erator space structure.

That the Hahn-Banach extension theorem is in fact a theorem ab out convexity was noticed by Wittsto ck,

who was the first to intro duce the notion of op erator or matrix convexity in his 1979 pap er where he

extended Arveson’s original result to a much fuller generality

. His metho ds, however, were difficult and

did not extend easily . V ariants and relations of this notion, in particular the C*-convexity worked up on by

Lo ebl and Paulsen [25], Hop enwasser, Mo ore and Paulsen [19], and F arenick and Morenz [16], were explored

and some interesting results discovered, but it was not until some 15 years after Wittsto ck’s original work

that Winkler, as part of his do ctoral research [42] under Effros, b ought Wittsto ck’s convexity back into

the fold by providing an axiomatization more in harmony with Ruan’s axiomatization for op erator spaces,

and pro ceeded to prove a version of the bip olar theorem and, from this, a simplified pro of of the Arveson-

M

∞

CHAPTER 1. INTRODUCTION 2

Wittsto ck Hahn-Banach theorem in even greater generality .

One imp ortant difference, and a source of much difficulty

, b etween the classical theories in functional

analysis and the new quantized versions was that unlike unb ounded functions, unb ounded op erators are

not particularly well-b ehaved. This is of key imp ortance in many applications, in particular in quantum

theory where p erhaps the most fundamental ob jects, the observ ables, are usually unb ounded. It is also

of imp ortance in non-comm utativ e geometry

, as differential op erators are usually unb ounded, and in the

theory of “lo cally compact” quantum groups, where the known algebraic examples involve elements which

corresp ond to unb ounded functions. Classically

, spaces of unb ounded functions are typically dealt with by

lo oking at them not as elements of normed spaces, but as elements of seminormed spaces. Indeed all the

classical examples of interest fall into the category of lo cally convex top ological vector spaces (henceforth

called lo cally convex spaces for brevity).

One might hop e that there is a theory of “non-comm utative lo cally convex spaces” analogous to the

theory of op erator spaces, and that using this theory one may b e able to apply this to problems in a numb er

of areas of op erator algebra and op erator space theory

. The development of such a theory is the primary

ob jective of this dissertation.

One natural question which arose during the research was “What are the analogues of compact sets in

the op erator space context?” Several p ossible definitions arose, and although one of them was the correct

one for the problem at hand (generalizing the Arens-Mackey theorem), the other definitions had some

interesting prop erties. In particular the question as to whether or not they are identical is tied to some

of the deep est parts of op erator space theory

, in particular those areas where the theory diverges from the

classical theory of Banach spaces.

This thesis is organized into 4 chapters. The first is this intro duction, where we intro duce the thesis and

some basic notation. In the second chapter we develop a theory of absolute matrix convexity which runs

parallel to the work of Winkler and Effros. The key reason for this is that the convex sets that are the unit

sets of seminorms are more than just convex, and must, for example, b e closed under multiplication by a

scalar of absolute v alue less than 1. W e intro duce the analogous additional condition to the axioms and

prove versions of the bip olar and Hahn-Banach theorem for this sort of matrix convexity . W e also intro duce

the notion of -convexity where we lo ok at a class of sp ecial convex sets living in certain bimo dules, an

approach which will recur throughout the dissertation.

Having put the foundations in place, in the third and largest chapter we work thoroughly through the

theory of lo cal op erator spaces, the analogues of lo cally convex spaces, starting by defining them and the

way they can b e represe nted as pro jective limits of op erator spaces. W e intro duce corresp onding definitions

for all the key notions in the classical theory: tensor pro ducts, b ounded sets, top ologies on mapping spaces,

barrelled spaces, b ornological spaces, the Mackey top ology and nuclear spaces. Using all these we prove

a substantial set of results, the highlights of which include a uniform b oundedness principle, a version

of the Arens-Mackey duality theory

, an exact characterization of matrix nuclear lo cal op erator spaces as

quantizations of classical nuclear spaces, and the uniqueness of these quantizations, and finally a version of

Schwartz’s kernel theorem.

Chapter 4 is a deviation from what has gone b efore. In working on the Arens-Mackey theory it was

noticed that there are a numb er of p ossible ways of lo oking at “matrix compact sets,” but unlike their

classical counterparts, these approaches are not equiv alent. W e concentrate largely on op erator spaces

and use one of these definitions to extend Effros and Ruan’s op erator approximation prop erty

, providing

an equiv alent definition for convergence in the stable p oint-norm top ology and a characterization of the

op erator approximation prop erty in terms of convergence to matrix compact maps. W e conclude the chapter

by lo oking at another definition and showing it is related in the same sort of way to the strong op erator

approximation prop erty . W e show that if these two notions of compactness agree, then the two op erator

approximation prop erty agree. In particular this implies, through the deep work of Kirchb erg, that if these

two notions agree for a C*-algebra, then op erator approximation prop erty is equiv alent to exactness. W e

then investigate a condition which guarantees that the two definitions agree.

Throughout, esp ecially in the first two chapters, we include examples to indicate the applications of this

material to other areas.

{

C

N

C

N

∞

∞

∈

{ }

×

× ×

0

1 2

2

Λ

Γ

1

( ) ( )

1.1. ST

ANDARD NOT A TION AND CONVENTIONS

{ }

B K T HS F

B K T HS F T HS

{ }

{ } { } ⊆ { ∈ }

∞

· ∞

∞

L

∈ ∈ ∈

{ } ∞

∈ { } × { }

∈ { } ∈ { }

⊗

⊗

1.1 Standard Notation and Con v en tions

1.2 Matrix Con v en tions matrix c ompletely

op er ator

op er ator c omp act matrix c omp act c ompletely c omp act

b

c k

c k

k

n

n n n

ν ν μ,ν

ν μ ν

n ,...,n

I ,J

i,j i,j i,j

I I ,I I ,J I ,J

n m

i,j , k ,l n,m

i,j

I ,J K,L

I K,J L

X

C X C X C X

C X X C C k

c c ℓ ℓ ℓ e

e k

H H H H H H

H H ℓ

H M

ξ H e

ξ ξ p H ξ ν

p p

,

λ λ

V W V , W

V W

I J V M V I

J v i I j J v V v

M V M V M M n

I , . . . , n M V

v i, j k , l , . . . , n , . . . , m M V

v i , . . . , n j , . . . , m

V W

M V M W

M V W

3

Throughout we will assume that the reader has some familiarity with b oth the theory of op erator spaces and

the theory of lo cally convex top ological vector spaces, and that they are completely familiar with the theory

of C*-algebras and von Neumann algebras. W e will often quickly describ e the situation in the op erator or

lo cally convex space case b efore going on to adapt it to the situation we are interested in. In the case of

lo cally convex spaces there are many texts av ailable on the sub ject, such as [4, 18, 33, 38, 44]. The theory of

op erator algebras is well-do cumented in such reference s as [21, 17, 28, 37]. There are no texts on op erator

spaces which present the current state of the art, although Effros and Ruan are working on a b o ok [7] at

present which includes most of the necessary background, and Paulsen’s b o ok [27] discusses most of what was

known prior to Ruan’s work. Articles which a reader might find useful include [1, 43, 34, 8, 2, 3, 31, 30, 32].

Where there is no conflict with the terminology

, we may use the adjectives , and

interchangeably

. The two most notable dangers with this p olicy are that an unrelated notion of

a completely continuous map already exists in the literature, and that in the discussion of compactness in

Chapter 4 we mean distinct conditions by , and . As

result, I have tried to b e as consistent as p ossible.

Given a top ological space we denote the continuous functions, the b ounded continuous functions,

the functions v anishing at infinity and the functions v anishing off compact sets by ( ), ( ), ( )

and ( ) resp ec tively

. If is a manifold, then we replace by to denote the -times continuously

differentiable functions with the corresp onding prop erties.

W e denote the sequence s v anishing at 0, the sequences which are 0 for all but finitely many v alues, the

b ounded sequences, absolutely summable sequences and square summable sequences of complex numb ers

as and , , and resp ectively . W e will denote the standard basis in these spaces by , where

is the sequence which is zero everywhere but the th element.

As is usual, given a Hilb ert space , we let ( ), ( ), ( ), ( ) and ( ) b e the b ounded,

compact, trace-class, Hilb ert-Schmidt and finite rank op erators on resp ectively

. When is , we will

often simply write , , , and . If is , we will write , and for the b ounded, trace-

class and Hilb ert-Schmidt resp ectively

. Given a basis for , we will let b e the partial isometry

that takes span to span . If Γ Λ we denote by the pro jection from to span : Γ . If

Λ = , then we let = .

In a numb er of places we will have to deal with arithmetic on the extended p ositive real numb ers [0 ].

In this case we will use the standard “zero wins” convention for multiplication, i.e.

=

0 if = 0,

otherwise.

W e now turn to the notational conventions for working with matrix spaces. Unless otherwise noted, all

vector spaces are over the complex numb ers. Given vector spaces and , we denote by ( ) the

space of all linear maps from to .

Given two index sets and , and a vector space , we denote by ( ) the vector space of by

matrices [ ], where , , and all but finitely many of the are 0. F or convenience,

we will write ( ) for ( ), for ( ) and allow a natural numb er to replace the set

= 1 , and to replace . The reader should b e careful not to confuse ( ), which are

matrices of the form [ ] where ( ), ( ) 1 1 , with ( ), which are

matrices of the form [ ] where 1 and 1 .

Given , vector spaces, the algebraic tensor pro duct

( ) ( )

is isomorphic to ( ).

C

′ ′

( ) ( )

′ ′

∗ ∗

∈

∈

⊔

×

∈

∈

[ ]

[

∑

]

[

∑

]

[ ]

∑

CHAPTER 1. INTRODUCTION

matrix pr o duct

dir e ct sum

p airing

⊂ ⊂

→

− →

⊆ ⊆

→ →

∈ ∈

∈

∈

∈

∈

⊕ ∈

{ } ⊔ { }

→ →

L L →

∈ L

∼

∈

·

⊗

· ⊗

⟨· ·⟩ × →

I ,J K,L

I ,J I ,J

I ,J J,I

j,i

I

I ,J J,K

j I i,j j,k I ,K

I

I ,J J,K

j I i,j j,k I ,K

J,K I ,J

I ,J J,K K,I

I

J

I J

I ,J I ,J I ,J

I ,J i,j

I I ,I

I ,J I ,J i,j

i,j

I K I K I

I

i,j I k ,i , l,j i,j

k ,l K

I I

I

I K J L M V M V

v v

.

M V M V

I I J J

V

V V

M V M V v v v .

M V V

v M V w M V

v w v w M V .

M V V A A

M A M V

av a v M V .

V A M A M V

M M V M V V

v M V

w M V

v w v

w

M V

, . . . , n , . . . , m n m

φ V W φ M V φ W

φ v φ v .

φ φ

M V , W V , M W φ v

φ v

V σ M , M M v M V

σ v σ v .

M V M V

σ v σ v .

V W

, V W

4

If and we have standard inclusion maps from ( ) to ( ) given by

0

0 0

F urthermore, we note that with these inclusions, we have that as vector spaces

( ) = lim ( )

where the injective limit is taken over finite subsets and .

If has additional prop erties b eyond b eing a vector space, then we can extend these to the matrices

over . If is a *-vector space then we define an antilinear map

( ) ( ) : = [ ]

This map is a *-op eration for ( ), making it a *-vector space. If is an algebra, then given matrices

( ) and ( ) we define their pro duct by the

= ( )

In particular, this makes ( ) an algebra. More generally

, if is a left -mo dule for some algebra ,

then ( ) acts on ( ) via

= ( )

Similarly

, if is a right -mo dule, then ( ) acts from the right on ( ) in the obvious way .

In particular, this means that acts on ( ) and ( ), for any , from the left and right

resp ectively .

There is a novel op eration on these matrix spaces, that of the of two matrices ( ),

( ), which is

=

0

0

( )

and for convenience, we will identify 1 1 with + .

Given a map : b etween two vector spaces we define : ( ) ( ) by

( ) = [ ( )]

As b efore we will write for .

W e identify ( ( )) with ( ( )) by mapping the matrix [ ] to the function

[ ( )].

Given a vector spaces, ( ) = , ( ), then we define

=

Alternatively

, if we identify ( ) with , we can think of this as

= ( id)( )

A (non-degenerate) of two vector spaces and is a bilinear function

:

− 1

∑

C C

N

N

;

; ;

;

1

∈ ∈

× ×

× ×

−

K

K V

K L

K

K V K

φ K W

L W

φ L V

1.2. MA

TRIX CONVENTIONS

matrix p airing

matrix set

level

close d op en

⟨ ⟩ ∈ ⟨ ⟩ ∈

∈ ∈ → →

⟨ ⟩

⟨ ⟩ ⟨ ⟩

⟨⟨· ·⟩⟩ × →

⟨⟨ ⟩⟩ ⟨ ⟩

⟨⟨ ⟩⟩

× →

× →

⊆ ∈

⊂ ∈

→ ⊆

⊆

⊆

⊆

I ,J I ,J

i I ,j J i,j i,j

I ,J K,L

I ,J K,L I K,J L

i,j k ,l

K,L I ,J

I ,K J,L I ,K J,L I K,J L

I ,K J,L i,k j,l I J

I ,K J,L

n n n

n n

n n

n n

n v , w v V w v , w w W v

v V w W v W w V

v w w v v , w .

M V M W

v , w v , w .

M V M V

, M V M W M

i, k , j, l v , w v , w

v , w v w w v .

φ V W X

φ v , w M V M W M X

i, k , j, l φ v , w φ v , w I K J L φ

φ

K V K M V n

K n V M V

K L n

V

φ V W

φ K ,

φ L .

5

such that if = 0 for all , then = 0; and if = 0 for all , then = 0. So each

element (resp ectively ) determines a linear functional : (resp ec tively : ) by

( ) = ( ) =

Given such a pairing we get a (scalar) pairing of ( ) and ( ) given by

=

However, we also get a of ( ) and ( ) which is a map

: ( ) ( )

where the ( ) ( )-th entry of given by , or equiv alently

= ( ) = ( )

W e can extend this to arbitrary bilinear maps : , we define

( ) : ( ) ( ) ( )

where the ( ) ( )-th entry of ( ) is ( ). If = and = the we will write

for .

W e define a = ( ) in a vector space to b e a family of sets ( ) for .

W e call the -th of . If is a vector space we will write for the matrix set ( ( )). W e

say that one matrix set is a subset of another if for all , and define intersection and

union of matrix sets by taking intersections, or unions resp ectively

, at each level. If is a top ological vector

space, then we say is if it is closed at each level, and we define matrix sets analogously

. If

: , then given we get the matrix image of ,

( ) = ( ( ))

and given we have matrix inverse image

( ) = ( ( ))

6 CHAPTER 1. INTRODUCTION

C

+

K

i i

∑

∑

∑ ∑

∞

∗

∗

∗ ∗

Chapter 2

matrix c onvex

Matrix Con v exit y

∈ ∈

∈

⊕ ∈ ∈ ∈

∈ ∈ ∈

∈ ∈

| | ≤ ∈ i n i n ,n

i i i n

i i i i n

m n m n

n m m,n m

i i

i i i

2.1 Matrix Con v exit y and Matrix Gauges

M

v K α M α α I

α v α K .

v w K v K w K

α v α K v K α M α α I

v K α

α α v K

This chapter is preliminary to the main part of the dissertation. Our ob jective is to develop a theory

analogous to the theory of lo cally convex spaces in the context of op erator spaces. T o do this we need to

know exactly what we mean by a “convex set,” or more sp ecifically

, an “absolutely convex set,” since in

the theory of lo cally convex spaces, the unit sets of seminorms satisfy the additional prop erties that they

must b e closed under multiplications by scalars of absolute v alue less than or equal to 1. This condition is

sometimes referred to the literature as “circled” or “balanced” convexity .

W e first define matrix convex sets, a definition which should b e natural to those who have seen either the

theory of op erator spaces or the work of Effros and Winkler. W e lo ok at the corresp onding notion of matrix

gauges, and sp ecialize to lo ok at matrix seminorms. W e then move on to prove a version of the bip olar

theorem, very closely related to the version due to Effros and Ruan, but adapted to allow for the p ossibly

infinite or zero v alues that matrix gauge may take, as compared to a matrix norm. W e then derive a version

of the Hahn-Banach theorem from the version of Effros and Winkler. W e conclude with an alternative, but

equiv alent, way of lo oking at matrix convexity in terms of -bimodules.

Matrix convexity was first intro duced by Wittsto ck [43], who defined a matrix set to b e

if given and with = then

In [15], Effros and Winkler observed that this was equiv alent to saying that

for all ,

(MC1)

for all , such that = .

(MC2)

Note that under this definition the completely p ositive cones of the op erator systems, and the matrix unit

balls of op erator spaces are b oth matrix convex.

Recall that the convex sets which form neighb orho o d bases of 0 of lo cally convex vector spaces satisfy

a stronger condition than convexity

, that of absolute convexity

, i.e. that if and such that

1, then . Observing that, in particular, the unit ball of a matrix normed vector space

should b e absolutely convex, and comparing with the definition of an op erator space, we are led to the

following definition.

∗

∑

∑

C

C

K

γ

γ

γ

+

=1

=1

+

Definition 2.1.1

Definition 2.1.2 m n m n

n m m,n

p

ρ ρ

γ

i γ

i n

i i

n

i i i γ

B

B

n n

n m n m n m

m n n m,n n,m

⊕ ∈ ∈ ∈

∈ ∈ ∈ ‖ ‖ ‖ ‖ ≤

→ ∞

≤ ∈

| | ∈ ∈

∞

∞

∈

{ ∈ ∞}

{ ∈ }

{ ∈ ≤ }

∈ ∈ | | ≤

{ ∈ }

→ ∞

⊕ { } ∈ ∈

‖ ‖ ‖ ‖ ∈ ∈ ∈ gauge

absolute gauges

faithful seminorm

norm

unit set

absolutely c onvex

absolutely c onvex c ombination

Minkowski gauge

absolute v w K v K w K

α v β K v K α β M α β

V

γ V ,

γ v w γ v γ w v w V

γ αv α γ v v V α

,

p p v v ρ ρ v <

v V

V v V p v <

V V / N V / v V ρ v .

γ

B v V γ v

v B α i , . . . , n α

α v B B

V γ

γ v λ > v λB .

V V

γ M V ,

γ v w γ v , γ w v M V w M V

γ αv β α γ v β v M V α M β M

CHAPTER 2. MA

TRIX CONVEXITY

A matrix set is if it satisfies

for all ,

for all , , such that , .

Given a vector space , a on is a collection of gauges

such that satisfies

for all , ,

for all , , .

8

absolutely matrix convex

(AMC1)

1 (AMC2)

Classically

, absolutely convex neighb orho o ds of 0 are the unit sets of seminorms. Analogously to [15] we

need to generalize this slightly

. A on a vector space is a function

: [0 ]

which satisfies

( + ) ( ) + ( ) for all ,

(G1)

( ) = ( ) for all , .

(G2)

where multiplication of numb ers in [0 ] follows the “zero wins” convention. Note that this is the absolutely

convex analogue of the definition in [15]; should we need to distinguish b etween the two we will refer to

gauges which satisfy (G1) and (G2) as .

W e say that a gauge is if ( ) = 0 implies = 0 and we call a gauge a if ( )

for all . A faithful seminorm is a . A faithful gauge determines a norm on the subspace

= : ( )

while a seminorm determines a norm on the quotient space

= = : ( ) = 0

(2.1)

Given a gauge , the

= : ( ) 1

is , that is, given and for = 1 such that 1, then the

lies in also. Conversely

, given any absolutely convex subset

of a vector space , we get the by letting

( ) = inf 0 :

matrix gauge

= ( : ( ) [0 ])

( ) = max ( ) ( ) ( ) ( )

(AMG1)

( ) = ( ) ( )

(AMG2)

Again, this is the absolutely matrix convex version of a gauge. If there is any confusion b etween this

definition, and that in Effros and Winkler [15], we will say that a matrix gauge which satisfies (AMG1)

and (AMG2) is an matrix gauge. W e note that it suffices to check the following weaker version of

(AMG1).

n

□

∗ ∗

[ ]

[ ]

∑

K K

ρ

ρ ρ

ρ

ρ ρ

Lemma 2.1.1

+

+

+

+

1 1 1

1 1

1

2

1

1

1

1 γ

γ

γ

γ

γ

K

γ K

K

γ

ρ

ρ

ρ

ρ

ρ

→ ∞

⊕ ≤ { } ∈ ∈

‖ ‖ ‖ ‖ ∈ ∈ ∈

∈ ∈

⊕ ≤ ⊕

≤ ⊕

{ } ≤ ⊕ ≤ { }

{ ∈ ≤ }

∈ ∞

∈

≤ ≤ ≤ { }

{ ∈ }

‖ · ‖

‖ ‖

Pr o of :

Minkowski matrix gauge

faithful

matrix seminorm

matrix norm n n

n m n m n m

m n n m,n n,m

n m

n n m

n n

m n m

n m n m n m

n n

n

n

K

i,j n

i,j ,i

,j n n

i,j

,i

,j i,j

n

n

n

n n

V

γ M V ,

γ v w γ v , γ w v M V w M V

γ αv β α γ v β v M V α M β M

v M V w M V

γ v γ α v w β γ v w

α I , β

I

γ w γ v w

γ v , γ w γ v w γ v , γ w

v M V γ v λ

λ , K

γ γ

n

V v v M V

γ v γ e v e γ v γ e v e n γ v .

ρ ρ

ρ ρ

V

N v V ρ v

V V / N

π v ρ v

2.1. MA

TRIX CONVEXITY AND MA

TRIX GAUGES

Given a vector space , and a collection of gauges

such that satisfies

for all , ,

for all , , .

then is a matrix gauge.

9

= ( : ( ) [0 ])

( ) max ( ) ( ) ( ) ( )

(AMG1’)

( ) = ( ) ( )

(AMG2’)

Let ( ), ( ), then by (AMG2)

( ) = ( ( ) ) ( )

where

= 0 =

0

and similarly ( ) ( ) so that

max ( ) ( ) ( ) max ( ) ( )

by (AMG1’). So satisfies (AMG1).

It is clear from the way that we have defined things that the unit matrix set of a matrix gauge is

matrix convex. Indeed the matrix set

( ( ) : ( ) )

for any [0 ] is matrix convex. Conversely

, if we are given a matrix convex set = ( ) we have

a corresp onding of where is given by the Minkowski gauge of the

-th level of .

If we have a matrix gauge on a vector space and a matrix = [ ] ( ), then

( ) ( ) ( ) = ( ) max ( )

(2.2)

Hence if is a matrix gauge and is faithful, then so are all the . In this case we call the matrix gauge

. If is such that is a seminorm, then the ab ove implies that each is also a seminorm, and we

call such a matrix gauge a . A matrix gauge which is b oth faithful and a matrix seminorm

is called a .

If is a matrix seminorm on , we let

= : ( ) = 0

b e the kernel of . Then

= (2.3)

has a matrix norm ( ) determined by via

( ) = ( )

N

N

1

+ ρ

ρ

∈

∈

∗

C

C

C C C ρ ρ

γ ρ

γ ρ

γ ρ

γ

Example 2.1.1

c ompletely b ounde d

CHAPTER 2. MA

TRIX CONVEXITY

n n n

n n n

n n n

n m n m n m

m n n m,n n,m

n

n n

n

n n

n

c

r

cb

n n

n n

n

n

{ ∈ ∞}

•

• { } { } { }

• ∈ ∞

‖ · ‖ → ∞

‖ ⊕ ‖ {‖ ‖ ‖ ‖ } ∈ ∈

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ∈ ∈ ∈

‖ · ‖

B ‖ · ‖ B

B →

• ⊗

B

• B B

• B ⊆ B

•

• →

‖ ‖ ‖ ‖

B

C B C B

C B C B

• C B B π

V v V ρ v <

γ ρ γ ρ

, γ , ρ γ , ρ

λ λ ,

V M V ,

v w v , w v M V w M V

αv β α v β v M V α M β M

V

V

H H

W H H φ V W

φ

A M A M A

M A

A H A H

H , H H

H

H H , H

H

V

V

V W φ V W

φ φ

φ V , M W

V W V , W M V , W

V , M W V , W

W V , V V ,

V

10

where is the quotient map. The same construction will give a faithful matrix gauge from an arbitrary

matrix gauge. Analogously

, if were faithful, then if we restrict to the subspace

= : ( )

then we also get a matrix norm. If we were to start with an arbitrary matrix gauge, we would simply get a

matrix seminorm.

If we are given two matrix gauges and , then it is easy to see that

+ , where ( + ) = + ,

max , where max = max ,

, for any [0 ],

are all matrix gauges.

An (abstract) op erator space is a vector space with a family of norms ( : ( ) [0 )) which

satisfy

= max for all ( ), ( ),

(MN1)

= for all ( ), , .

(MN2)

W e will assume that is complete at the first level (and so is complete at all levels). Clearly the family of

norms give an absolutely matrix convex gauge on , indeed ( ) is a matrix norm.

Any linear subspace of ( ) is an op erator space with the norms inherited from ( ). Con-

versely Ruan [34] showed that any abstract op erator space is completely isometrically isomorphic to a linear

subspace of ( ) for some Hilb ert space . That is to say

, there is a map : such that the

maps are all isometries.

A numb er of sp ecial op erator spaces will b e of some imp ortance:

If is a C*-algebra, then so are the algebras ( ) = . In fact we get a matrix norm from

the norms on each of the ( ). Moreover, this matrix norm is exactly the matrix norm that we get

regarding as a subspace of ( ) where is represente d faithfully on .

If is a Hilb ert space, we can regard it as ( ) which is a subspace of ( ). W e call the op erator

space we get this way the column Hilb ert space .

If instead we regard as ( ) ( ). W e call the op erator space constructe d this way the row

Hilb ert space .

W e will see in the following section that any Banach space has a minim al and a maximal matrix

norm for which the norm on the first level is the norm on .

If and are op erator spaces, then we say a linear map : is if the

norm

= sup

is finite, where the norm of is the one it attains as an element of ( ( )). W e denote the

space of all completely b ounded maps from to by ( ). Then by since ( ( )) can

b e identified with ( ( )) we can give ( ) an op erator space structure .

In particular, if = with the obvious op erator space structure, then ( ) = = ( ) as

Banach spaces, so we have an op erator space structure on the dual of .

N g

g

q

q q

q

1

1 1

1

≤

| |≤ ρ

γ

ρ

γ

γ k,l

i

μ

k

a

∑

( ) ( ) |

|

|

|

∑

{

2

+

1

1 exp ( ) exp( )

=0 =0

1 2

∘

‖ ‖

∞ ⊗

∈

‖ ‖

∞ ‖ · ‖

‖ ‖ ∈ D ≤ ≤

∞

‖ · ‖

2.1. MA

TRIX CONVEXITY AND MA

TRIX GAUGES

Example 2.1.2

Example 2.1.3

Example 2.1.4 θ

π iθ

u v

u m n m n

v m n m n

u v k ,l k

u l

v

k ,l

n k ,l

n

k ,l

i,j n θ

i

n

k l i k ,l

n

q

q

μ μ

q μ

t x ... t x

t ,...,t

μ

n μ

n n

μ

i,j n

k

n

μ k μ

n

q

a

n n n i,j

n

A u v

v u e uv .

δ δ

δ u v π imu v ,

δ u v π inu v .

δ δ D δ δ

ρ v D v

D v M A

γ v ρ v

k l

G

σ V G x , . . . , x

μ

D v d

dt

. . .

d

dt σ v

ρ v D v

D v V

γ v ρ v

μ

μ μ μ . . . μ

a

V V

γ v a v v a i, j n

n V

11

Consider the non-comm utative torus , the C*-algebra generated by unitaries and with commutation

relation

=

W e have natural deriv ations , which act via

( ) = 2

and

( ) = 2

W e observe that and comm ute, so we define = . Then we have matrix gauges where

( ) = ( )

(or if is undefined for some ) where the norm is the norm on . In fact, for applications

it is often more convenient to work with the matrix gauges given by the gauges

( ) =

( )

! !

since these are b etter b ehaved with resp ect to the multiplication.

The previous example can b e generalized to the situation where we have a Lie group acting via a strongly

continuous action on an op erator space . Let b e the Lie algebra of , and let b e a basis

for . Then for each multiindex , we have op erators

( ) = ( )

and so we have matrix gauges given by

( ) = ( )

(or if is undefined for some ), where the norms are those from the op erator space . Again,

for applications, it will often b e more convenient to work with the op erator gauges given by

( ) =

( )

!

where ! = ! ! !.

W e can generalize Example 2.1.2 in another way

. Let b e an unb ounded linear op erator on an op erator

space . Then we have a matrix gauge on given by

( ) =

( ) if , for all 1 ,

otherwise.

where is the norm on the -th level of .

N

C

C

1 1

1

1

⊚

⊚

⊚

⊚

⊚⊚

∘

∘∘

∘

∗

∘

∗

∗

D V

D D

D

D

B

B

D V D

D

2.2 The Bip olar Theorem

γ

γ B

n,m

n,m mn

n n

n n

n

n n

n n r

r r

Example 2.2.1

Prop osition 2.2.1

→ →

⊂

⟨· ·⟩

{ ∈ |⟨ ⟩| ≤ ∀ ∈ }

⟨⟨· ·⟩⟩ × →

→

∼

C

⊆

{ ∈ ‖⟨⟨ ⟩⟩‖ ≤ ∀ ∈ ∈ }

∈ ∈

⟨ ⟨⟨ ⟩⟩ | ⟩ ⟨ ⟩

∈ ∈

C B

⊆ lower semic ontinuous

in duality

absolute p olar

(absolute) matrix p olar

V γ V B

γ B B γ

B V

V W , V W

V W

V W

D V

D w W v , w , v D .

D

D

V M V

M V V

V W M V M W

, V M W M

φ V M

M W V , M .

V W

D w M W v , w , v D , r .

D D

v D ζ ξ

w , v ζ ξ w , ζ v ξ

w D w D

V V V , V

V

V W

CHAPTER 2. MA

TRIX CONVEXITY

Supp ose that and are dual lo cally convex spaces. Given any matrix set , we have that

is the smallest weakly closed absolutely matrix convex set containing .

12

If is a lo cally convex space, a gauge on is if the corresp onding unit set is

closed. The mappings and give a one-to-one corresp ondence b etween lower semicontinuous

gauges and closed absolutely convex subsets .

Two lo cally convex spaces and are if there is a pairing b etween and such that

all the continuous functionals on are given by elements of and vice-versa.

Given a dual pair of lo cally convex vector spaces and , we recall that the of a subset

of is defined by

= : 1

Classically

, the bip olar theorem says that is the smallest weakly closed absolutely convex set containing

.

Given a lo cally convex vector space , the canonical top ology on ( ) is simply the pro duct

top ology

, regarding ( ) as (which are clearly isomorphic as vector spaces).

If and are in duality

, then we observe that ( ) and ( ) are in duality using the scalar

pairing. F urthermore we note that the matrix pairing

: ( )

determines all the continuous mappings : , that is

( ) = ( ) (2.4)

Given a dual pair of lo cally convex vector spaces and and a matrix set , then we define the

of to b e the matrix set given by

= ( ) : 1

W e immediately note that if is matrix convex

( ) = ( )

since for any , and arbitrary unit vectors , , we have that

=

and so if ( ) then . The other direction of the inclusion is trivial, and true even if is not

matrix convex.

Let b e an op erator space, its matrix unit ball, and = ( ) the dual op erator space of . Then

the absolute matrix p olar of is seen by insp ection of the definition to b e the matrix unit ball of .

W e now have a bip olar theorem which is a v ariation on that in [11], mo dified to allow for arbitrary gauges.

In this it uses techniques first used in the bip olar theorem in [15]. Although the theorem is imp ortant in

what will follow, the pro of is lengthy and technical, but standard, and so the reader may prefer to skip it

on the first reading.

n

n

N

N

N

D D D

D

⊚⊚

⊚⊚

⊚

Pr o of :

∘∘ ′

∗ ∗

∗ ∗

∗ ∗

∗ ∗

−

∗ − ∗

2.2. THE BIPOLAR THEOREM

n

n n

n

r

n

r

r

n

n n

D

e e

n

/

r

/

n,r r,n r r r

n r

n D

r

n r r

/ /

/ /

iθ

/ /

0 0 0

0

0

0 0

0

0

0

0 0

0 0

0

1 2

0

1 2

0 0

0

1 2

0

1 2

0 0

0

1 2

0

1 2

0 0

1 2 1 2

0

1

0

∈ ∈ ∈

∈

‖⟨⟨ ⟩⟩‖ ≤

∈ ∈

‖⟨⟨ ⟩⟩‖

→

‖ ‖ ≤

∈ ∈

‖ ‖

∈ ∈

| | | ≤ | |

E

∈ E

∈ ≥ ∈ ≥

∈ E

| | ≤

∈ ∈ ∈ ∞ ∈

≤ ‖ ‖ ‖ ‖

∈ | | | ≤ | | ≤

∈

| | ≤

≤

∈

≤

≤ v / D , v / D . w M W

w D ,

v , w ,

v D r ,

v , w >

γ φ V

M

φ v

v D r ,

φ v > .

v / D , ψ M V

ψ < ψ v .

φ ψ .

K E e

k K e k k K e k

e

p q M

ψ αv β p αα γ v q β β

α M , β M , v M V γ v < , r γ v ,

γ αv β α γ v β ,

λ αv β D λ > ψ ψ , λ ψ αv β

λ > , ψ αv β γ v .

p q M v M V γ v ,

ψ αv β p αα q β β .

p , q

ψ αv β p αα q β β

α e α θ , π

ψ αv β / p αα q β β .

α t α β t β t >

ψ αv β / tp αα t q β β ,

13

It suffices to prove that if is absolutely matrix convex and weakly closed, then = . Thus we

must prove that if then T o do this we will show that there exists a ( ) for

which i.e.,

1

for all and but

1

Letting b e the matrix gauge of and using the identification (2.4), it suffices to find a mapping :

for which

( ) 1

(2.5)

for all and but

( ) 1

(2.6)

Using the classical bip olar theorem, we have that i.e., we may find a functional ( )

for which

1 ( )

(2.7)

As in [15] we will extract the desired matrix v alued function from a p erturbation of

Our argument dep ends on a simple convexity result. Let us supp ose that is a cone of real continuous

affine functions on a compact convex subset of a top ological vector space , and that for each ,

there is a corresp onding p oint with ( ) 0. Then there is a p oint for which ( ) 0 for

all . A simple pro of of this result may b e found in [15], Lemma 5.2.

F ollowing [11], we claim that there exist states and on such that

( ) ( ) ( ) ( )

(2.8)

for all and ( ) for which ( ) with arbitrary

. If ( ) = 0 then

( ) ( ) = 0

i.e., ( ) for all scalars 0. Since we chose with 1 we have ( ) 1 for all

scalars 0 hence ( ) = 0 and (2.8) is trivial. Dividing by a constant, we may assume that ( ) = 1

Summarizing, our task is to find states and on such that for all ( ) with ( ) = 1 we

have that

( ) ( ) ( )

(2.9)

It suffices to find states such that

Re ( ) ( ) ( )

since we can then replace by for a suitable [0 2 ]. In turn, it is enough to prove that

Re ( ) (1 2)[ ( )+ ( )]

(2.10)

T o see this, we replace by and by for 0. It follows that

Re ( ) (1 2)[ ( ) + ( )] n

′ ′ ′ ′′ ′′ ′ ′

′ ′

[ ]

[ ]

|

|

|

|

|

|

|

|

|

|

|

|

CHAPTER 2. MA

TRIX CONVEXITY

∗ − ∗

∗

∗ ∗

∗ ∗ ∗

′′ ′ ′′

′

′′ ′ ′

∗

∗ ∗

∗ ∗

∗ ∗

−

∗ ∗

0

1 2

0

1 2

0 0

0 0

2 2

2 2

2 2

+ +

0 0

0 0

0

1 2

0

1 2

0 0

1 2 1 2

1 2 1 2

0

0 0

0 0 0 0

1 2 1

1 2

/ /

n n n n n n

n,r r,n r

r α,v ,β

α,v ,β

e e α,v ,β

e e e e

α,v ,β e e

α,v ,β α ,v ,β α ,v ,β

r r r r

n

r

/ /

r

r

r

/ /

/

r

/

D

n

n

n ,n n

× ⊕

∈ ∈ ∈

∈

−

E ∈

≥ ∈ E

∈ E ∈

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ − ≥

≤ | | ≤ ‖ ‖ ≤ ‖ ‖‖ ‖ ≤ ‖ ‖ ‖ ‖

E E E ⊆ E E ⊆ E ≥

⊕ ∈ ⊕

E

− − −

∞

| | ≤ −

≤

−

≤

| | ≤

| ≤

∈ ∈

⟨ | ⟩ ⟨ | ⟩ ∈

∈ ∈

· · ·

· · · t > t p αα q β β α

S M S S S M M

A S S α M β M v M V

γ v e A K

e p, q p αα q β β ψ αv β .

p , q S

e p , q e

e p , q S e e

p q p αα αα α q β β β

e p , q α β ψ αv β

ψ αv β ψ αv β αv β α β / α β .

λ λ .

e e e

α α α , β β

β

, v v v M γ v v

p , q

τ M τ α α α .

< ε < , p ε p ετ q ε q ετ ψ ε ψ ,

γ v < ,

ψ αv β ε p αα q β β γ v

ε

p αα q β β γ v

p αα q β β γ v .

α t α β t α, t

ψ αv β p αα γ v q β β .

ε

ψ < ψ v .

π θ M

H K ξ H η K

p α π α ξ ξ q α θ α η η α M

α α , α , . . . , α M α M

α α α

.

14

and minimizing for 0 (or simply letting = ( ) ( ) for = 0), we obtain (2.9).

Letting b e the set of states on , = is a compact and convex subset of ( ) .

W e write ( ) for the continuous affine functions on . Given , and ( ) with

( ) = 1, we may define a corresp onding function ( ) by

( ) = ( ) + ( ) 2 Re ( )

Letting denote the collection of all such functions, we must show that there is a p oint ( ) for

which ( ) 0 for all . But we have that

i. Each function is non-negative at some p oint ( ) . T o see this supp ose that = ,

and select states and with ( ) = = , and ( ) = . Then we have

( ) = + 2 Re ( ) 0

since

Re ( ) ( ) (1 2)[ + ]

ii. The collection is a cone of functions, i.e., + , and for 0 The second assertion is

trivial. F or the first we note that

+ =

where = = and = satisfies ( ) = 1.

F rom the convexity result, there exists a p oint ( ) at which all of the functions in are p ositive.

Thus we have proved (2.8). W e claim that we may p erturb these states so that they are faithful. W e recall

that the normalized trace on is faithful, i.e., we have that ( ) = 0 implies that = 0 Given

0 1 it follows that = (1 ) + and = (1 ) + are faithful. Letting

~

= (1 ) we

have from (2.8) that if ( )

~

( ) (1 ) ( ) ( ) ( )

(1 )

2

[ ( ) + ( )] ( )

1

2

[ ( ) + ( )] ( )

Replacing by and by where is a p ositive scalar, and then minimizing, we conclude that

~

( ) ( ) ( ) ( )

(2.11)

On the other hand, if we let b e sufficiently small, we have from (2.7) that

~

1

~

( )

Applying the GNS theorem, we have corresp onding faithful represe ntations and of on finite

dimensional Hilb ert spaces and , resp ectively

, with separating and cyclic vectors and

satisfying ( ) = ( ) and ( ) = ( ) , resp ectively

, for all .

Given a row matrix = [ ] , we define ~ by

~ =

0 0

.

.

.

.

.

.

.

.

.

C

C

C

∗

∗

∗

∗

∗

∗ ∗

∗

2.2. THE BIPOLAR THEOREM

∑

∑

∑ ∑

∑ ∑

⊆

⊆

∈ ×

→

⟨ | ⟩

→ B

→

∈

⟨ | ⟩

⟨ | ⟩

∈

‖ ‖ ‖ ‖

‖ ‖

∈ ∞

|⟨ | ⟩| ≤ ‖ ‖‖ ‖

∈

‖ ‖ ‖ ‖

‖ ‖

∈

,n ,n

,n

v

v

n

n

n

i,j

,i i,j ,j

ij ,j ,i

n

,

,n

,

,n n

,j ,j

,j n

r r

r r

n r

r r

i j ,n

i i i

r r r,n

1 0 1 0

0 1 0 0 0 0 0

0 0

0 0

0 0

0 0

0 0

0 0 0 0

1

1

1 0 1 0

1 1 0

1 0

1 1 0

1 0

2

1 0

2

1

1

( )

2

1 1 1 1

1 1

1

1 0

0

1

1 0

0

1

1

2

0

2

1

2

1 1

M n n H π M ξ H

K θ M η K ξ η H K n

v V B K H

B θ β η , π α ξ ψ α v β

θ β η , η θ

β ψ α v β . φ v K H

ψ α v β φ v θ β η π α ξ .

φ V K , H H K

n , φ φ V M .

v M V

v e v e

ψ v φ v θ e η π e ξ

φ v η ξ ,

η θ e η

θ e η

, ξ π e ξ

π e ξ

ξ π e ξ p e e p ε ,

η

φ v M V γ v <

φ v η ξ γ v η ξ

ξ η

ξ π α ξ

π α ξ

, η θ β η

θ β η

α β M

ξ π α ξ p α α p α α ,

η q β β

α α

α

, β β

β

M .

15

W e let

~

b e the linear space of all such by matrices, and we let = (

~

) and

= (

~

) . Owing to the fact that and are separating, and are -dimensional

spaces.

Fixing an element , the sesquilinear form defined on by

( (

~

) ( ~ ) ) =

~

( )

is well-defined since if, for example, (

~

) = 0 then since is separating and is a faithful representation,

we have that

~

= 0 and

~

( ) = 0 Thus there exists a unique linear map ( ) : for which

~

( ) = ( ) (

~

) ( ~ )

It is a simple matter to verify that the corresp onding map : ( ) is linear. Since and

are -dimensional, we may identify each of these spaces with and with a mapping :

Given a matrix ( ), we have that

= ~ ~

so

~

( ) = ( ) ( ~ ) ( ~ )

= ( )

(2.12)

where

=

( ~ )

.

.

.

( ~ )

=

( ~ )

.

.

.

( ~ )

satisfy

= ( ~ ) = ( ) = ( ) = 1

and similarly

, = 1.

T o show that satisfies (2.5), we must prove that if ( ) and ( ) , then

( ) ( )

for unit vectors and in ( ) . Letting

=

( ~ )

.

.

.

( ~ )

=

(

~

)

.

.

.

(

~

)

where , , we have that

= ( ~ ) = ( ) = ( )

and similarly = ( ) , where

=

.

.

.

=

.

.

.

∘

□

∑

∑

N

C

∅

∗

∗

∗

∗ ∗

∘

∘

⊚

⊚⊚

⊚

⊚ ⊚

⊚⊚ ⊚⊚

1 1 0 0 0

1 1

1 2 1 2

1 1

0

0 0

1

1

^

ˇ

Prop osition 2.2.2

^ ˇ

^ r i,j j i

i ij j

r

r

/

r

/

r

n

n

m

n

n γ

γ

γ γ

K K

K

K K

K K

L

K L K

K L K L

K K L L

⟨ | ⟩ ⟨ | ⟩

∈

|⟨ | ⟩| ≤ | |

≤

‖ ‖‖ ‖

≤

∈

⟨ | ⟩

{|⟨ ⟩| ≤ }

{‖⟨⟨ ⟩⟩‖ ≤ ∈ ∈ }

∈

⊆ ⊆

⊆ ⊇

⊆ dual gauge

dual matrix gauge

minimal envelop e

maximal envelop e

Pr o of :

CHAPTER 2. MA

TRIX CONVEXITY

If is a weakly closed, absolutely matrix convex set with , then φ v η ξ φ v θ β η π α ξ

ψ α v β

ψ α v β ,

v D ,

φ v η ξ ψ α v β

p αα γ v q β β

γ v ξ η

.

v M V

< ψ v φ v η ξ ,

η ξ

γ

γ γ

γ w v , w γ v

w W

w v , w v , v M V , m

w M W

V W C V , V W

K V

K K K n >

K

K

.

K K

.

L K

.

16

It follows that

( ) = ( ) (

~

) ( ~ )

=

~

( )

=

~

( )

and thus if

( )

~

( )

( ) ( ) ( )

= ( )

1

On the other hand we have that ( ) satisfies

1

~

( ) = ( )

and since that and are unit vectors, we have proved (2.6).

Now, we know that gauges and absolutely convex sets are in 1-1 corresp onden ce, so given a gauge we

define the to b e the Minkowski gauge of the p olar of the unit set of , that is,

( ) = sup : ( ) 1

for all in . Of course, since matrix gauges and absolutely matrix convex sets are also in 1-1 corresp on-

dence, we define the of a matrix gauge to b e the Minkowski matrix gauge of the matrix

p olar of the matrix unit ball of . That is to say

( ) = sup : ( ) 1 ( )

for all ( ).

Now let b e a lo cally convex space, and its continuous dual ( ). Then and are a dual pair

of vector spaces. Let b e an absolutely convex subset of , and then we can define (somewhat trivially)

a matrix set by letting = , and = for 1. Although is clearly not absolutely matrix

convex, we can build absolutely matrix convex sets from .

W e define the of to b e the double matrix p olar of , i.e.

:= ( )

W e define the of to b e the matrix p olar of the p olar of ,

:= ( )

In calling these sets minim al and maxim al, we should check that they in fact are.

=

W e observe imm ediately

, that , so that and hence

= =

□

∘

∘

N

N

N p

n

n

n

n

⊚ ⊚

⊚⊚ ⊚

∘ ∘

∗

− −

1 1

1

min

max

+ 1 + 1

L L K

L L K K

ρ ρ

K K

ρ

ρ ρ ρ

ρ

ρ

ρ

ρ

ρ

2.3 The Hahn-Banac h Theorem maximal minimal matrix gauges

c ofinal

ˇ

^ ˇ

^ ˇ

ˇ ^

Example 2.2.2

ˇ

Theorem 2.3.1

⊇

⊆

≤ ≤

‖ ‖

‖ ‖ {‖⟨⟨ ⟩⟩‖ ∈ ‖ ‖ ≤ }

‖ ‖ {‖⟨⟨ ⟩⟩‖ ∈ B ‖ ‖ ≤ ∈ }

| | ≤

∈

| | ≤

∈

∈

−

B ∈

‖ ‖ ≤

∈ B

∈

‖ ‖ ≤

∈

L K

.

ρ V K

ρ

ρ ρ

.

V ρ v v V

v v , w w V , f v

v v , w w V , M , w , p

V V

ρ W φ

V W

φ v ρ v

v V φ

φ W

φ w ρ w

w W

W V W w W

v v V ρ v w ρ v w

W φ V W

H H n

φ v v

v M V φ φ W H

n

φ w w

w M W

2.3. THE HAHN-BANACH THEOREM

Let b e a matrix gauge on a vector space , and a linear map defined from a cofinal subspace of

to for some Hilb ert space , such that for any ,

for all , then there exists an extension of to a linear map from to , such that for

any ,

for all .

17

by the matrix bip olar theorem (Prop osition 2.2.1).

In the other direction, we know that by 2.2 that = = , so and so

= =

If is the gauge in with weakly closed unit set , then we let and b e the matrix Minkowski gauges

of and resp ect ively . W e call these gauges the and of , resp ec tively ,

since by Prop osition 2.2.2 we have that given any matrix gauge with =

(2.13)

Note that the minimal envelop e gives the maxim al gauge and vice versa.

If is a normed space, with norm ( ) = , the minimal and maximal matrix norms on are defined by

= sup : 1 = ( )

and

= sup : ( ) 1

resp ectively . W e call the op erator spaces with these matrix norms min and max resp ectively

. These

agree with the standard definitions of min and max as given in [3] and [8].

W e now turn our attention to another standard result of the classical theory of lo cally convex spaces, namely

the Hahn-Banach extension theorem. It is worthwhile noting here that there is at present no known version

of the Hahn-Banach separation theorem in the matrix convex setting—or indeed in the sp ecial cases of

op erator spaces or op erator systems.

W e recall that given a seminorm on a vector space , and a linear functional defined on a subspace

of with

( ) ( )

for all , then the Hahn-Banach extension theorem says that there exists an extension of to a linear

functional ¯ on such that

¯( ) ( )

for all .

W e will prove a version of the Hahn-Banach theorem for (absolute) matrix gauges. Given a vector space

with a matrix gauge , we say that a subspace of is if given any there are elements

and of for which ( + ) and ( ) are finite.

( )

( ) ( )

( ) ¯ ( )

¯ ( ) ( )

( )

2

1

2

2

N

N

N

N

[ ]

[ ]

[ ] ρ

ρ

ρ

ρ

ρ

ρ ρ n

n

n

n

r r

n

r

n n

n n

Pr o of (The or em 2.3.1):

Corollary 2.3.2

Theorem 2.3.3

B ∈

‖ ‖ ≤

∈ B

∈

‖ ‖ ≤

∈

∈ B

≤

∈ ∞

⟨ | ⟩ ≤ ⟨ | ⟩

∈

⊂ → B

≤

∈ ∈ → B

≤

∈ ∈

→ B

→

≤

→ B

≤

∈

W φ V W

H H n

φ v v

v M V φ φ W H

n

φ w w

w M W

V W

x H H

x λI

λ ,

xξ ξ λ ξ ξ

ξ H

W H

V W φ V H

φ v ρ v I ,

v M V r φ φ W H

φ w ρ w I ,

w W r

ψ V M H

v φ v

,

ψ v ρ v

ψ W M H ψ

ψ w ρ w

w W

φ φ

CHAPTER 2. MA

TRIX CONVEXITY

Let b e a matrix seminorm on a vector space , and a linear map defined from a subspace of to

for some Hilb ert space , such that for any ,

for all , then there exists an extension of to a linear map from to , such that for

any ,

for all .

Let b e a vector space with a matrix gauge , and let b e a Hilb ert space. Given a cofinal subspace

and a linear mapping such that

Re

for all and , then has a linear extension such that

Re

for all and .

18

This will immediately give the obvious generalization of the classical result:

( )

( ) ( )

( ) ¯ ( )

¯ ( ) ( )

( )

since is finite, and hence any subspace of is cofinal.

The simplest way to prove Theorem 2.3.1 result is to rely on the Hahn-Banach theorem for (not neces-

sarily absolute) matrix gauges of Effros and Winkler [15]. Given an ( ) for some Hilb ert space ,

we say

Re

for [0 ], if

Re

for all .

: ( )

( ) ( )

( ) ¯ : ( )

¯( ) ( )

W e are now in a p osition to prove Theorem 2.3.1.

W e consider the auxiliary map : ( ( )) given by

0 ( )

0 0

following Wittsto ck. W e note that

Re ( )

1

2

( )

and clearly any subspace which is cofinal for is cofinal for the matrix gauge . So Theorem 2.3.3 tells

us that there is an extension

¯

: ( ( )) of , such that

Re ( )

1

2

( )

for all . W e note that

¯ = 1 0

0

1

□

M

N γ

γ

1

1

1

+

[ ]

[ ] [ ]

([ ])

2.4 -Con v exit y

ortho gonal

Pr o of :

Example 2.3.1

Lemma 2.4.1 n n n

ξ n n

n

n

n

n i i i i

m m

k l

k l

k l

∞

‖ ‖≤

∞ ∞ ∞

∞ ∞

∞

∞

∞ ∞

∞

∞

∞ ∞ ∞ ∞ ∞

∞

∗

∞ ∞ ∞ ∞

∞ ∞

∗ ∗

∗ ∗

∗

∗

∞ ∞

∗

∗

∞ ∞

‖ ‖ ≤ ‖ ‖ ≤ |⟨ | ⟩| ≤ ‖ ‖

→ B → B

∞

∈

∈

{ } ∈

≤ ‖ ‖ ‖ ‖ ∈ ∈

∈ ∈ ∈

∈ ∈

≤ ⊕ { }

2.4. -CONVEXITY

If is a matrix gauge, then the corresp onding gauge satisfies

for all orthogonal ,

for all , , .

M

φ W

φ v ψ v ψ v ξ ξ ρ v I ,

V W H

φ V H φ W H

V M V

M M V M

V γ M V

γ v γ v

v n n

M V

M V v , . . . , v M V

e , . . . , e M e v e v

γ

γ v w γ v , γ w v w M V

γ α v β α γ v β v M V α β M

v

w p q pv p v q w q w

m v w M V p q M

α β p p q p

αv α M V β w β M V

v w α β αv α

β v β α

β

.

γ v w γ αv α

β v β γ v w γ v , γ w .

19

is an extension of to all of , and

¯ ( ) 2

¯

( ) 2 sup

¯

( ) 2

1

2

( )

whence the result.

W e note that this pro of uses the now standard 2 by 2 matrix trick pioneered by Wittsto ck. It should

b e p ossible to provide a direct pro of using the matrix bip olar theorem (Prop osition 2.2.1), but the author

is of the opinion that this would not b e particularly enlightening.

Corollary 2.3.2 tells us that if is a subspace of an op erator space , and is a Hilb ert space, then for

any complete contraction : ( ), we have a completely contractive extension ¯ : ( ). So

the Arveson-Wittsto ck Hahn-Banach theorem [1] is a sp ecial case of this result.

At this p oint, we intro duce an alternative way of lo oking a matrix convexity

. This viewp oint is very much in

the spirit of unpublished work of Johnson [20] on C*-op erator spaces, which we will intro duce in Chapter 4

to discuss compactness results. The key idea is that all the imp ortant notions we have discussed so far

in terms of a vector space and the matrix spaces ( ) over it have corresp onding versions for the

-bimo dule ( ) (recall from Section 1.2 that is the space of infinite matrices with only finitely

many non-zero entries).

If is vector space, and is a matrix gauge, then there is a corresp onding gauge defined on ( )

by letting

( ) = ( )

where is zero outside the first by entries. This is well-defined by Axiom (AMG1). It is not surprising

that the matrix gauges on ( ) which come from matrix gauges in this fashion are sp ecial. T o characterize

these, we intro duce the idea of an orthogonal set of elements of ( ): ( ) are

if there exist orthogonal pro jections such that = .

( + ) = max ( ) ( ) ( )

(AM G1)

( ) ( ) ( )

(AM G2)

The only difficulty is in showing (AM G1), since (AM G2) follows imm ediately from (AMG2). If and

are orthogonal, with orthogonal pro jections and such that = and = , then we have that

there must b e some so that , ( ) and , . W e therefore know that there are partial

isometries and which implement equiv alences of the pro jections and and and resp ect ively

. So

we must have ( ) and ( ), so

+ =

0

0

This tells us that

( + ) =

0

0

( ) = max ( ) ( ) n

⋃

□

( )

=1

K

K

K

K

⊚

⊚

⊚ ⊚

⊚

⊚

⊚⊚

⊚⊚ n M V

n n n

n n

n n n

n

n

λ

n

λ n λ n n

-mo dule gauge

-p olar

Pr o of :

Definition 2.4.1

Prop osition 2.4.2

∞ ∞ ∞ ∞

∞ ∞

∞

∞ ∞

∞ ∞

∞ ∞ ∞ ∞

∞

∞

∞

∞ ∞ ∞

∞

∞

′

∞

′ ′

∞ ∞

′ ′

′ ′

′

∞ ∞

∞ ∞

∞ ∞

∞

∞

|

⊆

∈ ∈

⊆ ∈

→

→

⊆

{ ∈ ‖⟨⟨ ⟩⟩‖ ≤ ∈ }

∈ ∈

∈ ∩ ⊗ ⊗

⊗ ⟨⟨ ⟩⟩ ⟨⟨ ⟩⟩ ⟨⟨ ⟩⟩ ⟨⟨ ⟩⟩

‖⟨⟨ ⟩⟩‖ ‖ ⟨⟨ ⟩⟩ ⟨⟨ ⟩⟩ ‖

{‖⟨⟨ ⟩⟩‖ ‖⟨⟨ ⟩⟩‖}

≤

∈ ⊗

⊗

‖⟨⟨ ⟩⟩‖ ‖ ⟨⟨ ⟩⟩ ‖ ≤ ‖⟨⟨ ⟩⟩‖ ≤

∈

∈

∈

CHAPTER 2. MA

TRIX CONVEXITY

A set is said to b e if it satisfies the conditions

for all orthogonal ,

for any contractions , .

Given a subset of , is the smallest weakly closed -convex set containing .

M V M

γ

γ γ

V

K M V M

v w K v w K

αK β K α β M

M M

M M M M V

V

K K p K p

K K .

V M V

M V W

S M V M S M W

S w M W v , w v S .

S M w w S p q M

pw p w q w q w v M V S p p p q p q

M M p v , w p v , w q v , w q v , w

v , pw p q w q p v , w p q v , w q

v , w , v , w

.

S α β M α p α

β p β

v , αw β α v , w β v , w .

S M

S M V S M S

K M S K

K K K K

v K v M V

v M V

v p v p K .

20

W e will call any gauge on ( ) which satisfies (AM G1) and (AM G2) an . Given

such a gauge it is imm ediate that

=

determines a matrix gauge on , and that the corresp ondenc e is one to one.

( ) -convex

+ (AM C1)

(AM C2)

It is clear that -convex sets are the unit sets of -mo dule gauges, and that the Minkowski gauges

of -convex sets are -mo dule gauges. This means that -convex sets in ( ) are in a one-to-one

corresp ondenc e with matrix convex sets in . This corresp ondenc e can b e given concretely via

= ( = )

(2.14)

and

= (2.15)

W e note that there is no corresp ondence b etween arbitrary matrix sets in and sets in ( ).

W e can re-cast the matrix bip olar theorem (Prop osition 2.2.1) in terms of -convexity

. Let and

b e two lo cally convex spaces in duality

. Given a subset of ( ) we define it’s ( )

to b e the set

= ( ) : 1 for all

is -convex, since if , are orthogonal, with orthogonal pro jections and so that

= and = , then given ( ) , we have ~ = and ~ = are orthogonal

pro jections in such that ~ ~ = , ~ ~ = and

+ = ~ ~ + ~ ~

= max

1

So satisfies (AM C1). On the other hand, given two contractions , , then so are ~ =

and

~

= , and so

= ~

~

1

So satisfies (AM C2), and we are done. W e now have what we need to prove an -mo dule version

of the bip olar theorem.

( )

Let b e the smallest -convex set containing , and let

¯

b e its weak closure, so we want to

show that =

¯

. Let b e the matrix convex set corresp onding to via (2.14). W e note that

¯

corresp onds to the weak closure of via (2.15), since if is a net in converging weakly to ( ),

then if ( ),

= lim

¯ ρ

□

□

C

C

N

C

⊚⊚

⊚ ⊚⊚

Pr o of :

n n

n

r

n n

n n

∞

∞

∞

∞ ∞

∞

∞

∞

∞

∞

0 0 0

0

0 0 0

0

0 0

Prop osition 2.4.3

∈ \ ∈ ∈

∈

‖⟨⟨ ⟩⟩‖ ≥ ‖⟨⟨ ⟩⟩‖

∈ ∈

∈ ∈

‖ ‖ ≤

∈

∈

‖ ‖ ≤

∈

‖ ‖ ≤

‖ ‖ ≤

‖ ‖ ≤

M

v B B n v M V v / B

w M W

v , w > v , w

v B r v B w M W

w B v / B

M

ρ M M W φ V W

φ v ρ v

v M V φ φ W

n

φ w ρ w

w M W

ρ φ V

φ v ρ v

W

φ w ρ w

φ w ρ w

2.4. -CONVEXITY

Let b e a -mo dule gauge on , and a linear map defined from a cofinal subspace of to

, such that,

for all , then there exists an extension of to a linear map from to , such that for any

,

for all .

21

So if there is a

¯

, then there is an with ( ), and so

¯

. Now from the

matrix bip olar theorem, there must b e a ( ) so that

1

for all , with arbitrary

, that is to say

, . So if we think of as b eing an element of ( ),

we have , and so .

Similarly

, the corresp ondenc e b etween matrix gauges and -mo dule gauges allows us to cheaply prove

a Hahn-Banach separation theorem for this situation.

( )

( ) ( )

( ) ¯

¯ ( ) ( )

( )

Letting b e the matrix gauge corresp onding to , we get that is a linear map from to satisfying

( ) ( )

so it can b e extended to all of so that

¯ ( ) ( )

and the equiv alence of the gauges then gives us

¯ ( ) ( )

as required.

22 CHAPTER 2. MA

TRIX CONVEXITY

2

′

N

N

+ + p

p

1

1

1

1 1

R

R R

· · ·

∞ ∞

′ ′

′ n n n

n n

n n

n

Chapter 3

ρ

ρ

γ

ρ ρ

ρ ρ

γ ρ

ρ ρ

R

R

R R

N

R R R R

R R

N N

∈

{ ∈ }

≤

∈

≤

≤

∈ ∈

{ ∈ } { ∈ }

Lo cal Op erator Spaces

3.1 Lo cal Op erator Spaces

M M

V

ρ M V V

ρ V V

V V

, . . . , k >

γ k

n k n

γ v ρ v

v M V n

V

ρ ρ

V

V lo c al op er ator structur e

matrix c ontinuous

matrix top olo gy

gener ating family

c ountably gener ate d

All the work of the previous chapter has b een leading up to us b eing able to define and work with spaces

which b ear the same relationship to lo cally convex spaces that op erator spaces do to Banach spaces. In

this chapter we define them and develop the theory

, giving analogues of most of the fundamentals of lo cally

convex space theory

, and proving analogues of the Arens-Mackey duality theorem, the uniform b oundedness

principle and the Schwartz kernel theorem. W e also investigate the class of spaces corresp onding to nuclear

spaces and show that they are extremely well-b ehaved.

W e note that the two most imp ortant techniques used in this chapter are that any lo cal op erator space

is a pro jective limit of op erator spaces, which often allows us to lift techniques, definitions and results up

from the theory of op erator spaces, and the fact that lo cal op erator spaces can b e identified with a sp ecial

class of top ological -bimo dules, where lo cal convexity is replaced by the -convexity

. This second

approach allows the use of some results from the classical theory in working with lo cal op erator spaces.

W e hop e that lo cal op erator spaces will provide an axiomatic environment which we hop e will b e of

use in a numb er of areas of noncomm utative mathematics, and we indicate their p otential via a numb er of

provo cative examples throughout this chapter.

Let b e a lo cally convex top ological vector space, and let b e a collection of matrix seminorms such

that is a continuous seminorm (when ( ) is identified with ) for all , and the family of

seminorms : generate the top ology of , then we say the is a on .

Given such a lo cal op erator structure on , we say that a matrix seminorm on is if

there exist matrix seminorms and some constant 0 such that

( )

for all (note that is indep endent of ). W e denote the set of all such matrix seminorms by ,

and note that this set is partially ordered by the relation when

( ) ( )

for all ( ) and .

W e have an equiv alence relation on families of matrix seminorms on a vector space : two such families

, are equiv alent if the families of seminorms : and : determine the same

top ology on and if every matrix seminorm in is matrix continuous with resp ec t to and vice versa

(or, equiv alently

, = ). W e call an equiv alence class under this equiv alence relation a

on . An element of the matrix top ology is called a of matrix seminorms. W e say that

a matrix top ology is if it has a countable generating family .

1

1 q

1

1

N

N

any

′

′

′

N

N N

N N

N

R

R R

R R

N

N σ ρ ρ

ρ ρ

ρ

ρ

V

V n n n

n

n n

n q

n

n

c r

→

∈ ∈

≤

∈ ∈

C C

∈ ∈

∈ ∈

≤ · · ·

∈ ∈

‖ · ‖

{ ∈ }

{ ∈ }

→ →

Definition 3.1.1

Definition 3.1.2

Example 3.1.1

^ ˇ

ˇ

^

c ompletely c ontinuous

c ompletely b ounde d c ompletely p ositive

V

V V V

V V

V W φ V W

σ W ρ V

σ φ v ρ v

v M V n φ

V W V , W

V W φ

, . . . , k >

σ φ v k ρ v ρ v

v M V n

V

V V V

H

H H H

H

V V V

ρ V

σ V , V V

ρ V

ρ V V

ρ V

V

V V

V

The terminology here is not optimal: we would desire to call such maps so as to agree with the

terms and , however the term completely continuous is already in use in the literature

on lo cally convex spaces.

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

A is a vector space together with a matrix top ology .

Given a lo cally convex space , a of is a lo cal op erator space whose vector space is ,

and whose matrix top ology is generated by some lo cal op erator structure .

Given two lo cal op erator spaces and , we say that a linear mapping is

if for every matrix seminorm , there exists a matrix seminorm such that

for all and . If, in addition, is a bijection with matrix continuous inverse, we say that

it is a .

W e denote the space of all matrix continuous maps from to by .

24

lo cal op erator space

quantization

W e denote the family of all matrix continuous seminorms of a lo cal op erator space by ( ). In

practice, however, we will usually work with a convenient generating family

, just as in the classical theory .

The first level of an op erator space is simply a lo cally convex space, and the lo cal op erator space is a

quantization of its first level.

: matrix continuous

( ) ( )

( ( )) ( )

( )

matrix homeomorphism

( )

T o show a map is matrix continuous it suffices to check for matrix seminorms in generating families.

More precisely

, given generating families ( ) and ( ), a map is matrix continuous if and

only if for all , there is are and a 0, such that

( ( )) ( ( ) + + ( ))

for all ( ) and .

If is an op erator space, then it is a lo cal op erator space with the matrix top ology generated by its matrix

norm . The matrix continuous maps b etween two op erator spaces are then simply the completely

b ounded maps, and matrix homeomorphisms are complete isomorphisms.

If is a Banach space, then (max ) contains all the matrix norms for quantizations of .

There is no collection of maps corresp onding to completely contractive maps, since the matrix top ology

forgets the metric structure asso ciated with the original norm, as one would exp ect.

A lo cally convex space may have many different (i.e. non-matrix homeomorphic) quantizations. As a

simple example consider a Hilb ert space with the lo cally convex top ology determined by its norm: we

know that it if is infinite dimensional that and are non-completely isomorphic op erator spaces,

and as Example 3.1.1 shows these are quantizations of which are not matrix homeomorphic.

Given a lo cally convex space we have the extremal quantizations min and max defined as follows.

If is any continuous seminorm on , then we know that its unit ball is closed and convex, and so is closed

in the weak top ology ( ) on determined by its continuous dual. So we may define the minimal

and maximal matrix seminorms asso ciated with , namely and . W e let min b e the lo cal op erator

space determined by the matrix seminorms : ( ) , and we let max b e the lo cal op erator space

determined by the matrix seminorms : ( ) . It is immediate from (2.13) that the identity map on

induces the following diagram of matrix continuous mappings

max min

(3.1)

where is quantization of .

N

N

∑

d

′

′

( )

N

N

N

N

N

N

N

N N N

N

∞

∞

∞

∞

∈

≤

‖ ‖≤

′

∞

∈ ρ ρ

ρ ρ

ρ

γ

ρ

γ γ

γ

ρ

ρ γ

ρ k,l

i

k,l

i i

k

μ

ρ,k

ρ

ρ

ρ ρ

3.1. LOCAL OPERA

TOR SP

ACES

∈

∈ C C

∈

{ ∈ }

∈ C C →

∈

∈

∈

S S

{ ∈ }

| | | |

~

~

Example 3.1.2

Example 3.1.3

Example 3.1.4 n

n m m

n n

n n n

n

θ

θ

θ k ,l

θ

k ,l

θ

σ

μ

n n μ

n

,k

n

V

μ k n μ

n

σ

d d d

n

n

k n inclusion of the lo c al op er ator

sp ac e

quotient matrix seminorm

matrix quotient map

op er ator F r e chet sp ac e

V W

W V V W M V

M W n M V M W m

V W φ V , W

V W

V W V

ρ ρ

M W /V M W / M V .

W /V V V W

φ V , W φ V / φ W

V W

V

M V

A A

A D k l

A

D A

V

G V

σ G V

V

ρ v ρ D v

V

γ v ρ D v

μ

V V

γ n

γ v d k v k

25

If is a subspace of a lo cal op erator space , then it is clear that the restrictions of the op erator

seminorms in ( ) determine a matrix top ology on . If is closed in at the first level (or ( ) is

closed in ( ) for some ), then ( ) is a closed subspace of ( ) for any .

If and are lo cal op erator spaces, then a matrix continuous map ( ) which is a matrix

homeomorphism onto its image in the subspace matrix top ology

, is called an

into .

If is a subspace of , then for every ( ), then we have a given

by the quotient seminorms ~ of the on

( ) = ( ) ( )

So gains a matrix top ology determined by : ( ) . If and are lo cal op erator spaces,

any matrix continuous map ( ) which induces a matrix homeomorphism ~ : ker is

called a from to .

W e say that is an if it is complete and the matrix top ology is countably

generated. In particular this implies that each ( ) is a F rechet space. Since quotients of F rechet spaces

by closed subspaces are F rechet—with generating family of seminorms b eing the quotient seminorms—we

have that the quotient of an op erator F rechet space by a closed subspace is also an op erator F rechet space.

If is a non-comm utative torus as in Example 2.1.2, then we let b e the vector space of elements of

such that is defined for all , . Then all the matrix gauges are finite, so they are matrix

seminorms. The same follows for the gauges . So we can turn into an op erator space with the matrix

top ology generated by the . It is trivial that this matrix top ology is the same as the matrix top ology

generated by the . Note, however, that the norms have the additional nice prop erty that they are

partially ordered (indeed, they are totally ordered). The significance of this will b ecome apparent in the

next section.

The maps are now matrix continuous maps from to itself. They are matrix quotient maps, but

not matrix homeomorphisms.

The construction of the previous example trivially generalizes to the generality of Example 2.1.3, although

the are merely partially ordered. W e will denote such a space as .

Moreover, we no longer need to restrict ourselves to acting on op erator spaces . W e may instead

consider strongly continuous action of on a lo cal op erator space . Then we obtain matrix seminorms

on the smo oth elements of of the form

( ) = ( ( ))

where ( ), and where

( ) = sup

( ( ))

!

for ( ). Again we will denote the space of smo oth vectors .

Let ( ) b e the Schwartz space on . The top ology on ( ) is generated by a numb er of equiv alent

families of seminorms, in particular : where

( ) = sup ( + ) ( ) d

∑

N

n

n

n

n γ

ρ

γ

ρ

∈

∞

A

A

2

2

2

2

2

2

1

2 2

2 3

3 3 3

3

3

N N

N N N

N

N

N N

N

N

N

R

R R R

R

R

3.2 Pro jectiv e Limits

Example 3.1.5

Example 3.1.6

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

d n

n

k n

n d d

k d

d

k n

k

n n

d

d d

k n/

n/ d n

θ d

d

c

A,c A

A,c

,c

c

∈ S { ∈ }

| | | |

S B { ∈ }

· | |

| |

B

S B

· | |

| | B

∼

S

S

D

D

D D

∈ C C D

S S S

A

S

S

A

O-family Op-family

matrix gr aph top olo gy

gr aph top olo gy

wave functions v ρ n

ρ v d k v k .

γ ℓ e k

ℓ v

v e d k v k e

d k v k v γ v

ℓ

ℓ v

v e d k v k e

d k v k ℓ ρ v

d A

v

H A H

A

V H

a A , H

p q

L p q

p q W W

W W

W

W

W

26

for ( ), and : where

( ) = ( + ) ( )

But we may turn into a matrix seminorm by emb edding ( ) into ( ( )) by letting :

b e the standard orthonormal basis for ( ), and making act by

= ( + ) ( )

ie. putting ( + ) ( ) down the diagonal. Then the norm of agrees with ( ), and so we define

to b e the matrix seminorm we get by pulling back the matrix norm on ( ( )). Similarly

, we may emb ed

( ) into ( ( )) by letting act by

= ( + ) ( )

ie. by putting ( + ) ( ) into the first row. Then the norm on ( ( )) agrees with ( ), and so

we get another family of matrix seminorms .

W e also note that if = 2, then = ( ) and so we get a third p otential quantization. W e could

also have emb edded into the first column, and achieved a fourth quantization.

W e would exp ect that these quantizations of ( ) would b e quite distinct since we are quantizing the

seminorms in distinctly different ways: roughly sp eaking, the have b een quantized as C*-matrix norms,

while the have b een quantized as Hilb ert row matrix norms. If these were op erator spaces, we would

exp ect these quantizations to b e incomparable. However, as we will see, these different quantizations give

the same matrix top ology .

If is a Hilb ert space, and is a family of densely defined closable op erators on with common domain

which contains the identity

, then we call an (or an ) following Schm ¨ udgen [36]. W e

define the on to b e the matrix top ology generated by the matrix seminorms of

Example 2.1.4 where = (note that they are indeed matrix seminorms on this subspace) and denote

this lo cal op erator space by . This is clearly a natural quantization of the of [36].

Moreover, every element is now seen to b e an element of ( ) by lo oking at the definition

of the seminorms, and equally clearly it is the weakest such.

Consider a one particle quantum mechanical system with p osition and momentum op erators and acting

via the Schr¨ odinger represe ntation on ( ). and are closable unb ounded op erators with dense domain

( ), and moreover the map ( ) to ( ), so that we can comp ose them, so we can consider the unital

algebra of unb ounded op erators generated by and . The graph top ology on is the same as

the standard top ology of ( ) (see [6] for details). Then given Example 3.1.5 we have a natural matrix

top ology on the , namely , and this is a quantization of ( ).

F or more general quantum mechanical systems, we have that is a countably generated nuclear space

(see Section 3.9) sitting densely inside some Hilb ert space and is a common dense domain for the algebra

of observ ables, so we can apply the ab ove construction to top ologize . In this context, is implicit, so

we will often simply write .

When working with lo cally convex spaces, it is often convenient to consider them as pro jective limits of

Banach spaces, since this allows us to use results from Banach space theory to derive results for lo cally

convex spaces. This leads us to the conclusion that it would b e useful to have such a theory av ailable for

lo cal op erator spaces, esp ecially given that the theory of op erator spaces is comparatively well develop ed.

N

N

N

N

N

← ←

←

← ← γ

ρ ρ

ρ ρ

N

R

R

N

R N

ρ σ π

ρ

ρ σ

3.2. PROJECTIVE LIMITS

lim

- - - - - - - lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - - lim

- - - - - - - γ

γ γ γ γ

γ γ γ

ρ ρ

ρ ρ

γ

γ ,ρ ρ γ

γ ,ρ ρ γ

ρ ρ

σ σ

σ ρ

γ γ γ

γ γ γ

γ ,ρ ρ γ

n n n

ρ ρ σ σ

σ n n n ρ n n

n

→ ∈ ∈ ∘

← − ← −

{ ∈ }

← −

{ ∈ }

→ ≥

∘

≤ ⇐ ⇒ ≤ ∀ ∈

⊆

≤

← −

← −

→

‖ ‖ ≤ ‖ ‖

→

∘ ∈ ∈

{ ∈ }

≥ →

≤ ⇐ ⇒ ≤ ∀ ∈ ∈

≤

→

‖ ‖ ≤ ‖ ‖

∈ ∈ pr oje ctive lo c al ly c onvex top olo gy

pr oje ctive lo c al op er ator sp ac e top olo gy

V V

π V V γ ρ V ρ π V

V V

V V V , π γ .

V

V V , π ρ

V V V

V

π V V ρ γ

π π π

V

γ ρ γ v ρ v , v V

V

V V , π

W V , θ φ V W

σ ρ k >

θ φ v k π v .

V

V π V V

γ σ V

V V V , π .

V

V V , π V

V V

ρ γ π V V

V

ρ v σ v , v M V , n .

V

V , π W W , θ φ V W

σ ρ k >

θ φ v k π v

v M V n

27

Recall that, classically

, if we have a vector space and a family of lo cally convex spaces and linear

maps : , then we may asso ciate to each Γ and ( ) the seminorm on . Then

this family of seminorms generates the on , which and we denote with

this top ology as

= lim = lim ( ) : Γ

Conversely if the top ology on is generated by a family of seminorms , then we have

= lim (

¯

) :

where

¯

is the completion of the space in (2.1). So any is a pro jective limit of Banach spaces. Note

that taking completions is not necessary

, but is customary since is simplifies working with the spaces.

It is often most convenient to work with Γ a directed set, with Banach spaces so that there are

connecting maps : for such that

=

and which are contractions. W e can certainly always do this, since ( ) is directed by the obvious rela-

tionship

( ) ( )

(3.2)

but we can usually get away with a much smaller generating family

. In fact if ( ) is a generating

family which is a directed set with the relationship of (3.2), then this is sufficient to guarantee that the

connecting maps are contractions.

One adv antage of working with directed sets is that if we have two lo cally convex spaces = lim ( )

and = lim

( ) where the pro jective limits are directed, then a linear map : is continuous

if and only if for each there is a and a 0 such that

( ( )) ( )

Similarly we can define the on a vector space determined

by a family of lo cal op erator spaces and linear mappings : by defining matrix seminorms

= for Γ and ( ), and we write

= = ( )

Once again we can go in the converse direction, so that if is an arbitrary lo cal op erator space, then

= (

¯

) : ( )

where is the completion of matrix normed space as in (2.3), and is hence an op erator space.

W e can, if it is useful, insist that the limit b e taken over a directed set of op erator spaces so that for

there are connecting maps : which are complete contractions, since this is the case if

we order ( ) by saying

( ) ( ) ( )

But again, any generating family for the matrix top ology which is a directed family under will suffice.

As we might exp ect, we can use this to provide a nice characterization of matrix continuity

. If =

( ) and = ( ) are directed, then : is matrix continuous if and only if for each

there is a and a 0 such that

( ) ( ( )) ( ) ( )

for all ( ) and .

W e should note that in all the ab ove we are taking pro jective limits of the top ologies, not the underlying

vector spaces. This is key in the following result.

N

^

ˇ

⊚

⊚

□

□ ρ

ρ

N

N

N

N

∗

∘

∘

∗

∗

←

←

←

←

←

min

max

Pr o of :

Pr o of :

γ

γ

γ

γ

ρ ρ

ρ ρ

ρ ρ ρ ρ W

γ

γ ,ρ ρ γ

γ

ρ

ρ

ρ

ρ

ρ ρ ρ

n

n ρ

ρ n ρ

ρ n

ρ ρ n n n ρ

n ρ ρ n ρ

n

m ρ

n

ρ n ρ n

ρ n

|

→

← −

{ ∈ }

{ ∈ }

≤

∈

∈

{‖⟨⟨ ⟩⟩‖ ∈ }

{‖⟨⟨ ⟩⟩‖ ∈ ‖ ‖ ≤ }

‖ ‖

→

B

{‖⟨⟨ ⟩⟩‖ ∈ ∈ }

{‖⟨⟨ ⟩⟩‖ ∈ B ‖ ‖ ≤ }

‖ ‖

Lemma 3.2.1

lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - -

Prop osition 3.2.2

lim

- - - - - - -

lim

- - - - - - -

V V

V V V

V V

V

V

W V V , π

W W , π

W π W π π

V

V

γ ρ > γ π V V

V V

V

V V ρ V

V V ρ V .

V

ρ V

V V

V V

V V

π V B ρ v M V

ρ v v , w w B

π v , x x V , x

π v

π π M V M V

n M V V , M B

ρ v , w w B , n

π v , x x V , M , x

π v

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

If is a finite dimensional lo cally convex space, then all quantizations of are identical.

If is a lo cally convex space, then

and

Indeed, we can replace with any generating family which is directed by .

28

Cho ose any quantization of , and write it as a pro jective limit of of op erator spaces = .

Without loss of generality the are of the same dimension as . But then the matrix top ologies on the

are all identical, since any two op erator spaces of the same dimension are completely isomorphic, and

so the limit matrix top ology is the same as the matrix top ologies on the (this observ ation is due to S.

Winkler).

If is a subspace of a lo cal op erator space = ( ) then we have that

= ( ~ )

where = ( ) and ~ = .

Note that all of the ab ove presupp ose the existence of the original vector space , and we may want to

take a pro jective limit over an arbitrary pro jective system of lo cal op erator spaces. In this case we again

use the distinction b etween the limit of the vector spaces and the limit of the top ologies. If we are given

where lie in a directed set Γ, and for we have a matrix continuous connecting map :

then we simply take the vector space pro jective limit lim to b e our , and then continue with the original

construction. W e will need this sort of construction in later sections.

W e now have a prop osition which will b e of imp ortance in later sections.

min = min

¯

: ( )

max = max

¯

: ( )

( )

It suffices that if ( ) then

¯

= max

¯

and

¯

= min

¯

by the definition of min and max . The second we observe follows since the adjoint of the quotient map

maps the unit ball of

¯

onto the p olar ( ) of the unit set of , so that we have for any ( )

ˇ ( ) = sup : ( )

= sup ( ) ( ) :

¯

1

= ( ) ( )

But we also have that the quotient mapping inflates to a quotient mapping ( ) : ( ) (

¯

and so we have the adjoint at the th level mapping the unit ball of (

¯

) = (

¯

) onto ( ) .

Hence we can say that

^ = sup : )

= sup ( ) ( ) : (

¯

) 1

= ( ) ( )

as in Example 2.2.2.

R

∑ k

′

′

N N

R

R R k

ρ,k γ

γ γ

γ

ρ

2

2

2

2

2

¯

N

N

N

N

N

N N

← ←

←

R

← ←

←

←

←

←

←

←

← k

γ

k k

ρ,k

ρ

ρ ρ

ρ γ

ρ

pr o-C*-algebr as

∞

∞ ∞ −

∈

≤

‖ ‖≤

′

∞

∈ ∈ ∈ ∈

∞

∞

∞

3.2. PROJECTIVE LIMITS

σ

σ σ k

k μ

V n

ρ

μ k n μ

n

σ

,k ,k k

ρ

ρ ρ

ρ ρ,γ

ρ

d

d

k n k

n

d

k n k /

n

d

d

r

d

c d

a

a

a

| | ≤ | ≥ ‖ · ‖

∈

∈

S

S

→ | |

S

→ | |

S

S

S S

D

‖ · ‖

{ ∈ ‖ · ‖ ≤ ‖ · ‖ }

∈ D

⟨·|·⟩ ⟨ · | ·⟩

G V σ

V

V V V

V V k D

μ k

V V V ρ

ρ D v

μ

V V V

G V π

A π

A

A A .

ℓ

π v d n v ,

ℓ

θ v d n v .

ℓ

ℓ ℓ

ℓ

O ℓ O H H

A H A

A I a A .

A I a A I a

a a .

Example 3.2.1

lim

- - - - - - - lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - - lim

- - - - - - -

Example 3.2.2

lim

- - - - - - -

Example 3.2.3

lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - -

Example 3.2.4

29

Consider Example 3.1.3 of a Lie group acting on an op erator space via . W e observed that the matrix

seminorms are an ordered family which generate the matrix top ology on . So we have that

= ( ) =

where is the op erator space of elements of which are -times differentiable (ie. exists for all

), with the matrix norm —that this is a matrix norm follows since ( ).

If is instead a lo cal op erator space = , where the are ordered and generate the matrix

top ology

, then

= sup

( ( ))

!

for , and so

= =

where we consider acting on via the natural action induced by .

N.C. Phillips intro duced in [29]. They are defined to b e pro jective limits of C*-algebras

where the connecting maps are *-homom orphisms. Since *-homomorphisms of C*-algebras are

automatically completely b ounded, we get imm ediately that a pro-C*-algebra is a lo cal op erator space,

and that it can b e written as

=

Lo oking more closely at Example 3.1.4, we see that what we have done is to express ( ) as a pro jective

limit in two ways:

( ) =

where the pro jection maps act via

: ( ) (( + ) )

and

( ) =

where the pro jection maps act via

: ( ) (( + ) )

Then the quantizations discussed in the example are just ( ) = with the same connecting maps,

regarding as a C*-algebra, and hence an op erator space; and ( ) = with the same connecting

maps. Clearly this second quantization op ens other p ossibilities, for example ( ) = or ( ) =

( ) where ( ) for a Hilb ert space is Pisier’s op erator Hilb ert space.

Given an O-family acting on a Hilb ert space with domain , and assume that is partially ordered

by the ordering of the matrix norms . Then we let

( ) = :

and observe that ( ) is ordered by the ordering of the matrix norms. W e note that for ( ), ( ¯) is

a Hilb ert space with inner pro duct

= ¯ ¯

⋂

←

← ←

←

←

∈

∧ ×

×

∨

∗ ∗

op op

op op

( )

op op

op op

3.3 T ensor Pro ducts lim

- - - - - - -

Definition 3.3.1

lim

- - - - - - - lim

- - - - - - -

lim

- - - - - - -

lim

- - - - - - - a b a

A A I a

a A

A A

A,c

A,c a c

b a b c a c

⌢ ⌣

ρ σ ρ σ

⌢ ρ

⌢

σ

⌣ ρ

⌣

σ

π ε

⌢ ⌣

cb p q p q

p q p q n

n

n p q

n

⌢ ⌣

⌢ ⌣

ρ σ ρ σ

⌢ ρ

⌢

σ

⌣ ρ

⌣

σ

≤ ⊆

D

← −

D

D D

D D

D D

D

→ C B

⊗ ⊗

← − ← −

⊗

← −

⊗

⊗

← −

⊗

⊗ ⊗

⊗ ⊗

⊗

‖ ‖ {‖ ‖ ‖ ‖ ‖ ‖ · ⊗

∈ ∈ ∈ C B }

∈ ⊗ ⊗

‖ ‖ {‖ ⊗ ‖ ∈ ∈ ‖ ‖ ‖ ‖ ≤ }

∈ ⊗ ⊗ ⊗

⊗ ⊗

⊗

⊗ ⊗

⊗ ⊗

H a b H H

H

a

H

H H H , H

V W V W V W

V V W W V W

V W V W

V W V W .

V W V W

V W V W

V W

V W V W

u σ v w u σ v w ,

v M V , w M W , σ M , M

u M V W V W

u φ ψ u φ M V , ψ M W , φ , ψ

u M V W V W V W

V W V W

V V W W V W

V

W V W

V W V W

V W V W .

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let and b e lo cal op erator spaces (where the and are op erator spaces).

Then we define the (or ) and (or ) of

and to b e the matrix top ologies on given by

30

W e will denote this Hilb ert space as . Since if , , we get a pro jective system and can

consider

= lim

where the connecting maps are the emb eddings. If was maximal in the sense that

= ( ¯)

then = and the top ologies agree ([36], Chapter 2).

So assume that is maximal in this sense, then we can extend this result to say that the of

Example 3.1.5 is a pro jective limit of Hilb ert column spaces

= ( )

since the inclusions are b ounded maps , and so are in (( ) ( ) ).

The two tensor pro ducts of primary interest in the theory of lo cally convex spaces are the pro jective and

injective tensor pro ducts, which we will denote and resp ectively for , lo cally convex

spaces. W e have that if = lim , = lim (assuming the and are Banach spaces), then we

get the incomplete pro jective and injective tensor pro ducts

= lim

= lim

These pro ducts are usually denoted and resp ectively in the literature on lo cally convex

spaces. W e will use this non-standard notation to highlight the similarities with the Banach space and

op erator space tensor pro ducts. The complete pro jective and injective pro ducts are simply the completions

of and resp ec tively .

It is well-known that there are analogues of the pro jective and injective tensor pro ducts in the category

of op erator spaces. Recall that if and are op erator spaces, then we define the pro jective or maximal

tensor pro duct of and to b e the vector space with the matrix norm given by

= inf : = ( )

( ) ( ) ( )

for any ( ); and the injective of minimal tensor pro duct to b e with the matrix norm

= sup ( ) ( ) : ( ) ( ) 1

for any ( ). W e denote these spaces and their completions resp ectively as , ,

and .

This tells us immediately by analogy what the “correct” definition of the tensor pro ducts must b e for

lo cal op erator spaces.

= =

incomplete pro jective maximal injective minimal tensor pro ducts

=

=

N N

× ×

∗ ∗

← ← ← ←

Pr o of :

ρ σ

ρ σ

ρ σ

ρ σ γ δ

γ φ ρ

δ ψ σ op

op

op op

op op

op op op op

op op op op op op op op

op op

op op

op op op op

op op op op

op op

op op

Lemma 3.3.1

lim

- - - - - - - lim

- - - - - - - lim

- - - - - - - lim

- - - - - - -

⌢ ⌣

⌢ ⌣

⌢

cb p q

p q p q p q n

⌣

ρ σ n

p

ρ q

σ

⌢ ⌢

⌣ ⌣

⌢ ⌢ ⌢ ⌢

⌣ ⌣ ⌣ ⌣

⌢ ⌢

⌣ ⌣

ρ σ γ δ

ρ

⌢ σ σ

⌢ ρ

ρ

⌣ σ σ

⌣ ρ

ρ

⌢ σ

⌢ γ ρ

⌢ σ

⌢ γ

ρ

⌣ σ

⌣ γ ρ

⌣ σ

⌣ γ

n

n

⊗ ⊗ ⊗ ⊗

⊗

⊗ {‖ ‖

· ⊗ ∈ ∈ ∈ C B }

⊗ {‖ ∘ ⊗ ∘ ‖

∈ ∈ ‖ ‖ ‖ ‖ ≤ }

∈ ∈

⊗

∼

⊗

⊗

∼

⊗

⊗ ⊗

∼

⊗ ⊗

⊗ ⊗

∼

⊗ ⊗

∈ C C ∈ C C

⊗ ∈ C C ⊗ ⊗

⊗ ∈ C C ⊗ ⊗

⊗

∼

⊗

⊗

∼

⊗

⊗ ⊗

∼

⊗ ⊗

⊗ ⊗

∼

⊗ ⊗

≤

≤

V W

V W V W V W V W

V W

u σ ρ v σ w

u σ v w , v M V , w M W , σ M , M

u φ π ψ π u

φ M V , ψ M W , φ , ψ

V W

V W

V W W V

V W W V

X

V W X V W X

V W X V W X .

φ X , V ψ Y , W

φ ψ X Y , V W

φ ψ X Y , V W .

V

V W W X X Y Y

V W W V

V W W V

V W X V W X

V W X V W X

k >

v k v

w k w

3.3. TENSOR PRODUCTS

W e define the (or ) and (or ) of and to

b e the completions of and resp ect ively and denote them .

Let and b e lo cal op erator spaces. Then

and if is also a lo cal op erator space, then

If and , then

31

complete pro jective maxim al injective minim al tensor pro ducts

Alternatively

, we can construct these spaces by giving the matrix top ology coming from the

matrix seminorms

( ) = inf ( ) ( ) :

= ( ) ( ) ( ) ( )

and

( ) = sup ( ) ( ) :

( ) ( ) 1

resp ectively

, for ( ) and ( ).

F urthermore, these tensor pro ducts have the prop erties that you would exp ect from consideration of the

classical and op erator space tensor pro ducts: they are symmetric, asso ciative and functorial.

= (3.3)

= (3.4)

( ) = ( ) (3.5)

( ) = ( ) (3.6)

( ) ( )

( )

( )

These all follow immediately from the corresp onding statements for op erator spaces. If we have =

, = , = and = , then since

=

=

we immediately get (3.3) and (3.4); since

( ) = ( )

( ) = ( )

we immediately get (3.5) and (3.6). Finally

, given any and , we can find , and 0 so that

( ( )) ( )

and

( ( )) ( )

□

□

N

N

×

×

×

Pr o of :

N N N

N

N

N N ρ σ γ

ρ σ

ρ σ γ

ρ σ op op

op op

op γ δ φ ψ ρ σ

γ δ φ ψ ρ σ

γ ρ σ

γ

γ

ρ σ

Lemma 3.3.2

Lemma 3.3.3 op op

op op

;

;

op op

op

op

;

op op

⌢ ⌢

⌣ ⌣

⌢ ⌢

⌣ ⌣

n m n m n m

n n

⌢

n m n m

⌢

γ

⌢

⌢

⌢

γ

n m n m n m

n n

⌢ ⌣

⊗ ⊗ ≤ ⊗

⊗ ⊗ ≤ ⊗

→ →

⊗ ⊗ → ⊗

⊗ ⊗ → ⊗

× →

∈ ∈ ∈

≤

∈ ∈ ∈ C C ×

C C ⊗

∼

C C ×

⊗ ↔

∈ C C × ∈

× →

∈ C B ⊗ ∈ C C ⊗

∈ C C ⊗ ∈

⊗ →

∈ ∈ ∈ C B ×

≤

∈ ∈ ∈

⊗ → ⊗ z k z

z k z

V W X Y φ V X ψ W Y

φ ψ V W X Y

φ ψ

φ ψ V W X Y

V W X φ V W X

X V W

γ φ v , w ρ v σ w

n m v M V w M W V W, X

V W, X V W, X

ψ v w ψ v , w .

ψ V W, X X ψ

ψ V W X

ψ V W , X ψ V W, X

ψ V W, X X ψ

ψ V W X

V W ψ V W , X

γ φ v , w ρ v σ w

n m v M V w M W

V W

V W V W.

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let , and and b e lo cal op erator spaces. If and are matrix quotient

mappings, then

is a matrix quotient mapping. If, on the other hand, and are inclusions of lo cal op erator spaces, then

is an inclusion of lo cal op erator spaces.

Let , and b e lo cal op erator spaces. W e say that a bilinear map is

if for every matrix seminorm we have matrix seminorms and such that

for any , , , . W e denote the space of all such maps by .

Then as vector spaces, via

32

and then we have that

( )(( )( )) ( )( )

and

( )(( )( )) ( )( )

from the op erator space results and so we get matrix continuity for b oth pro jective and injective tensor

pro ducts.

The last part of this lemma immediately implies that the matrix top ologies given by the constructions

do not dep end up on the choice of generating family used in the pro jective limits.

W e also exp ect the pro jective and injective tensor pro ducts to b e injective and pro jective.

: :

:

:

The pro of of this lemma is the same as the pro of of Lemma 3.3.1: we simply lift the result from the

corresp onding result for op erator spaces.

W e can identify the op erator space tensor pro ducts with certain mapping spaces. At present we do not

have any natural top ologies to apply to mapping spaces of lo cal op erator spaces, never the less we can make

the following identification of vector spaces.

: matrix continuous

( ) ( ) ( )

( ( )) ( ) ( )

( ) ( ) ( )

( ) = ( )

( ) ( )

If ( ), then given ( ), induces a contractive map

¯

:

¯ ¯ ¯

and so

¯

(

¯ ¯ ¯

) and so ( ).

Conversely

, if ( ), then for every ( ), induces a contraction

¯

:

¯ ¯ ¯

for some ( ) and ( ) and so

¯

(

¯ ¯ ¯

). But this implies that

( ( )) ( ) ( )

for any , , ( ), ( ).

Finally

, we have that for and op erator spaces, the identity map extends to a complete contraction

1 −

∑

N

□

← ← i i

N N op op

Pr o of :

ρ

ρ σ ρ σ

φ φ op op

=1

op op

1 2

1

1 2

Lemma 3.3.4

Definition 3.3.2

lim

- - - - - - - lim

- - - - - - -

⌢ ⌣

n

⌣ ⌢

q

k j,k k ,l

p,q q ,r p,r

h n,r r,n

n h h

⌢

h

⌣

n

mb n i

i p ,p i i

h h h n

h

ρ σ ρ σ

h ρ h σ

h

h

⊗ → ⊗

∈ ∈ ∈ ⊗

⊗ ≤ ⊗

⊙

⊙ ⊗

∈ ∈ ⊙ ∈ ⊗

⊙

⊗

‖ ‖ {‖ ‖‖ ‖ ⊙ ∈ ∈ }

∈ ⊗ ⊗ ⊗

⊗ → ⊗ → ⊗

⊗

× × × →

‖ ‖ {‖ ‖ ‖ ‖ ≤ }

∈ ∈

⊗ ⊗ ⊗ →

⊗ →

⊗

⊗

← −

⊗

⊗ ⊗

V W

V W V W

V σ W x M V W

x x .

v w v w

v M V w M V v w M V W V W

V W V W

u v w u v w , v M V , w M W

u M V W V W V W

V W V W V W

V W

φ V V . . . V W

v , . . . , v v

v M V p φ φ

φ V V . . . V W.

A A A A

V V W W V W

V W V W

V W V W

V W V W V W

3.3. TENSOR PRODUCTS

Let and b e lo cal op erator spaces. Then the identity map

is matrix continuous.

Let and b e lo cal op erator spaces (where the and are op erator spaces).

Then we define the of and to b e with the matrix top ology

given by

W e define the of and to b e the completion of .

33

W e simply note that given ( ) and ( ), we have that for any ( )

( ) ( )

The theory of op erator spaces has an additional, novel and natural tensor pro duct, the Haagerup tensor

pro duct. T o define the Haagerup tensor pro duct we intro duce a new op eration where

= [ ]

where ( ), ( ) and ( ) ( and are arbitrary vector spaces at this

p oint). In other words the op erator is a combination of matrix multiplication and tensor pro duct. W e

define the (incomplete) Haagerup tensor pro duct of two op erator spaces and to b e the with

the matrix norm

= inf : = ( ) ( )

for any ( ). W e denote this space to b e , and the completion to b e . The

Haagerup tensor pro duct is asso ciative and functorial, but is not symmetric. It lies b etween the injective

and pro jective tensor pro ducts in the sense that we have complete contractions

induced by the identity map on . It also has the prop erty that it linearizes certain multilinear

mappings: if

:

is a multiplicatively b ounded multilinear map, that is to say

= sup ( ) : 1

where ( ), , then extends to a completely b ounded linear map (also called by

abusing notation slightly)

:

The converse statement is also the case. These fact will b e key later on, since it in particular implies that

if is an op erator algebra, then the multiplication map is a completely b ounded map from .

The Haagerup tensor pro duct naturally extends to the category of lo cal op erator spaces via pro jective

limits.

= =

incomplete Haagerup tensor pro duct

= lim

complete Haagerup tensor pro duct

∑

− 1

N N

i i i

i n

k op

op

∞ ∞

| |≤

1

1

1 1

1

1 σ ρ

σ φ ρ ρ

γ h h h h

h h

⌢ h

h

⌣

n

n

i

n n

i p ,p i

n

h h n

σ

k

n

μ k μ

n

⊗ ⊗

∼

⊗ ⊗

∈ C B ∈ C B ⊗ ∈ C B ⊗ ⊗

⊗ → ⊗

⊗ → ⊗

× × →

∈ ∈

≤

∈

× × →

⊗ ⊗

C

‖ ‖

Lemma 3.3.5

Lemma 3.3.6

Lemma 3.3.7

Example 3.3.1

V W X Y

V W X V W X

φ X , V ψ Y , W φ ψ X Y , V W

V W

V W V W

V W V W

V W

V , . . . , V W

φ V . . . V W

W V

v , . . . , v v . . . v

v M V

φ V . . . V W

φ V . . . V W

A σ G

A A

γ a

D a

μ

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

If , , and are lo cal op erator spaces, then

and if , , then .

If and are lo cal op erator spaces, then we have that the identity is a completely continuous map

and

If is multiplicatively continuous, then it extends to a matrix continuous map (which

we will also call ) from to .

34

The Haagerup tensor pro duct of lo cal op erator spaces is asso ciative and functorial.

( ) = ( )

( ) ( ) ( )

It also lies b etween the injective and pro jective tensor pro ducts.

The pro of of these lemmas is identical to the appropriate parts of Lemma 3.3.1 and Lemma 3.3.4, and

so are omitted. Once again we get as an imm ediate corollary that the Haagerup tensor pro duct do es not

dep end up on the way that we chose to write and as pro jective limits of op erator spaces. The Haagerup

tensor pro duct is not symmetric.

The Haagerup tensor pro duct also inherits the prop erty of linearizing multiplicatively multilinear maps.

If and are lo cal op erator spaces, then a multilinear map

:

is multiplicatively continuous if for every ( ), there exist ( ) such that

( ( )) ( ) ( )

for ( ).

:

Again, this result follows by lifting the corresp onding result up from the op erator space case.

Let b e a C*-algebra with a strongly continuous action of a Lie group . Then we have a lo cal op erator

space structure on the vectors in as in Example 3.1.3. Consider seminorms of the form given

by

( ) =

( )

!

←

← γ γ γ k k k

1 2

1 1 2 2

∑

∑

∑

∑

∑

∑

∑ ∑ ∑

3.3. TENSOR PRODUCTS

physic al matrix states

∞ ∞

| |≤

| |≤

| |≤

≤

−

| |≤ | |≤

∞ ∞ ∞

Example 3.3.2

lim

- - - - - - -

lim

- - - - - - -

∈ ⊗ ⊙

‖ ‖

‖ ‖

‖ ‖

≤

‖ ‖ ‖ ‖

≤

⊗ →

−

≤ ⊗

⊗ →

⊗

A

⟨ ⊗ ⟩ ⟨ ⟩

→

T ⊗

K ⊗

⊗ q n

σ h

σ

k

n

μ k μ

n l i,l l,j

μ k l μ

i,l l,j

l, μ k l,ν μ ν

i,l μ ν

l,j

l ν k ν

i,j

η k η

i,j

k

n,r k

r,n

h

n n

h

σ h

σ σ

⌢

c

c a c

r a r

r h

c

c h

r

r h

c μ μ μ . . . μ a M A A a u v

γ uv

D u v

μ

D u v

μ

C μ, ν D u D v

μ

D u

ν

D v

η

γ u γ v

A A A

C μ, ν C μ , ν C μ , ν . . . C μ , ν μ

ν μ ν

m a a

m A A A .

A

T W W

T

v w , a J v , aw

J H H

H H

W

W H

W

W H .

K K K

K K K T

W W .

35

where ! = ! ! !. F or any ( ), and any expression of = , we have

( ) =

([ ])

!

=

( )

!

=

[ ( ) ( ) ( )]

!

[ ( )]

!

[ ( )]

!

( ) ( )

since multiplication is completely contractive from , and where

( ) = ( ) ( ) ( ) =

!

!( )!

and so taking infima of b oth sides we get

( ( )) ( )

and so the multiplication map is matrix continuous as a map

:

This result still holds if we replace by an abstract op erator algebra.

Continuing Example 3.1.6, we have that the space of physical states is given by

=

and is the dual of the algebra of observ ables [6]. The action of on is implemented by

=

where we are using the physicist’s inner pro duct (ie. antilinear in the first p osition) and : is the

standard antilinear involution induced by the isomorphism of with its conjugate Hilb ert space

¯

.

Given that in fact fits Example 3.2.4, we have that

= ( )

and that what we are in fact doing is considering the first in the tensor pro duct as row vectors, it makes

sense to consider

= ( )

W e also observe that what we are doing is analogous to the op erator space fact that ( ) = is

the dual of ( ) = . So a natural lo cal op erator space version of , the , is

X

C

1

←

S

S

N

S

S S

S N

S B

N

S S

S N

S

S

S

S

ρ

X

ρ

p ρ p ρ

p ρ

X X

ρ X B

X

ρ

ρ

p ρ ρ

X

p

p ρ p,ρ

p,ρ

p φ

ρ

n

,

,

p φ

ρ

3.4 Complete Boundedness and Mapping Spaces

Definition 3.4.1

Definition 3.4.2

lim

- - - - - - -

Example 3.4.1

C

∈ ∈ ⊆

→ ∈ B

∈ ∈

C

C

← −

{ B ∈ ∈ }

∈ C

− → − → − →

•

•

•

∈ ⊆

→ ∈ C B

∈ ∈ C C

C C { C B ∈ ∈ }

∈ C

− → − → − → b ounde d

b ounde d

c ompletely b ounde d

c ompletely b ounde d matrix top olo gy str ong matrix

top olo gy

V W V , W

X V ρ V λ > λX B

φ V W φ φ V , W φ V

W X p γ

p V

v V ρ v ρ

V , W

V , W V , W , π p , ρ W

π φ V , W

V V W W .

X V

V λ > λ

φ V W φ V , W φ

V W

V

V W V

v V ρ v V , W

V , W V , W , π , W

π φ V , W

V V W W .

V V

W

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let b e a matrix subset of a lo cal op erator space . W e say that is if for

every matrix seminorm there is a such that .

Let , b e lo cal op erator spaces. Given a family of completely b ounded matrix gauges on such that

there is no with for all , we define the matrix top ology on to b e given

by

where the maps are the maps which take to the map obtained by the comp osition

36

If , are lo cally convex spaces, then the space of continuous linear maps ( ) is clearly a vector

space, but it is not immediately clear what top ology we should put on it, or even if there is one. W e say

that a set is if for every seminorm ( ), there is a 0 such that . If

: is a linear map, we say that is and write ( ) if maps b ounded sets in

to b ounded sets in . If is b ounded, closed and convex we have an asso ciated gauge = which we

call a b ounded gauge. W e observe that is faithful, and so is a normed vector space.

Letting b e a family of b ounded gauges such that there is no with ( ) = 0 for all , we

define a top ology on ( ),

( ) = lim ( ( ) ) : ( )

where is the map which takes ( ) to the map obtained by the comp osition

Classically there are a numb er of standard choices for .

contains only the Minkowski seminorms of closed convex hulls of finite sets. Then we get the

top ology of p ointwise convergence.

contains only the Minkowski seminorms of convex, compact sets.

contains all b ounded seminorms.

As the reader would exp ect by this stage, the ab ove discussion generalizes to the case of lo cal op erator

spaces.

= ( ) completely b ounded

( ) 0

Given a linear map : , we say that it is and write ( ) if maps

completely b ounded matrix sets in to completely b ounded matrix sets in . If is matrix convex and

closed, it has an asso ciated Minkowski matrix gauge , which is faithful, so is an op erator space.

W e call such matrix gauges whose matrix unit sets are completely b ounded, completely b ounded.

( ) = 0 ( )

( ) = ( ( ) ) : ( )

( )

If is the collection of all the completely b ounded matrix gauges ( ) on , then we call this matrix

top ology the . In the sp ecial case where = , this is the

.

∑

B B

n n

∅

C

B W

B

B

W

S

S B

S

−

∗

′

′

∈ ∈ v

v

ρ

v

P ,Q

( ) ( )

1

+

+

+ + +

X

ρ

ρ

B

ρ ρ

X V

p

P Q

X

X

X

Example 3.4.2

Example 3.4.3

Definition 3.5.1

̸{ }

C C → C C

C C

⊆

∈ ∈

∈

≤

⊆

A

L

| L L

A C

A C C

C C A

‖ ⟨ ⟩ ‖

∈

∈ ∈ ∈ ‖ ‖‖ ‖

3.5 The Uniform Complete Boundedness Princi pl e v m

v n

V V

n n

n

n

W

c c c

c

c

i,j

ξ P ,η Q

k i,k k ,j i,j

c

n

n,m m,n matrix p ointwise top olo gy

we ak matrix top olo gy

matrix c omp act

O*-algebr a

X

n m X v

V W

V , W V , W

V , W

V

v M V k ρ v >

v k w V

w k w .

X

M V

W

W, W H W W

a W

a a W, W W, W

W, W

W W , W

W , W

a a ξ , η .

W

V v M V λ >

v α β α M β M α β > λ

V

V

3.5. THE UNIFORM COMPLETE BOUNDEDNESS PRINCIPLE

A matrix subset of a vector space is if for every , there is a

such that for all , with .

A matrix subset of a lo cal op erator space is called a if it is absolutely matrix convex,

completely absorb ent, and closed.

is a lo cal op erator space if every barrel is a matrix neighb orho o d of 0, that is it is a

matrix set containing the matrix unit set of a continuous matrix seminorm.

37

If we lo ok at matrix sets which are the closed (absolutely) matrix convex hulls of p oints where ( ) =

if = and ( ) = , and consider their Minkowski matrix gauges , then this family of b ounded

matrix gauges ( ) gives what we will call the . In the sp ecial case where = ,

this is the .

Clearly the matrix p ointwise top ology is weaker than the completely b ounded matrix top ology

, since

the identity map

id : ( ) ( )

is clearly matrix continuous. Indeed if determines a matrix top ology on ( ), then it is always

weaker than the completely b ounded matrix top ology

, since ( ). It is also always stronger than the

matrix p ointwise top ology

, since if ( ), then there is a with = ( ) 0 and moreover the

matrix convex hull of must b e contained in , and so for any ,

( ) ( )

W e would like to construct a matrix version of the second of the standard top ologies. The difficulty

is that exactly we mean by a “compact” matrix set is problematical, as we will see in the next chapter.

However in this context we will say that a matrix convex set is if each of the

is compact in ( ).

Let b e the space of wave functions. Dubin and Hennings [6] identify the algebra of observ ables with

( ), the space of unb ounded closable op erators on , with domain and range contained in ,

and with the prop erty that the domains of the adjoints contain . Hence the restrictions of the adjoints

= are in ( ). Also ( ) is clearly a *-algebra under comp osition, indeed it is a

prototypical . They top ologize by identifying it with a subspace of ( ) in the obvious

way .

Considering , we can instead regard the algebra of observ ables as = ( ) sitting inside

( ( ) ). Unwinding all this notation, the matrix top ology we get on is that generated by the

matrix seminorms

([ ]) = sup [ ]

where and are completely b ounded subsets of .

W e now move in the direction of proving a uniform b oundedness principle for lo cal op erator spaces. Classi-

cally

, the uniform b oundedness principle holds if and only if the lo cally convex space is barrelled; a condition

which says that every closed, (absolutely) convex, absorb ent set is a neighb orho o d.

completely absorb ent ( ) 0

matrix barrel

matrix barrelled

N

′

′

σ

σ σ n

n

n k n

n n

mn n n

m n

n

n n n mn m

∈

∈

∈ ‖ ‖‖ ‖

∈

∈ ∈

C C

{ ∈ }

∈

≤

∈ ∈

⊆

C C

{ ∈ ∈ ∈ }

⊆

∈

X X

X

X

X

ρ σ

ρ σ

ρ

X X

X

X

σ ρ

U Z φ Z U

X

U B

B

B

φ Z U

X matrix p ointwise b ounde d

matrix e quic ontinuous

Pr o of :

^

^

Theorem 3.5.1 (Principle of Uniform Complete Boundedness) v M V

λ > v μ μ > λ

v αxβ x μ α β > λ

x αxβ /μ

v μx α μI β I x

V V

V

V V

V V v M V

v > v .

V

V

W V W

V , W

v

X v φ v φ X

M W v M V

W V

σ φ v ρ v

m φ X v M V

W V

V W V , W

W B

B v M V φ v U m φ X .

V

φ

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let b e a matrix barrelled space, a lo cal op erator space. If is a matrix subset of which is

matrix p ointwise b ounded, then is matrix equicontinuous.

38

Notice that if is matrix convex then is completely absorb ent if and only if for every ( )

there is a 0 such that for all , that is it is absorb ent at each level. T o see this we simply

observe that if = for some and = , then

=

by matrix convexity and = . The converse is trivial: we take = , = to find the we need.

Given this fact the fact that matrix barrelled spaces are barrelled lo cally convex spaces is trivial. In the

other direction we observe that if is barrelled and we have a matrix barrel in max , then it contains

some unit set of a continuous seminorm at the first level, and so it contains the minimal quantization of

that set and so contains a matrix unit set of max .

However if is any distinct quantization other than max , we have that there must b e some continuous

matrix seminorm on max such that for all ( ) we have at some p oint ( )

( ) ( )

Hence the unit set of is a matrix barrel, but do es not contain any matrix unit set of , and so is not a

neighb orho o d.

Due to the highly restricted nature of the spaces which are matrix barrelled, it is not clear if this is the

“correct” definition. Nevertheless, in the case of op erator nuclear spaces, where all quantizations are the

same, we will see that this definition of a barrelled space is what we need. The other cue that this definition

is go o d, is that it do es allow us to prove an analogue of the uniform b oundedness principle.

Recall that the classical principle of uniform b oundedness says that if we have a barrelled space and a

lo cally convex space , then a set of continuous linear mappings from to which is p ointwise b ounded

is equicontinuous.

Let b e a matrix subset of ( ). W e will say that is if the matrix

set ( ) where

( ) = ( ) : )

is a completely b ounded subset of ( ) for every ( ). W e will say is if

given any continuous matrix seminorm on , there is a continuous matrix seminorm on such that

( ( )) ( )

for all , and ( ). F or our purp oses it will help to rephrase this in terms of matrix unit

sets: if is a matrix unit set in , then we can find a matrix unit set of such that ( ) . As

is ideal in the theory of op erator spaces, we have set things up so that we can prove the following result in

an entirely straightforward manner.

( )

Cho ose a closed matrix unit set, , of a continuous matrix seminorm on . Let = ( ) where

= ( ) : ( ) for some and

Now we see immediately that is closed and matrix convex. W e would like to show it is a matrix barrel,

for if it is then it is a matrix neighb orho o d since is matrix barrelled, and so we can find some continuous

matrix seminorm whose matrix unit set lies inside , as then

( )

for every .

N

1

□

M

←

X

X

X

X U U X U

X U B

X

φ

φ

3.6 Lo cally -Con v ex Spaces n

n n

φ n

n

φ cb

γ γ γ γ

n n

⌣

n

n n

⌣

⌣

n n

∞

−

∈

∈

∞

∞

∞

∞

∞ ∞

∞ ∞

∞

∞ ∞ ∞

∞ ∞ ∞

∞ ∞ ∞

∞

∞

∞ ∞

∈

⊆ ⊆ ≥

∈ ∈ ∈

C B

‖ ‖ ≤ ∞

∈ ∈

‖ ‖ ≤ ∞

∞

∈ C C ∈ C

← −

→ →

→ →

⊗

⊗

⊗

⊗

Example 3.5.1

Corollary 3.5.2

lim

- - - - - - - lo c al ly -c onvex (top olo gic al ve ctor) sp ac e

3.6. LOCALL

Y -CONVEX SP

ACES

Let b e a Banach space, an op erator space and a matrix subset of such that

for all and all , then

M

v M V v λ >

v λ v μ μ λ

φ φ μ v v μB

V W V , W

v

n v M V

.

M

M

M

V M

M V M V

M M

M

φ V , W φ M V , M W V

V , π M V M V , π

φ V W φ M V M W

φ V W φ V W

M

V

M V M V .

M V

M V M V .

M V M V

M V M V

39

Given ( ), we have that ( ) is completely b ounded, and so there is a 0 such that

( ) . Moreover, since is matrix convex, ( ) for any . But what this is saying is

that there is a such that ( ) , so , and so is completely absorb ent.

This gives us a limited analogue of the uniform b oundedness principle in the context of op erator spaces.

(max )

sup ( )

( )

sup

Recall that we discussed the relationship b etween matrix convexity and convexity in Section 2.4. An

obvious question to ask is what notion corresp onds to a lo cal op erator space in the language? And

do es this viewp oint give us any extra insight?

The corresp ondenc e b etween matrix seminorms and -mo dule seminorms means that lo cal op erator

space structures on a vector space have a one-to-one corresp onde nce with lo cally -convex top ologies on

( ) (ie. top ological vector space structures on ( ) which have a neighb orho o d base at 0 consisting

of -convex sets, or equiv alently

, the top ology is determined by -mo dule seminorms). W e will call

such a space a .

In this p oint of view ( ) if and only if ( ( ) ( )). Similarly

, if =

( ), then ( ) = lim

( ( ) ( ) ) as a lo cally convex space. Inclusions and quotients also

work just as you would exp ect: : as lo cal op erator spaces if and only if : ( ) ( )

as lo cally convex spaces; : is a complete quotient map if and only if : is a quotient

map.

One adv antage of lo oking at the theory in this way is that it gives us access to classical results for

lo cally convex spaces in a way which is useful for proving lo cal op erator space results. W e will use this in

Section 3.7 when we discuss b ornology

. The disadv antage is that we lose access to the large b o dy of results

av ailable from op erator space theory . F or example, the prop erties of the v arious tensor pro ducts would b e

tedious to prove using metho ds.

The one other piece of insight that these metho ds give is that they

, somewhat surprisingly

, give us

information ab out minimal and maximal quantizations of lo cally convex spaces. W e will use this when we

discuss op erator nuclear spaces in Section 3.9.

Let b e a Banach space. It is well known (see Effros and Ruan [7], Section 3.4) that

(min ) =

Since is finite dimensional and is complete, we in fact have that

(min ) =

and so

(min ) =

as normed spaces. On the other hand we have that

(max ) = γ

N N ρ ρ ψ σ

N

N

N

N

∞ ∞

∞ ∞

∞ ∞

∞ ∞ ∞ ∞

∞ ∞

∞ ∞

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

3.7 Injectiv e Limits and Matrix Bornology n n

max p

p

p

p

n

⌣ n

n n n

⌣

⌣

n

⌣ n

⌣

ρ

ρ

⌣ ρ

⌣

⌢

⌢ ρ ρ

γ γ γ

γ

γ γ γ

γ

γ

γ γ γ

γ

γ σ σ inje ctive dir e ct limit

top olo gy

inje ctive

dir e ct limit matrix top olo gy

∈ ∈

‖ ⊗ ‖ {‖⟨⟨ ⊗ ⟩⟩‖ ∈ B ‖ ‖ ≤ ∈ }

{‖ ⊗ ⊗ ‖ ∈ B ‖ ‖ ≤ ∈ }

{‖ ⊗ ‖ ∈ B ‖ ‖ ≤ ∈ }

{‖ ‖‖ ‖ ∈ B ‖ ‖ ≤ ∈ }

‖ ‖‖ ‖

⊗ →

→ → ∈ ⊗

⊗ →

⊗ − − − − →

⊗ − − − − →

← −

← − ← −

⊗ ⊗

⊗ →

⊗ →

→

− → − →

{ }

→ ∘

→

{ ∀ ∈ ∃ ≤ }

M V α M v V

α v α v , φ φ V , M , φ , p

φ α v φ V , M , φ , p

α φ v f V , M , f , p

α φ v f V , M , f , p

α v .

M V M V

θ M M x p xp x M V

M V M V

M V M V

M V M V

n

V V

M V M V M V M V .

M V M V

ρ

M V M V

V

V ψ V V

V ψ

V V V , ψ

V V V

W φ V W φ ψ γ

V ψ V V

ψ

V γ , σ V k v k v .

40

as vector spaces, and the norm on ( ) is a cross norm, since if we have and ,

= sup : ( ) 1

= sup (id )( ) : ( ) 1

= sup ( ) : ( ) 1

= sup ( ) : ( ) 1

=

So there is a contraction

(max )

and the standard map : : is a contraction, so for any element we can

factor the map

(max )

through the diagram

(max )

(max )

for sufficiently large, and so it is a contraction.

If we have that = lim is now a lo cally convex space, then

(min ) = lim (min ) = lim =

(3.7)

Also, the map

(max )

(3.8)

must b e continuous, since for any , the map

¯

(max

¯

)

is a contraction.

Given the imp ortance of pro jective limits in the material so far, a natural question would b e to ask what

we can say ab out injective limits of lo cal op erator spaces. Classically

, if we are given a vector space

and a family of lo cally convex spaces together with mappings : , the or

on is the finest lo cally convex top ology for which all the are continuous. W e write

= lim = lim ( )

to denote with this top ology

. is a pro jective limit of such if and only if the following is true: for

any a lo cally convex space, : is continuous if and only if is continuous for every .

If instead we consider lo cal op erator spaces and maps : , then we say that the

or is the finest such that all the are matrix continuous. By the finest matrix

top ology

, we mean the one for which

( ) = : ( ) such that ( ( )) ( )

B

B

p

p

p

→ →

→

→ γ γ γ

γ γ

γ

γ

p

X

B

B X

X X

B

X

p

∞ ∞ ∞ ∞ ∞

∞ ∞

∞ ∞

∞ ∞

∞

∞

∞

∞

∞

∞

∞ ∞

{ }

→

→ ∘

⊆

B C

− →

{ ∈ }

⊆

⊆

C B C C

{ ∈ }

⇐ ⇒

⇐ ⇒ →

→ → lim

- - - - - - - lim

- - - - - - -

Prop osition 3.7.1

Prop osition 3.7.2

lim

- - - - - - -

lim

- - - - - - - b ornivor ous

b ornolo gic al

c ompletely b ornivor ous

c ompletely b ornolo gic al

Pr o of :

V

V V V , ψ .

V

M V M V ψ M V M V

V V

W φ V W φ ψ

γ

X V

B λ > λB X

V

V

V

W V , W V , W

V V p V

V

λ >

λ

V

X M V M

V M M V X

M M V

M

V M V

V

V

W V , W V , W

V V V

M

V M V

φ φ

φ M

M φ

V V φ V W

V V W

3.7. INJECTIVE LIMITS AND MA

TRIX BORNOLOGY

If is a lo cally convex space, then the following are equiv alent:

i. is b ornological,

ii. for any lo cally convex, ,

iii. .

Let b e a lo cal op erator space. The following are equiv alent:

i. is completely b ornological,

ii. for any a lo cal op erator space, ,

iii. .

41

W e denote with this matrix top ology by

= = ( )

This is equiv alent to saying that the matrix top ology on corresp onds to the injective limit lo cally

convex top ology on ( ) determined by ( ) and : ( ) ( ).

Again, we can characterize this as saying that is the matrix injective limit of the if and only if the

following is true: for any a lo cal op erator space, : is matrix continuous if and only if is

matrix continuous for every .

Direct limits are not as useful as pro jective limits, however they do app ear in the classical theory of

b ornology . W e say that a set in a lo cally convex space is if it absorbs arbitrary b ounded

sets, that is given any b ounded set , we can find a 0 such that . The unit sets of continuous

seminorms are b ornivorous, by the definition of b oundedness. If, conversely

, every closed convex b ornivorous

set is the unit set of continuous seminorm, then we say that the space is .

( ) = ( )

= lim : ( )

W e say that a matrix set in a lo cal op erator space is if it absorbs arbitrary

completely b ounded matrix sets, that is given any completely b ounded matrix set we can find 0 so

that . Clearly matrix unit sets of continuous matrix seminorms are completely b ornivorous. If the

converse is true, that is if close matrix convex sets which are completely b ornivorous are matrix unit sets

of continuous matrix seminorms, then we say that is .

W e note that we only need to check that absorbs all matrix convex b ounded sets to check if is

b ornivorous, since if is b ounded then so is its matrix convex hull. W e see that a closed matrix convex set

is completely b ornivorous if and only if the corresp onding set ( ) absorbs b ounded -convex

sets, since matrix convex b ounded sets in corresp ond to -convex b ounded sets ( ). But will

absorb all b ounded -convex sets if and only if it absorbs all b ounded sets in ( ), since b oundedness

is preserved by taking -convex hulls.

In particular this all implies that is completely b ornological if and only if ( ) is b ornological.

( ) = ( )

= : ( )

This (i) (ii): follows immediately from Prop osition 3.7.1 once we switch to the viewp oint. W e

have already seen that is completely b ornological if and only if ( ) is b ornological. It only remains

to observe that if is completely b ounded, then is matrix b ounded, which follows since matrix convex

b ounded sets are mapp ed to matrix convex b ounded sets by if and only if -b ounded sets are mapp ed

to -b ounded sets by .

(ii) (iii): By definition = ( ) if and only if for any map : is matrix continuous

exactly when the comp osition of the maps

→

⊚

⊚

□

□

C

C

C p

w

w

w

Pr o of :

n

n n

n i,j

n

S

S

S B

W

W

W

W

3.8 Dualit y

′

′

′ ′

′

′

′ ′

′

′ ′ p

p σ

σ p p

p p

p

p p

ρ

φ ρ

φ ρ

≤

→

C C

∈

∞

∈ ̸≤ ∈ ∞

C C

∈ C C ∈

‖ ‖ ≤

· ∈ T ∈ ⟨ ⟩

‖ ‖ ≥

· ∈

· ∈ lim

- - - - - - -

Lemma 3.8.1

Corollary 3.8.2

W

φ v λ v V V

φ V W φ

V V V , V

V

V

V τ V

V

V

V V

V V V

V

W W

V

v

w W w λw λ , w

V , W

V , W

W

V W

V W V V , W V , W

w W V

φ V , w M W

w

v v .

φ σ w σ v V φ v w , v

v

w v v

φ σ w φ w W

σ w W

V V V

V , V V

W

W, V

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

If and are two paired vector spaces and we give the matrix top ology , then .

Let b e a Hausdorff lo cal op erator space and its continuous dual, then with the matrix top ology

has as its matrix dual.

42

is matrix continuous for any Minkowski matrix gauge of a completely b ounded set. But this comp osition

is matrix continuous for such a if and only if for any seminorm on , there is a lamb da such that

( ( )) ( ), that is if and only if the image of the unit set of is b ounded. Hence = ( ) if

and only if for any map : is matrix continuous exactly when is completely b ounded.

Our immediate concern in this section is to consider the following problem: if we have a lo cal op erator

space and its matrix continuous dual = ( ) , for what other matrix top ologies on do we still

have as its matrix continuous dual.

Classically this question is answered by the Arens-Mackey theorem. If is a Hausdorff lo cally convex

space and its continuous dual then a top ology has as its continuous dual if and only if it has a

neighb orho o d base at 0 consisting of the p olars of a family of weakly compact convex sets in . The

weakest of these top ologies is the weak top ology

, the strongest is the Mackey top ology consisting of the

p olars of all weakly compact convex sets in .

Let b e a Hausdorff lo cal op erator space (by which we mean that the top ology on is Hausdorff ) and

its continuous dual, then we notice that and are paired as vector spaces. So for the time b eing

we will deal with the more general situation where we simply have two paired lo cal op erator spaces and

. If is a family of completely b ounded matrix gauges of , then we can define a matrix top ology on

by using the generating seminorms for . This follows since we know that the matrix gauges of

completely b ounded sets are faithful, and so their dual gauges must b e matrix seminorms since ( ) =

if and only if there is a , = 0 such that ( ) 1 for all [0 ], ie. ( ) = 0.

The two obvious choices are to take to b e all completely b ounded sets, which we denote ( ), or

to b e all sets containing the matrix convex hulls of single matrix p oints, which we denote ( ), just as

in Section 3.4. W e will lo ok at this second case first. Clearly here the matrix top ology on is irrelev ant,

as is the matrix top ology on , since we have b een given . So we have

( ) ( ) =

Clearly every in is matrix continuous on with the weak top ology .

If ( ), then there is some ( ) so that if is the Minkowski gauge of the matrix

p olar of the matrix set containing just , then

( ) ( )

W e claim that either = for some , or there is a such that ( ) = 1, but = 0.

The second alternative of the claim leads to an immediate contradiction, since clearly is in the matrix

p olar of , but ( ) ( ).

Since = if and only if span ( ), which is a finite dimensional subspace of , the claim

follows from a classical vector space lemma (see [33], Chapter I I, Lemma 5, for example).

Now all we need to note is that .

( )

Lo oking more closely at what we are trying to do, we note that we are only trying to find things which

agree with as a vector space. The only matrix top ology that we might exp ect to b e of any relev ance is

the ( ) matrix top ology

, since this is where we will hop e to find our weakly matrix compact convex n n

□

□ v

v

v

W

W

W

N

N

W

W

⋄

⋄

⋄

⋄

⋄

⋄

⋄

⋄

′

⊚⊚

⊚

⊚

⊚

⊚

⊚

⊚ ⊚

Pr o of :

Pr o of :

∈

{ ∈ }

→

→ ⟨· ⟩

∈ ∈

∈

∈ ∈

‖ ‖ ‖ ‖ ≤

X ρ X X X

X

X X ρ

X

X

X

X

X

X

X

ρ φ φ

X

X

X X

Prop osition 3.8.3

Theorem 3.8.4

Corollary 3.8.5

Corollary 3.8.6

V W

W, V

V W V V , W

V

V W V V

W, V

W

V V

V

V

W

V

V ι W V

w , w

v M V w M W W ι w

V

V W V V

W, V

V V

V , V v V λ >

v λx λ φ V

φ v λx λ.

V

V W

ι

V

V

V

3.8. DUALITY

Let and are two paired vector spaces and is a lo cal op erator space. Then the matrix top ology of

is the dual matrix top ology generated by the set of matrix p olars of some closed matrix convex

sets in .

Let and b e two paired vector spaces, and b e a lo cal op erator space. If is a matrix unit set in ,

then is matrix -compact.

If is a Hausdorff lo cal op erator space, then the matrix p olar of the matrix unit ball of any continuous

seminorm is matrix compact in with the weak matrix top ology .

If is an op erator space, then the dual matrix unit ball is weakly matrix compact.

43

sets. So we will b e lo oking at a lo cal op erator space paired with a vector space which we will turn

into a lo cal op erator space with the ( ) matrix top ology . W e also note that Lemma 3.8.1 implies that

with these assumptions and are in weak duality if we give the ( ) top ology

, and so we can

use the matricial bip olar theorem.

W e firstly note that every top ology of is a matrix p olar top ology .

( )

If is a matrix unit set for some ( ), then = , since if is closed in , then each level

is weakly closed, and certainly is matrix convex, so the result follows from the matricial bip olar theorem.

Hence the top ology on is generated by the matrix p olars of the family

: the closed unit set of ( )

of matrix subsets of .

W e also note that the sets we are taking p olars of are have certain compactness prop erties. If is the

algebraic dual of , then we have an canonical inclusion of vector spaces : given by

Moreover this inclusion is matrix continuous when we give these two spaces the appropriate weak matrix

top ologies, since for any ( ), ( ) lies in the matrix p olar (in ) of if and only if ( )

lies in the matrix p olar of (in ).

( )

W e note imm ediately that is completely b ounded in the algebraic dual of with the weak

matrix top ology ( ), since is completely absorb ent and so given any , there is a 0 so

that = and so for any ,

( ) = ( ) = ( )

Now is complete in the weak matrix top ology since it is complete in the weak top ology

, and is closed

in the weak matrix top ology

. Hence is closed and weakly b ounded at each level, and so is compact at

each level. So is weakly compact in . Hence is weakly compact in , since the inverse images

of these compact sets under is compact.

λ

□

N N

W

W

W

nuc

nuc

1

1

0

′ ⋄ ⋄

⋄

′

′

∞

∗ ∗

∗

∞

∞

⌢ ⌣

⌣

θ

σ τ

φ

λ

ρ,σ σ ρ

Pr o of :

nucle ar

nucle ar

3.9 Op erator Nuclearit y

Theorem 3.8.7

Theorem 3.9.1

∈

→

⊗ → ⊗

∼

B

N

‖ · ‖

N

∼

⊗

N ‖ ‖

− − − − →

− − − − →

∈ ‖ ‖ ≤

∈ ∈ ≥

→

V

V W V W V

W, V W

V

W, V

W

V V

W V V V φ V

V W

V W

W V W

V V

C M

M

V W φ V W

V W V W V , W .

V , W V W

V , W

V W

.

φ V , W φ

ℓ ℓ

V W

σ τ θ λ ℓ λ

ℓ c

V ρ V σ V σ ρ

π V V

V

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let and b e paired vector spaces and b e a lo cal op erator space. Then is the continuous dual of

for some matrix top ology if and only if this matrix top ology is generated by the matrix p olars of a family

of matrix compact convex sets in .

Let b e a lo cally convex space. Then the following are equiv alent:

44

This last corollary is obviously an op erator space version of Alaoglu’s theorem, and once you unravel

the definitions, it was observed by W eaver [40].

So at this p oint we have proved half of the Arens-Mackey result for lo cal op erator spaces—we have

shown that the matrix top ology on is generated by the p olars of weakly matrix compact convex sets in

the dual. W e want to show that every such matrix top ology gives you the dual back

( )

W e observed in Prop osition 3.8.3 that the new matrix top ology of is the top ology generated by the

matrix p olars of matrix unit balls, and that these matrix p olars are matrix ( )-compact convex sets

in by Theorem 3.8.4.

Conversely if the new matrix top ology on is the dual top ology generated by a family of ( )-

compact convex sets in , then the continuous dual of the new sits inside , however is

matrix continuous if and only if it lies in the matrix p olar of a matrix unit ball of , but if we emb ed

in , then by the matrix bip olar theorem, every such element lies in the image of and every element of

is such an element. So = as vector spaces.

W e will call the top ology of on generated by all the weakly matrix compact convex subsets of the

Mackey matrix top ology .

In classical real and functional analysis, many imp ortant and useful lo cally convex spaces come from a class

known as nuclear spaces. These include the Schwartz spaces, spaces of temp ered distributions and ( )

for a compact manifold.

Given Banach spaces and , we say that a linear : is if it lies in the image of the

canonical map

Φ : = ( )

The space ( ) of all nuclear maps from to is the image of this map with the quotient norm

coming from

( ) =

ker Φ

A map is in ( ) with if and only if it factors through a commutative diagram

where the vertical maps and are contractions, and is multiplication by some with 1.

W e can in fact replace by in the ab ove definition, if needs b e.

W e say that a lo cally convex space is if for every ( ) there is a ( ) with

so that the connecting map :

¯ ¯

is nuclear.

Φ

Φ

Φ

C C

C C a,b

a,b

∗ ∗

∗

∗

∧

∗

∞ ∞ ∞ ∞

∞ ∞ ∗ ∞ ∞

∗

∑

∑

∑ op er ator matrix nucle ar

op op

opnuc

op

( ) ( )

( ) ( )

1 1 1

1 ( )

3.9. OPERA

TOR NUCLEARITY

i. is nuclear,

ii. for all lo cally convex spaces we have that . ⊗ ⊗

⊗ → ⊗ ⊆ C B

C N ‖ · ‖

C N

∼

⊗

∈ C N

B − − − − → T

− − − − →

∈ HS B K

K − − − − → T

− − − − →

K

∈

⊗ ‖ ‖ ≤ ⊗ ∈ K

∈ K ∈ B ⊗ ∈ B ⊗

⊗

B ⊗ HS B ⊗ HS ∈ HS

⊗

∈ C B

⊗

⌢ ⌣

⌢ ⌣

⌢

θ

σ τ

φ

a,b

a,b

θ

σ τ

φ

p

⌢

,p i,j

k ,l λ, i,k p

j,l ,μ p

i,j,k ,l λ, i,k i,j k ,l j,l ,μ

p

p, p

,p p,

λ, λ, k ,i

k ,l k ,l k ,l

p p

k ,l k ,l k ,l

V

W V W V W

V W V W V , W .

V , W

V , W

V W

.

φ V , W < φ

V W

σ τ θ

θ x axb

a b

V W

u

M V W u u α ξ w β ξ ξ V w

w W α α ℓ ℓ , β β , ℓ ℓ <

u α ξ w β .

ℓ ℓ , M , ℓ ℓ M a M

a α b β

u aξ b w .

φ u M V , W

φ v aξ v b w

45

=

The analogue of nuclear maps for op erator spaces were studied by Effros and Ruan in [13]. W e say that

a map is or if it lies in the range of the map

: ( )

W e let ( ) b e this image with the quotient matrix norm from

( ) =

ker

W e have that ( ) with op erator nuclear norm 1 if and only if we can factor through a

comm utative diagram

where and are complete contractions and is the map

( ) =

where and with Hilb ert-Schmidt norm strictly less than 1. In fact we can replace with in the

ab ove factorization, to get

(3.9)

and this fact will b e imp ortant in our analysis, as is much b etter b ehaved with resp ect to tensor pro ducts.

The equiv alence of these notions is seen by careful insp ection of the op erator norms. Given

( ) with 1, we can write it as = ( ) for some = [ ] ( ), =

[ ] ( ), and = [ ] ( ), = [ ] ( ) each with norm 1

(Prop osition 3.1 of [9]). That is

=

W e can regard ( ) as ( ) and ( ) as ( ). Letting ( ) b e

such that = [ ], and = we have

= ( )

Now if = ( ) ( ( )), then

( ) = ( ( ) )

C

C

op op

op op

op op

( ) ( )

op op

op op

1

∑

∗

C N

∗ ∗

∗ ∞ ∞

∞ ∞

∧

∗

∗ ∗ ∗ ∗

∞

C N

Φ

Prop osition 3.9.2

Prop osition 3.9.3 a,b p

k ,l a,b k ,l k ,l

p a,b

,p

i,j i,j i,j

i,j

p

i,j k ,l λ, i,k p

j,l ,μ

p

,p

⌢ ⌣

⌢ ⌢ ⌣ ⌣

k k k

⌣ ⌣

⌣ ⌣

⌢ ⌢

∈ T

∘ ⊗

K → C B K K → C B T

∘ ∘

‖ ‖

K B

B T C B T → B B

∈ ‖ ‖ ∞ B

‖ ‖ ‖ ‖

C B B → B

⊗

∈ K ∈ K ∈ B ⊗ ∈

B ⊗ ‖ ‖

⊗ ⊗ ⊗

⊗ − − − − → ⊗ − − − − → ⊗ − − − − → ⊗

N − − − − → C N − − − − → C B − − − − → B

→

B T

√

→ ‖ ‖

⊗ ⊗ → ⊗

⊗ ⊗ → ⊗

→ →

⊗ ⊗ → ⊗ θ ξ v M

φ θ ξ w .

V V , W , W

σ ξ τ

w

φ τ θ σ.

φ < φ

φ φ

, W W W

w w w W w < W

w w .

V , V

φ u

u α ξ w β

ξ ξ V w w W α α ℓ ℓ , β β

, ℓ ℓ < u <

V W

V W V W V W V W

V , W V , W V , W V , W

φ V W

ℓ ℓ a

b e λ e

V W φ V W φ <

X

φ V X W X

φ V X W X .

V W X Y φ V W ψ X Y

φ ψ V X W Y

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let and b e op erator spaces. If is an op erator nuclear mapping with , then for

any op erator space , the map

is a complete contraction, and so extends to a complete contraction

If , , , and are op erator spaces, and and are op erator nuclear maps, then

is op erator nuclear.

46

and noting that ( ( )) ( ), we have

= ( )

But as op erator spaces we have complete isometries ( ) ( ) and ( ) ( ), so if we

let b e the complete contraction corresp onding to and b e the complete contraction corresp onding to

, we have

=

So 1 implies that factors as in (3.9).

If factors through , then it trivially factors through . Completing the third direction, if factors

through and then we have a complete isometry ( ) ( ), where ( ) is the space of infinite

matrices = [ ] with entries and sup . The norm on ( ) is

= sup

Similarly

, we have a complete isometry ( ) ( ), and reversing the ab ove argument, we can

write

= ( )

where

= ( )

for some = [ ] ( ), = [ ] ( ), and = [ ] ( ), = [ ]

( ) each with norm 1. But by Prop osition 3.1 of [9], this implies 1.

Since we have that and define cross norms on , we have the following diagram

( ) ( ) ( ) ( )

and so we see that if : is nuclear it is automatically op erator nuclear. This fact can b e seen much

more concretely by simply emb edding and along the diagonals of and resp ectively

, and letting

and b e the op erators taking the standard basis element to .

W e will need the following two prop ositions ab out tensor pro ducts and op erator nuclear maps when we

lo ok at tensor pro ducts of the analogues of nuclear lo cally convex spaces.

: 1

id :

id :

: :

:

1

N

□

⊗ ⊗ c,d

ρ σ σ ρ

τ ρ

N

N

N

N

N

N

Pr o of :

Pr o of :

ρ

σ σ ρ

ρ

τ

ρ σ

τ τ σ ρ op

op

2 2 2 2

op

op op

2 2

2 2 2

1 θ

ρ γ

φ

⌢

⌣ ⌢

⌢ ⌢ a c,b d

,

σ ρ

σ ρ

τ σ

Definition 3.9.1

Theorem 3.9.4

K − − − − → T

− − − − →

⊗

K ⊗ K K ⊗ T ⊗ T ⊗ T

⊗ ⊗

⊗

⊗

⊗

∼ ∼

⊗ ⊗ ⊗ ⊗ HS ⊗

⊗

∼

⊗

∈

∈ ≥

→

∈ ∈

→

∈ ≥ →

∈

∈ ≥ ≥

→

→ φ ψ

X Y

ℓ ℓ ℓ ℓ

V X W Y σ ρ θ

φ ψ τ γ

σ ρ τ γ a c b d ℓ ℓ

ℓ ℓ ℓ φ ψ

V

V

π V V

V V

V V σ V

V V V

V V τ σ V V

V

V V

V

V V

V V

3.9. OPERA

TOR NUCLEARITY

W e say that a lo cal op erator space is if for any continuous op erator seminorm ,

there is a with such that the connecting map

is op erator nuclear.

Let b e a lo cal op erator space. Then is a matrix nuclear lo cal op erator space if and only if it is a nuclear

lo cally convex space.

47

Assume that we have factoring as in (3.9), and factoring as

(3.10)

Then by the functoriality of we have

( ) ( ) = =

where and are complete contractions and and are in ( ). It only remains

to note that = as Hilb ert spaces, so is op erator nuclear.

W e are now ready to define exactly what we mean by a matrix nuclear lo cal op erator space, although

this definition should come as no surprise.

matrix nuclear ( )

( )

:

¯ ¯

If is a nuclear lo cally convex space, then given ( ), we can find a ( ) such that the

Banach space map

¯ ¯

is nuclear. But since the matrix seminorms on are assumed to generate the

lo cally convex top ology of , we can find ( ) so that and so the comp osition map

¯ ¯

is a nuclear map b etween op erator spaces. Hence it is op erator nuclear, and so is a matrix nuclear lo cal

op erator space.

Conversely

, if is a matrix nuclear lo cal op erator space, then for any ( ) we can find and

( ) with so that the maps

¯ ¯

and

¯ ¯

are op erator nuclear. But any op erator nuclear map can b e factored through b oth a Hilb ert row space and

a Hilb ert column space, so we get the following diagram of complete contractions:

□

□

op op

N

N N N λ λ τ

ρ σ

τ ρ

1

op op

op op τ σ ρ

λ τ ρ

τ σ ρ σ

Pr o of :

Pr o of :

∞

∞ ∞

∞ ∞

∞ ∞ ∞ ∞ ∞

∞ ∞

Theorem 3.9.5

Theorem 3.9.6

Φ

( c r

c σ r

c r

c r c r

r c τ

λ ρ

λ ρ

⌣ ⌢

⌣ ⌢

⌢ ⌣

⌢ ⌣

⌣ ⌢

→ →

→ HS

∈ ≥

→

T

→ →

⊗ ⊗

→

⊗ ⊗ → →

⊗ ⊗

⊗ ⊗

∈ ∈ ∈

≥

⊗ → ⊗

H K

V V V

H K H V K

H K H , K

V

F G H K

V V V

G H V

F K F , K

F K V F K V

ℓ ℓ

V V V

V

V V V M V M V

M V M V

M V M V M V M V M V .

M V M V V V

V W

V W V W.

V W V W

V W τ V

V W V W

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

If is a nuclear lo cally convex space, then it has precisely one quantization.

If is a matrix nuclear lo cal op erator space, then for any lo cal op erator space we have that

48

where and are Hilb ert spaces, and the top row is simply the comp osition of the maps

¯

.

However a completely contractive map from lies in ( ) (see Effros and Ruan [10], Corollary

4.5). W e can find a ( ) so that the connecting maps factor like so

where again the map is just the comp osition of the maps through

¯

. Since the chain of maps

from though to contains two Hilb ert-Schmidt maps, the comp osition must b e trace class. But ( )

are exactly the nuclear maps from to , and since the maps and are contractions, the

factorization we have for the trace class map through and extends to a factorization for the connecting

map from

¯

to

¯

. Hence is a nuclear lo cally convex space.

This result migh t app ear problematical, if it were not for the following surprising fact.

W e need only show that min = max . W e observe that, since is nuclear = . Also

we have that the identity map (max ) (min ) is continuous, since the map of (3.1) is matrix

continuous. Finally (3.7) and (3.8) allow us to factor the identity map as a sequence of continuous maps

(min ) = = (max ) (min )

Hence (min ) = (max ) as lo cally convex spaces, and so min = max as lo cal op erator spaces.

The equiv alent statement in the op erator space case (up to isomorphism) is true only for finite dimen-

sional op erator spaces. Indeed, finite dimensional spaces are the only nuclear Banach spaces, and so are the

only matrix nuclear op erator spaces.

An obvious question is whether there is a result parallel to Theorem 3.9.1. One direction of the classical

equiv alence is easy to show for lo cal op erator spaces.

=

W e know that the extension of the identity map is matrix continuous from to .

In the other direction, we have that for any ( ) and ( ), we can find a ) ( ) with

and the connecting map op erator nuclear. So by Prop osition 3.9.3, the we have that the identity

map induces a complete contraction

¯ ¯ ¯ ¯

□

R

R a,b

op op ρ

ρ σ ρ σ

σ op op

op

∗∗

∗∗

∗ ∗

∗ ρ σ ρ

ρ

ρ σ ρ

ρ

Theorem 3.9.7

~

⌣ ⌢

⌢

θ

σ τ

φ

c r

⌢ ⌣

, , r

⊗ → ⊗

→

→

→

→

C I → ⊗

C I

→

B − − − − → T

− − − − →

≥

∈

⊗ ⊗

≥

∘

‖ ‖

V W V W.

V W

W V

W V

V

W W V

W V

V

W

W, V V W

X , Y X Y

φ X Y

X Y

H H

V

V

V W V W W

V

π π τ γ H

v γ π v .

lo c al ly r eflexive

lo c al ly op er ator r eflexive

op er ator inte gr al

Pr o of :

3.9. OPERA

TOR NUCLEARITY

A lo cal op erator space is matrix nuclear if and only if we have

i. for some generating family of continuous matrix seminorms , the op erator spaces are lo cally

reflexive for all ,

ii. for all op erator spaces .

49

and so the identity map is matrix continuous from

The other direction is more problematical, and we need to intro duce some new ideas to explain what is

going on. One of the key differences b etween the theory of op erator spaces and the theory of Banach spaces,

is that while all Banach spaces are lo cally reflexive the analogous condition is not always true for op erator

spaces. More precisely

, a Banach space is if for each finite dimensional Banach space

we have that any contraction can b e approximated in the p oint-norm top ology by contractions

.

F or an op erator space , we say that it is if for every finite dimensional op erator

space , any complete contraction can b e approximated in the p oint-norm top ology by complete

contractions . As we will see, this is the missing ingredient that will allow us to formulate a version

of Theorem 3.9.1. Effros and Ruan showed in [13], Theorem 3.6, that lo cal op erator reflexivity of is

equiv alent to the condition that for all op erator spaces ,

( ) ( )

is a completely isometric bijection, where ( ) are the op erator integral maps from to . A map

: is if there is a diagram

which approximately comm utes (in the p oint-norm top ology). As one might exp ect, this is the op erator

version of a classical family of maps. The similarity b etween this diagram and (3.9) should hint that the two

notions are connected: clearly all op erator nuclear maps are op erator integral; what is less clear is that the

comp osition of two integral maps is nuclear. This second claim stems from the fact that op erator integral

maps are also Hilb ert row and column factorable, and that all completely b ounded maps from to

are op erator nuclear (see [12]).

In particular, this means that a lo cal op erator space is matrix nuclear if and only if for every continuous

matrix seminorm , there is a such that the connecting map is op erator integral (indeed, we could

replace op erator integral here by absolute matrix summing, or simply that the map b e b oth Hilb ert row

and column factorable).

¯

=

W e have already shown that a matrix nuclear space satisfies (ii). satisfies (i), since it can b e written

as a pro jective limit of Hilb ert row spaces: given any continuous matrix seminorm , we find so that

is nuclear. Then we can factor = through a Hilb ert row space , and get a continuous

matrix seminorm

( ) = ( ( ))

C

←

′

′ op

□

□

′ ′ ′ ′

R

N

N N

Pr o of :

ρ

ρ

σ

σ σ ρ

ρ

ρ σ ρ

ρ σ ρ ρ

σ σ

⌢

⌣

⌣

⌣

⌣

⌣

⌣

,

, , ,

⌢

, ,

⌢ ⌢

⌣ h

⌢

∗ ′

∗ ′

∗

∗

∗ ∗

∗

∗ ∗ ∗∗

∗∗ ∗∗

∗∗

∗∗ op

op

op op

op

op

op

op op

op

op

~

lim

- - - - - - -

Prop osition 3.9.8

Example 3.9.1

{ }

∈ → ∈

⊗

⊗

∈ ⊗

⊗ ⊗

⊗ →

⊗ ⊗

∈ ⊗ ≥

⊗ C I

⊗ ⊗

∈ C I

⊆

C I → C I

≥

⊗

∈ ∈ ≥

≥

⊗ ⊗ → ⊗

⊗ ⊗

⊗ ρ ρ

ρ

ρ

ρ

ρ σ ρ

σ

ρ

ρ

σ

ρ

σ

σ

ρ σ

ρ

σ

ρ

σ ρ σ

σ ρ σ σ ρ σ

ρ σ ρ

ρ

ρ

σ ρ σ

ρ

ρ ρ σ σ ρ σ ρ σ

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

If and are b oth matrix nuclear lo cal op erator spaces, then so is .

V

V π V V φ

V V

φ v ϕ ϕ π v .

φ V V

V V V V

φ V V

φ v ϕ φ π v ϕ

φ V V

V

V V V , V .

φ π v ψ φ v ψ

ψ π v

ψ π π v .

π ϕ V π V , V π

V V

V , V V , V

V

V W V W

V W

π π V W V W

V W V W

V W

50

The set = is a generating family for the matrix top ology of . All that is required is to observe that

Hilb ert row spaces are reflexive, and hence lo cally reflexive.

Conversely

, supp ose we are given ( ). Then the map :

¯

gives us an element

(

¯

) by

( ) = ( ( ))

(ii) tells us that in fact (

¯

) . Now we have that

¯

=

¯ ¯

and so there is some such that the induced map

¯ :

¯ ¯

such that

( ) = ¯( ( ) )

is completely b ounded, ie. ¯ (

¯ ¯

) . By cho osing sufficiently large, we can assume that

and that is lo cally reflexive, by (i). That is we can assume that

(

¯ ¯

) = ( )

So now we have that

¯( ( ) ) = ( )

= ( ( ))

= ( ( ( )))

So is exactly

¯

regarded as a map from

¯

to ¯ , so ( ). But in fact maps into

¯ ¯

, however we have a natural inclusion

( ) ( )

and it is a complete isometry ([13], Prop osition 3.3). So we have shown that for any we can find an

such that the connecting map is op erator integral. Hence by the preamble to the statement of the theorem

is in fact op erator nuclear.

W e conclude this section with another result on tensor pro ducts.

This follows immediately from Prop osition 3.9.3: given ( ) and ( ) we find and

so that the resp ective connecting maps are matrix nuclear, but then the map

:

¯ ¯ ¯ ¯

is a matrix nuclear.

This of course implies that and are also op erator nuclear, since they are b oth com-

pletely isomorphic to .

W e note that Theorem 3.9.4 implies that the lo cal op erator spaces of Examples 3.1.4 and 3.2.3 are all matrix

nuclear, and Theorem 3.9.5 implies that they are all the same.

□

N N

C

N n

n

n n n

n n

;1

1;

;

;

;

;

φ

ψ

γ ρ

γ ψ ρ

γ φ γ ψ ρ

∞ ∞ ∞ ∞ ∞×∞

∞

∞ ∞ ∞

∞ ∞

∞ ∞

3.10 The Kernel Theorem

Example 3.9.2

Lemma 3.10.1 c r

n n n n

n n

n

n

n n

r s n n

n n r n r n n

k n

l

n

n n n n sep ar ately matrix c ontinuous

Pr o of :

A

× →

∈ · → ∈

· →

× →

× →

→

→

→

→ ∞

‖ ‖ →

→ ∞

∈ C C → · ∈ C C

{ }

∈ ∈

∈ ∈

≤

≤ →

→ ∞

W W

T

φ V W X

n v M V φ v , W M X w M W

φ , w V M X

V W X φ V W X

W φ

φ

φ M V M W M X

M V

M W φ v

w M V M W

φ v , w

n φ

φ v , w

n

v ψ w φ v , w M W, x , w V , M

X w w r k

w M W l

ψ W

V W

w w

w

v , w w w

n

3.10. THE KERNEL THEOREM

Let and b e countably generated lo cal op erator spaces, an op erator space. Let a

separately matrix continuous bilinear form. If is matrix barrelled, then is (jointly) matrix continuous.

51

The spaces and of Example 3.1.6 are nuclear, and hence matrix nuclear. Indeed, they are completely

isomorphic. Prop osition 3.9.8 implied that the space of physical matrix state space is also matrix nuclear,

and must b e the unique quantization of the physical state space. The algebra of observ ables is also

nuclear [6], and since the lo cal op erator structure we have constructed over it is a quantization of its usual

top ology

, we have that our version is matrix nuclear.

The classical kernel theorem is a result which tells you what bilinear maps on countably generated nuclear

spaces lo ok like. Since most nuclear spaces of classical interest, such as the Schwartz spaces and the v arious

spaces of distributions, are countably generated, this result has particular applications in allowing one to

p erform calculations with these bilinear maps.

The first step to proving the kernel theorem is a lemma which is a corollary of the uniform complete

b oundedness principle. W e say that a bilinear form : is if for

every and each ( ), ( ) : ( ) is matrix continuous, and for each ( ),

( ) : ( ) is matrix continuous.

:

W e firstly note that is matrix continuous if and only if

: ( ) ( ) ( )

is continuous. Moreover since the matrix top ologies are countably generated, the top ologies on ( ) and

( ) are countably generated, and so is continuous if and only if given any sequences 0 and

0 in ( ) and ( ) resp ect ively

, we have that

( ) 0

as . In other words, is matrix continuous if and only if

( ) 0

as .

Now for each , let ( ) = ( ) ( ( )). Now since 0 and ( ) ( )

we have that the matrix set with levels

( ) = ( ) : =

is completely b ounded for every ( ), and . Hence the matrix set of maps whose elements

are the is p ointwise completely b ounded. Now since is barrelled, this matrix set is also matrix

equicontinuous, that is, given ( ), we can find a matrix seminorm ( ) such that

( ( )) ( )

for all .

But then

( ( )) = ( ( )) ( ) 0

as .

The pro of of the kernel theorem for lo cal op erator spaces is now easy

, as we have done most of the hard

work.

□ op op

op

+

+

′

∞ ∞ ∞ ′

Pr o of :

φ ψ

φ ψ

φ ψ

R R C R

R R C R

⌢ ⌣

⌢

n m n m

c n

c m

c n m

× →

⊗

∈ C C ⊗

∼

C C ⊗

C C ⊗

S × S → ∈ S

⊗

× → ∈

⊗

V W X

φ V W X

v , w v w .

ψ V W, X V W, X

V

φ

V W, X

V

φ ψ

v , w v w .

φ C C ψ C

v , w v w .

Theorem 3.10.2 (Kernel Theorem)

Corollary 3.10.3

Corollary 3.10.4

CHAPTER 3. LOCAL OPERA

TOR SP

ACES

Let b e a matrix F rechet nuclear space, b e a countably generated lo cal op erator space, and a lo cal

op erator space. If is separately matrix continuous in each argument, then

for some .

Let b e separately matrix continuous. Then there is a unique such

that

Let b e separately matrix continuous. Then there is a unique

such that

52

:

( ) = ( )

( ) = ( )

W e first note that is matrix barrelled, since it is the maximal quantization of a F rechet space, and

F rechet spaces are barrelled.

This implies by Lemma 3.10.1 that is matrix continuous. But we also know that by Lemma 3.3.3, the

space of matrix continuous bilinear forms is isomorphic to ( ) and so we are done.

W e note that we could weaken the hyp otheses to having matrix barrelled and matrix nuclear, however

we state it this way to highlight the similarities with classical formulations. The converse is somewhat

trivially true due to Lemma 3.3.3, it holds for general spaces and implies joint matrix continuity .

: ( ) ( ) ( )

( ) = ( )

: ( ) ( ) ( )

( ) = ( )

∞

∞ T co

co

Chapter 4

⌣ ⌣

c

⌣

⌣

k k k

0 0 0

1

0

0

op absolutely matrix c onvex hul l

K

⊗ ∈ ⊗

{ ∈ ⊗ ∈ ‖ ‖ ≤ }

∈ ⊗

⊆

K

∈ K

∼

K ⊗

{ ∈ ⊗ ∈ ‖ ‖ ≤ }

4.1 Definitions of Matrix Compactness

Analogues of Compactness in

Op erator Spaces

M

V

V

c V c V x c V

x v V v τ x , τ c , τ .

K x c V

K x.

c

V

x V V x x

x v M V v σ x , σ M M , σ .

In this chapter we are concerned with exactly what it means for a matrix set to b e “compact”. There

are a numb er of ways that compact sets can b e characterized in the classical theory of Banach spaces, the

most familiar of these b eing that compact sets are the closed and totally b ounded sets. They can also b e

characterized as b eing closed subsets of the closed convex hulls of sequences converging to zero. W e will

show that these two notions are distinct in the theory of op erator spaces, and that the reasons are very

deep. In particular they are intimately connected with the approximation prop erties for op erator spaces

and the relationship b etween these and exactness.

This line of research develop ed out of the search for an appropriate definition of a compact set for use

in the Arens-Mackey duality theory of Section 3.8. The ab ove two notions app ear to b e sp ecial cases of the

definition of compactness that is used in that section and in W ebster and Winkler [41], a definition which

seems much b etter adapted to notions of duality .

Perhaps even more so than the previous chapters, the bimo dule approach is critical in the theory pre-

sented in this chapter, allowing us to use classical techniques in the op erator setting. The primary difference

is that since we are concentrating on op erator spaces, we can use completions more freely

, and so we use

-bimo dules and -convexity rather than as in the previous section.

If is a Banach space, compact sets can b e characterized as b eing closed subsets of the closed convex hulls

of sequences which converge to zero in (see [24], Prop osition 1.e.2). Without loss of generality

, we can

take the absolutely convex hulls, instead of convex hulls. W e can think of sequences which converge to 0 as

b eing elements of ( ) = , and given an , we can define

co = : = ( id)( ) 1

So we are saying that is compact if there is some such that

co

W e have seen that by substituting for at strategic places in a definition for Banach spaces, we

can often find the correct definition of a concept for op erator spaces. Let b e an op erator space and let

( ) = , then we define the of to b e where

= ( ) : = ( id)( ) ( ) 1

N

ε co

∞

∞

−

K K K

K

K K

K V

∑

∑

+

1 1 1

1

=1

=1

3

3 3

3

1

1

1 co co

co

Definition 4.1.1

Example 4.1.1

co

Definition 4.1.2

∈ ∈ ⊗

⊗

⊕ ⊕ ⊗

⊕ ∈ T

⊗

∈ T

∈ K ⊗ ∈

→ → ∞ ⊗ → ⊗ → ∞

∈ K ⊆

T ∈ T

∼

C B

· · ·

· · ·

⊗

T

⊗ ⊗

∈

∈ ∈ ‖ − ‖

{ ∈ }

∈ ∈ ∈

‖ − ‖ ≤

{ }

∈ ∈

∈ ∈ ‖ − ‖ k k

k l

l

k n n n

n n n

n n n n n

, ,n

n, n,n n

i,j i,j i,j

i,j i,j n

n

i,j i,j i,j

ε

ε

ε/

ε/ ε/

ε/

k

i i

n

ε n

n i n

ε

n n n n n v x w x v σ x

w τ x

v w σ τ x

σ τ M M

αv β ασ β x

ασ β M M

σ M σ x x σ v σ p v p

p v p v n σ x σ x n

V

x V x

τ M M , M

τ τ τ

τ τ e τ

τ a a σ

σ a σ τ a σ e τ a

σ τ

K K ε > V

K ε V

ε > V

x K v V x v < ε/ V K

S v V d K , v < ε/

ε/ v , . . . , v S x K v S

x v ε/ i v ε/ v x ε v

K

K ε > v , . . . , v ε

K

V v , . . . , v

v v V v M V i

V

ε > V V

x v x v < ε n

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

If is a matrix subset of an op erator space , then we say that is if is closed and

there is some such that .

A in a vector space is a sequence of p oints for .

A matrix set in an op erator space is said to b e if is closed, completely

b ounded and if for all , there exists a finite dimensional subspace of such that for every matrix

p oint we have a matrix p oint , such that for all .

54

W e note that this is an absolutely convex set, since if , , then = ( id)( ),

= ( id)( ) and

= ( id)( )

where ( ) and the unit ball of is absolutely convex. Similarly

= ( id)( )

and ( ) and again, the unit ball of is absolutely convex.

W e also note that if ( ), then ( id)( ) ( ), since if we let ( ) = ( ), then

as and so ( id)( ) ( id)( ) as .

op erator compact

( )

Consider the matrix unit ball of . Let ( ) = ( ) b e the identity map, or equiv alently

=

.

.

.

.

.

.

.

.

.

=

where ( ) = . Then given any in the matrix unit ball of , we have that

( ) = ( ( )) = ( id)( )( )

and so ( ). Hence the matrix unit ball here is op erator compact.

Defining an analogue of total b oundedness for op erator spaces runs into immediate difficulties, since we

only really know what balls centered at the origin lo ok like. However we can avoid this by noting that a set

is totally b ounded if is b ounded and if for every 0 there is a finite dimensional subspace such

that every p oint of lies within of a p oint in .

This implies total b oundedness: given any 0, we can find a finite dimensional subspace so that

for every there is a p oint such that 3. Since is finite dimensional and

is closed and b ounded, we can cover

= : ( ) 3

by finitely many 3 balls, centered at . But then for any , we can find a so that

3 and there is an so that lies within 3 of , and hence lies within of one of the ,

and so is totally b ounded.

Conversely

, if is totally b ounded, for any 0, cho ose b e the centers of -balls which cover

. Then

= span

is a finite dimensional subspace which meets our criterion.

Hans Saar, a student of Wittsto ck, in his thesis [35] implicitly noticed this. He worked with compact

maps, but if you lo ok at his conditions on the maps, they imply the following ab out the images of unit balls.

matrix p oint = ( ) ( )

strongly op erator compact

0

( ) ( )

N

K

K

∞

′

′

1 2

2

1 co

co

co

co co

Definition 4.1.3

‖ − ‖ ≤

K

⊗

⊗

‖ − ‖ ‖ ⊗ − ‖ ≤ ‖ − ‖ ≤

⊆

{ }

{ }

−

⇒ ⇒

∈ C B n n

ε

n n i i

i i n n

i i i n n n n

ε

ε

n

n

n ε n

c k n

n n

m m we aker

is

c ompletely c omp act

matrix c omp actness

V

x ε > n x p xp ε

V M V V

p xp v , v , . . . x v σ x

v σ p xp

v v σ p xp x p xp x ε.

x ε V

x V x

K

ε > K ε

M V K

V ℓ e X

M e , . . . , e

V e d e , V > ε

.

V W φ V , W φ V

φ

φ

φ

φ φ

4.1. DEFINITIONS OF MA

TRIX COMP

ACTNESS

If , are op erator spaces and , then we say that if maps the matrix unit ball of into

i. an op erator compact set, then is ,

ii. a strongly op erator compact set, then is ,

iii. a matrix compact set, then is .

55

I would like to thank Zhong-Jin Ruan for bringing Saar’s work to my attention and for providing this

definition. W e note that, as we will so on see, strong op erator compactness is a condition than

op erator compactness. The terminology was chosen to highlight the asso ciation b etween this definition and

the strong op erator approximation prop erty

, which stronger than the op erator approximation prop erty .

F or those who find this terminology philosophically unpalatable, we suggest that may

b e an acceptable substitute, and is in harmony with Saar’s work.

In Section 3.4 we put forward the idea that a matrix set should b e compact if it is compact at each level.

W e used this substantially in Section 3.8 to develop the Arens-Mackey theory for lo cal op erator spaces.

This is also the definition that was used in [41] to prove a version of the Krein-Milman theorem. W e will

call this condition .

The imm ediate and obvious question is: given these definitions do they agree, or under what conditions

on do they agree?

A matrix set which is op erator compact is automatically strongly op erator compact. First we note that

( ) is strongly op erator compact, since for any 0, we cho ose sufficiently large that

(we can do this since ( ) is the completion of ( )) and let b e the subspace spanned by the entries

of . Then given any matrix p oint ( ) in ( ) we let = ( id)( ) and so if we let

= ( id)( ), we have

= ( id)( ) ( )

T aking closures we get that any p oint in ( ) must lie within of . W e extend this to arbitrary op erator

compact sets by using the that you use for . The converse is false in general, but the

pro of is highly non-trivial and we must wait until Lemma 4.4.3 in Section 4.4 b efore we can prove it. W e

will investigate conditions under which the two definitions agree in Section 4.5.

Strong op erator compactness implies matrix compactness, since for each level of a strongly op erator

compact set , and for every 0, we have that every element of lies within of the finite dimensional

subspace ( ), and so is closed and totally b ounded.

The converse is not true in general. If we take = ( ) , with standard basis and let b e the

unit ball of (span ). Then this set is matrix compact, but is not strongly matrix compact,

since given any finite dimensional subspace of , we can find an such that ( ) 1 . A natural

question, to which the answer is unknown, would b e whether the converse is true when we consider only

matrix compact convex sets.

T o summarize:

op erator compact = strongly op erator compact = matrix compact

(4.1)

One direction that we wish to head with compactness is to lo ok at the analogues of compact maps. As

we mentioned, this is the area of theory which Saar was lo oking at, and one question that we will hop e to

explore is the relationship b etween the op erator approximation prop erty and approximations of compact

maps.

( )

op erator compact

strongly op erator compact

matrix compact

W e imm ediately notice that if is matrix compact then is clearly a compact map.

B

B

B

B

∞

∞ ∞

∗ ∗ ∗ ∗ co

co

co

co

V

V

W

V

n

n i i i i

4.2 C*-Op erator Spaces

1 2

1 1 1 2 2 2

1

1

2

2 1

1

1

1

1

1

1 1 2 2

-op er ator sp ac e

ortho gonal

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

C B

⇒ ⇒ ⇒

∈ C B ∈ C B ⊆

⊆

⊆

⊆ ‖ ‖

C B

C B

V

V

‖ ‖ ≤ ‖ ‖ ≤

V → W

∈ ∈

K

K K

∈ ∈ K

∈ ∈ ∈ K ‖ ‖ ‖ ‖ ≤ K

∈ V

∈ K K ‖ · ‖

‖ ‖ {‖ ‖ ‖ ‖} ∈ K

‖ ‖ ≤ ‖ ‖‖ ‖‖ ‖ ∈ ∈ K K

K K

K

V , W

φ V , W ψ W, X φ w

ψ φ ψ w ,

ψ x

ψ φ φ x.

C B V , V

V , W

V , W

M M

A A A

A v v

v α v β α v β

α α α α β β β β

A φ

φ αv β αφ v β v V α β A

X

v w X v w X

αv β X v X α β α β

v , . . . , v

e , . . . , e e v e v

v w v , w v w X

αv β α v β v X α β

v w

v w e v e e v e

56

By (4.1) and the ab ove comment, we have that we have the following implications for a map in ( ):

op erator compact = strongly

op erator

compact

= matrix compact = compact

W e notice that op erator compactness is stable under comp osition from b oth the left and the right, since

if ( ), ( ), then if ( ) , we have

( ( )) ( )

and if ( ) then

( ( ))

This means that in particular the op erator compact maps in ( ) form a two-sided ideal. It is an op en

question as to whether the space of op erator compact maps must b e closed in the cb-norm top ology .

Similarly

, matrix compact maps satisfy the ab ove conditions in ( ).

Saar showed in [35] that for strongly op erator compact maps, all the ab ove statements hold, and that

they form a cb-norm closed subspace of ( ).

Just as lo oking at -convexity and -bimo dules was a useful to ol in the last two chapters, B. Johnson’s

C*-op erator spaces will help us get a handle of some of the asp ects of op erator compactness. In particular,

they will b e crucial in our analysis of the op erator approximation prop erty .

If is a C*-algebra then Johnson, in [20], defines an to b e an essential -bimo dule

with a norm which is absolutely -convex, i.e. if , lie in the unit ball of then so do es

= + (4.2)

where + 1 and + 1.

The natural morphisms are the continuous bi- -linear maps, i.e. continuous maps : such that

( ) = ( ) for all , , .

F or the purp oses of this pap er, we will only b e using -op erator spaces. In this sp ecial case we can

rephrase our convexity axiom in much more familiar language. A set in a -op erator space is -convex

if and only if it satisfies

+ for all orthogonal , ,

(A C1)

for all , , , , 1.

(A C2)

W e extend the definition of orthogonal in this context to: are if there exist

orthogonal pro jections such that = . A -norm is a norm which satisfies

+ = max for all orthogonal , ,

(A N1)

for all , , .

(A N2)

Clearly the unit balls of -norms are -convex.

A norm which satisfies (4.2) is clearly -convex: if and are orthogonal and sit in the unit ball, then

+ = +

[ ]

[ ] [ ]

[ ]

[ ]

[ ]

∑

∑

4.2. C*-OPERA

TOR SP

ACES

∗ ∗ ∗ ∗

∗

∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗

∗

∗

∗

∗

∗ ∗

∗ ∗

∗ ∗ ∗

∞

∞ ∞

∞

∞ ∞

∞

/

⌣

j,k i,j j,k k ,l i,l

, ,

n

n n

n i,j n

i,j i, i,j ,j

1

1

2

2 1

1

2

2

2

1 2 1 2 1 2

1

1

2

2 1

1

1

1

2 2

1 2

1 1 1 2 2 2 1 1 1 2 2 2

1 2

1

2

1

2

1

2

1 2 1 2

1 2

1 2 1 2

2

1

2

2

1 2

1 2

1

1

2

2

op

1 1 1 1

=1

1 1

‖ ‖ ‖ ‖ ≤

K ‖ ‖ ‖ ‖ ≤

‖ ‖ ≤

K

‖ ‖ ≤ ‖ ‖ ≤ →

∈ K ⊕ ⊕ ⊆ K

∈ K ⊕ ⊆ K

∈ K ⊕ ⊆ K

‖ ‖ ‖ ‖ ‖ ‖ ≤

K K ⊗ K K

⊗ ⊗

K K

K K

→

K → K

→ K

K → K K K →

K K

F V { ∈ V }

F V

{ ∈ V }

→ e e e e e e e e

v w α v β αα α

β β αv β

v v α α β β

α α α α β β β β a b ℓ ℓ

H H

v α v β α v β α a av a aβ α b bv b bβ

α a α b av a

bv b aβ

bβ

v av a

bv b

H H , H H

v av a bv b v

α α a α b H H , ℓ

β aβ

bβ ℓ , H H

α αα α α α α

β v αv β

V V V

αv β α v β ,

α a v β αaβ v .

V M V

φ V W

φ V W

M V M W V

V V φ φ

e v e v .

V M V

p v p v

τ v e v e ,

57

and

+ = + 1

so + lies in the unit ball; and if , , are as in (A C2) then = 1 and similarly

1, so lies in the unit ball.

Conversely assume we have a -convex norm, and , in its unit ball, and , , , such that

+ 1 and + 1. Then if we cho ose two isometries and : with

orthogonal ranges and , then we have

= + = +

=

0

0

But

¯ =

0

0

( )

and then we see that ¯ = + , and these are orthogonal, so ¯ lies inside the unit ball. Similarly

¯ = ( )

and

¯

= ( )

and we note that

¯ = ¯ ¯ = + 1

and similarly for

¯

, so we have that = ¯ ¯

¯

lies in the unit ball.

If is an op erator space, we note that ( ) = , is a -op erator space where acts via

= [ ]

or alternatively

( ) =

That the norm is in fact a -norm follows from the fact that ( ) is the completion of ( ), and

so (A N1) and (A N2) follow immediately from (AM G1) and (AM G2), resp ectively

. Moreover, if

: is completely b ounded, then

: ( ) ( )

is b ounded, since we know it is b ounded from ( ) ( ), and so it must extend to ( ).

Hence : ( ) takes op erator spaces to -op erator spaces, and : takes completely

b ounded maps to continuous bi- -linear maps. In other words is a functor.

W e define

( ) = :

Then = ( ) is an op erator space when we identify ( ) with

:

via the map

: [ ]

□ n n

V

V

Pr o of :

∑

∑ ∑

∑ ∑ ∑

1 1

1 1

1 1 1 1 1 1

1 1

1 1

1 1 1 1

1 1 1 1

=1

1 1

Prop osition 4.2.1

Prop osition 4.2.2 φ

φ V W

φ v φ τ v .

ι V V v v

v v M V

ι v ι v v

v v v v

ι

φ V , W

ι φ v φ v φ ι v

τ v e v e

v v

τ αv β e α v β e αe v e β ατ v β ,

τ v e v e p e v e p e v e

v .

φ

φ

φ φ φ φ

V

K K

V → W

K | F W

| |

F K

K F

K K

F K → →

∈ F K

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

∈ C B

F K F K

F ∘ K

∼

K K F V → V →

K ∈ K F V

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

‖ ‖

K ∘ F

∼

K

K

V W K V K W

K

V → K

K

W → K

| ‖ ‖ ‖ ‖

V

V n i,j p p n i,j

V i,j ,

k ,l n

V ,n n V k ,l n k ,l , n

n k ,l ,

m k ,l , m k ,l , n

V

W i,j , V i,j

i,j i, i,j ,j

i,j

i,j,k ,l i, i,k k ,l l,j ,j

k ,l k , k ,l ,l

i,j i, i,j ,j

n n

i,j i, i,j ,j n

n n

i,j i, i,j ,j

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

The functors and implement an equiv alence of categories b etween the category of op erator spaces with

completely b ounded maps and the category of -op erator spaces with continuous bi- -linear maps.

If , are -op erator spaces such that is a bi- -inv ariant subspace of , then given any continuous

bi- -linear functional

then there is a continuous bi- -linear functional

such that and .

58

and give it the norm inherited from . That this is in fact an op erator space norm follows immediately

from (A N1) and (A N2). If

:

is a continuous bi- -linear then is a completely b ounded map from to = ( ), since

( ) ([ ]) = ( ([ ]))

Hence is a functor from -op erator spaces to op erator spaces.

W e have an isomorphism of op erator spaces : ( ( )) given by [ ] (noting that all

other entries are 0): this is clearly an isomorphism of vector spaces, and if = [ ] ( ( ( ))), then

( ) = [ ([ ])] = [[ ] ]

but

= [[ ] ] = sup [[ ] ] = [[ ] ]

and so is a completely isometric isomorphism. F urthermore it is a natural transformation, since if

( ), then we have that

( ( ( ))([ ])) = ( ) = ( ( ( ))( ([ ])

So we have a natural equiv alence = id.

Similarly we have an isomorphism of -op erator spaces : ( ( )) given by ( ) ,

which again is bijective, is bi- -linear, since if = ( ) ( ( )), then

( ) = = ( ) ( ) = ( )

and is an isometric isomorphism since

( ) = = sup ( ) = sup

=

Again, this is a natural transformation, and so we have a natural equiv alence = id.

Hence the two categories are equiv alent.

Note that there are many p ossible ways of implementing this equiv alence.

The p oint of proving such a formal result, is that we can quickly transfer results from the theory of

op erator spaces to -op erator spaces and vice-versa. In particular, it allow us to quickly prove a Hahn-

Banach theorem for -op erator spaces.

:

¯ :

¯ = ¯ =

□

X

X

N

N N N

∑ ∑ ∑

∑

X V X

X

X

K

∗ ∗

K

K

K

Definition 4.2.1

=1 =1 =1

1 2

( ) ( ) ( ) ( )

1 2

1 2

=1

Pr o of :

absolutely -c onvex hul l n n

n

n n n n

n

i i i i i i i n

i i i n

i i i

i

i

⌣

i,j , k ,l μ i,j ,μ k ,l

n n

n k

i k k k n

F F V

K V W F W

K

⊆

K K K

K

{ ∈ K ∈ ∀ ∈ }

⊆

K

V K K ⊆ V

{ ∈ V ∈ ∈ K ‖ ‖ ‖ ‖ ≤ }

K

V K ⊆ V K { } ⊂ V

⊆ { }

K K

K K

⊆ { }

K ⊗ K K

× →

∈ { ⊆ ψ φ V

V W

ψ W ψ φ

φ

V

V V

V X

X v V π v X , n

π X

π x p xp M V

X X

v v α x β , x X , α , β , α α , β β ,

X

X x

X X x

X

X x , x , . . . .

λ λ

μ

λ e e

x λ x , x , . . . .

v π x , x , . . . M V

v p α x β p

4.2. C*-OPERA

TOR SP

ACES

Let b e a -op erator space. W e say that a set is if there is a sequence which

converges to 0, such that is closed and .

59

W e have shown that we can find = ( ) which is a completely b ounded linear functional on = ( ).

The bi- -inv ariance of in implies that is a subspace of = ( ), and so we get by the Hahn-

Banach theorem for absolute gauges (Theorem 2.3.1) that there is a completely b ounded linear functional

¯

on extending . W e then push this back to the original category to get a bi- -linear functional ¯

which extends . It remains only to note that the norms are preserved by the functors.

This corresp ondence of categories is preserves the appropriate sense of convexity

. If is a vector space

and is a matrix convex set, let b e with the op erator Minkowski seminorm of . Then the

unit ball of ( ) with the corresp onding -seminorm determines a -convex set . Conversely

, given a

-convex set we can get a corresp onding matrix convex set. More concretely

, the corresp ondence is given

by

= ( ) : ( )

(4.3)

and

= ( ( ))

(4.4)

where ( ) = ( )

Our imm ediate concern is with op erator compact sets. W e would like to find a version of the sequence

version of compactness, in particular.

If is a -op erator space, then we define the , co , of a set to b e

: = 1

or, equiv alently

, the smallest -convex set containing .

-compact

co

If we restrict our attention to matrix convex and -convex sets, we can compare -compactness with

the other definitions. In particular, we have that -compactness of a -convex set implies op erator

compactness in the corresp onding matrix convex set . T o see this, we assume that

co ( )

Then we let b e an isomorphism of with , where, for simplicity’s sake, we will assume is induced

by a bijection : via

( ) =

and let

= (diag( ))

Then if (co ( )) ( ) is given by

=

X co

co co

− −

−

−

T

∞ ∞

-c omp act

[ ]

{

{

4.3 Appro ximati on Prop erties

1 2

1

2

1 2

1 1

( ) ( )

( ) ( )

1

1

1 2

1 2

1 2

0 0

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

⌣

n

n n n k n

n

k n

m

i,j i,j

μ i,j ,μ s,t i,j

μ i,j ,μ s,t i,j

n n

K n

ν K

K

n ν n

ν

ν

ν

⌣ ⌣

ν

⌣ ⌣

ν

⌣ ⌣

ν

K ⊗ K →

→ · · · · · ·

∘ K →

→

≤ ≤

≤ ≤

{ } ∘ C B K T

‖ ∘ ‖ ≤ { }

∈ { }

∈ { }

→ ∈ ⊆

K ⇒

V W K ∈ K B V W

V K W K

K

K

B B

⊗ ⊗ → ⊗ ⊗

⊗ ⊗ → ⊗ ⊗

⊗ ⊗ → ⊗ ⊗

C B C B ϕ M

w p α p α p α w β p

β p

β p

v ϕ x , x , . . . ϕ λ x phi λ M

w a w b

a α , i j n s k

,

b α , s t n i k

,

m μ , , . . . , n ϕ λ , M M

ϕ λ x , x , . . . x π

v x , x , . . .

v x , x , . . .

π v π v x x

φ ,

φ

V W φ

V , W φ V , W

φ φ V

φ V c W c φ

φ V X W X φ X

φ V ℓ S W ℓ S φ S

V W φ V , W φ V , W

60

we consider the map : given by

0

.

.

.

0

.

.

.

so that = (diag( )) = ( ( )). W e note that But : is given by

[ ] [ ]

where

= if = 1, ,

0 otherwise,

and

= if = 1, ,

0 otherwise,

and = max (1 1 ). So is an element of ( ) or, rewriting, an element of ( ),

and 1. So the image of co ( ) sits inside ( ). But is continuous, so if

co ( ) converges to

co ( )

then ( ) ( ) ( ). Hence ( ).

So we have that across the identification of categories

-compactness = op erator compactness

T urning to lo ok at mappings, if , are -op erator spaces, and ( ) maps the unit ball of

into a -compact set in , then we say that is .

Given that -compact convex sets give rise to matrix convex sets, and the fact that the images of

unit balls will b e convex in the appropriate sense, then it is clear that under the equiv alence of categories

-compact mappings b ecome op erator compact mappings. F urthermore, since op erator compact sets are

strongly op erator compact, any strongly op erator compact op erator is op erator compact.

In their article on op erator approximation prop erties [9], Effros and Ruan observed that classically the

following notions of convergence all agree. Let and b e Banach spaces, and let a b ounded net of

maps in ( ), and in ( ). The following are equiv alent:

i. converges to uniformly on compact sets in ,

ii. id : converges p oint-norm to id,

iii. id : converges p oint-norm to id, for any Banach space ,

iv. id : ( ) ( ) converges p oint-norm to id for any set .

They then noted that in the category of op erator spaces there were the following analogues to the ab ove.

Let and b e op erator spaces, and let a b ounded net of maps in ( ), and in ( ).

N

X

op

∞ ∞ K

∞ ∞

∞ ∞ op 0 op 0

op op

op op

0 0

0 0 ν

⌣ ⌣

ν

⌣ ⌣

ν

⌣ ⌣

ν ν

ν n n n n

ν

ν

ν

ν

ν

ν

⌣ ⌣ stable p oint-norm

top olo gy

Definition 4.3.1

Prop osition 4.3.1

Lemma 4.3.2

⊗ ⊗ → ⊗ ⊗

⊗ ⊗ → ⊗ ⊗

⊗ ⊗ B → ⊗ B ⊗

→

∈ C B

⊂

{‖ − ‖ ∈ ∈ }

≥

K K

∈ C B

→ C B

→

⊗ → ⊗ B K K

→ K

→ K K

⊗

∼

⊗ φ V c W c φ

φ V X W X φ X

φ V H W H φ H

V K W V

V W φ φ V , W φ φ

V ε > N

φ x φ x x X , n < ε,

ν N

V W φ φ V , W

φ φ V , W

φ φ V

φ φ c V , c V

φ φ V

φ φ V

V X C X V C X V

4.3. APPROXIMA

TION PROPER

TIES

Let , b e op erator spaces, , . W e say that the net converges to

if for all op erator compact sets and there is an such

that

for all .

Let , b e op erator spaces, , . Then the following are equiv alent:

i. in the stable p oint norm top ology on .

ii. completely uniformly on op erator compact sets of .

iii. p oint-norm on .

iv. uniformly on the compact sets of .

v. uniformly on the -compact sets of .

If is an op erator space, and is a lo cally compact Hausdorff space, then as

Banach spaces.

61

ii. id : converges p oint-norm to id,

iii. id : converges p oint-norm to id, for any op erator space ,

iv. id : ( ) ( ) converges p oint-norm to id for any Hilb ert space .

Unlike the Banach space case, these are not all equiv alent. That (iii) and (iv) are equiv alent and imply (ii)

was recognized by Effros and Ruan. That (ii) do es not imply (iii) or (iv) is due to some deep results of

Kirchb erg (see Section 4.4 for a more detailed discussion). There was no obvious op erator space analogue

of (i) and they wrote [9]:

It would b e of considerable interest to find an analogue of (i) for op erator spaces. A related

problem is to formulate an op erator space version of Grothendieck’s result that a Banach space

has the approximation prop erty if and only if any compact op erator : is a uniform

limit of finite rank op erators.

The ob jective of this section is to solve these two problems.

W e b egin by p ostulating the op erator space analogue of (i), since we now have a numb er of candidates

for compact sets. The correct choice for our convergence result is op erator compactness. W e will discuss

what happ ens if you replace op erator compact sets by strongly op erator compact sets in Section 4.4.

( ) completely

uniformly on op erator compact sets 0

sup ( ) ( ) ( ) :

Our aim is to show that this top ology is the same as the top ology (ii), which we call the

. This ab ove choice do es in fact give us the result we exp ect. In fact we get asso ciated results for

convergence on -compact sets in -op erator algebras.

( )

( )

id ( ) id ( ( ( )) ( ( )))

( ) ( )

( ) ( )

However to prove this, we will need the following lemma ab out tensor pro ducts of comm utativ e C*-

algebras with op erator spaces.

( ) = ( )

□

ν

ν

X ν

ν

ν co

co

co co

∞ T

∞ T

∞

∈

∞

∞

X X

φ φ

φ φ

φ φ

φ φ

φ φ

0 0 op

0 0 op

op op op 0 op op 0 op

0

⌣ ⌣

⌣ ⌣

ν

n n

ν n n n ,n

ν n n n ,n

ν

v

n

ν

n n n

n n n

⌣ ⌣ ⌣ ⌣ ⌣ ⌣ ⌣

ν

ν

⌣

Pr o of (L emma 4.3.2):

Pr o of (Pr op osition 4.3.1):

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

A V A

C X A C X A

C X V C X V

ε > x V x ν

φ x φ x < ε

x

v v n, v x

φ σ x φ σ x σ M , σ

σ φ x φ x σ M , σ

x x

φ x φ x

< ε

ν

v v < ε

x V π x x n x

φ x φ x π x x

π x π x

< ε

ν

V V V c V c V

φ φ

φ φ

c V

V W

⊗

∼

⊗

⊗ ⊗

⇒ ∈ K ⊆

‖ ⊗ − ⊗ ‖

‖ ‖

{‖ − ‖ ∀ ∈ }

{‖ ⊗ − ⊗ ‖ ∈ F ‖ ‖ ≤ }

{‖ ⊗ − ‖ ∈ F ‖ ‖ ≤ }

≤ ‖ − ‖

‖ ⊗ − ⊗ ‖

‖ − ‖

⇒ ∈ K ∈

‖ ⊗ − ⊗ ‖ ‖ − ‖

‖ − ‖

⇒

K

∼

K ⊗

∼

K ⊗ K ⊗ ⊇ ⊗ K ⊗

∼

⊗ K ⊗

→

⊗ ⊗ → ⊗ ⊗

⊗ K

⇐ ⇒ K K

⇒

62

Recall that there exists a C*-algebra such that emb eds completely isometrically in , and that

( ) = ( ) as Banach spaces. However, the minimal tensor pro ducts resp ec t inclusion,

and so ( ) and ( ) are isometrically isomorphic as normed vector spaces, and so their

completions agree.

(i = ii): Given op erator compact and 0, let ( ) such that . Then for any

such that

( id)( ) ( id)( )

we have

sup ( ) ( ) :

= sup ( ) (( id)( )) (( id)( )) : ( ) 1

= sup ( id)(( ) ( )) ( )) : ( ) 1

( ) ( )

= ( id)( ) ( id)( )

and so by a simple continuity argument, for sufficiently large we have

sup ( ) ( )

(ii = i): Given ( ) we notice that ( ) for all , that is op erator compact, and

that

( id)( ) ( id)( ) = sup ( ( ) ( ))

= sup ( ( )) ( ( ))

for sufficiently large.

(i = iii): W e observe that

( ) = = = ( )

as Banach spaces by Lemma 4.3.2. So if in the stable p oint norm top ology

, then

id id id id

in the p oint-norm top ology on ( ).

(iii iv): This is the classical result, since ( ), ( ) are Banach spaces.

(iv = i): F ollows since p oints are compact.

K i

□

N

N

∑ ∑

∑ ∑

∑

∑ ∑

∑ ∑ co

=1 =1

=1 =1

=1

=1 =1

K

∈ { }

∞ ∞

∞ ∞

∗ ∗

∞ ∞

∗ ∗

∞ ∞

∗ appr oximation pr op erty

Theorem 4.3.3

Definition 4.3.2

Theorem 4.3.4 i

v x ν

ν n

i i i i n

i i i i

n

i i i n

i i

i

n

i i ν i i i

n

i i i n

i i

i

ν i i

⌢

i i i i

⇒ K ⊆ { }

‖ − ‖

≤ {‖ − ‖

‖ ‖ ‖ ‖ ≤ ∈ }

≤ {‖ − ‖

‖ ‖ ‖ ‖ ≤ ∈ }

≤ {‖ − ‖}

K

⇒ K

→

B

B

∈ ⊗ ∈ ⊗

B

→

X X x

φ v φ v

φ α x β φ α x β

α α , β β , n

α φ x φ x β

α α , β β , n

φ x φ x

X X X

X

X

Y Y , X

Y X , Y

ω X X ω x x X τ ω τ χ x χ x

Y Y , X

V V V

V

V

4.3. APPROXIMA

TION PROPER

TIES

Let b e a Banach space. The following are equiv alent:

i. has the approximation prop erty ,

ii. F or all Banach spaces , the finite rank maps are dense in with the top ology of uniform

convergence on compact sets,

iii. F or all Banach spaces , the finite rank maps are dense in with the top ology of uniform

convergence on compact sets,

iv. If and for all then , where ,

v. Given any Banach space , any compact map in can b e approximated uniformly by finite

rank maps.

has the if the identity map can b e approximated by

completely b ounded finite rank maps in the stable p oint norm top ology .

Let b e an op erator space. The following are equiv alent:

i. has the op erator approximation prop erty .

63

(iii = v): If is any -compact set, co , then

sup ( ) ( ) ( )

sup ( ) ( ) ( ) :

1

sup (( ) ( ) ( )) :

1

sup ( ) ( ) ( )

since balls are -convex. Again a simple continuity argument then gives the result.

(v = iii): F ollows since sequences converging to 0 are -compact.

So we have answered the first part of the question.

Recall that a Banach space has the if the identity map id : can b e

approximated uniformly on compact sets by finite rank maps.

( )

( )

( ) = 0 ( ) = 0 ( ) = ( )

( )

Effros and Ruan reformulated the definition by noting that the equiv alence of top ologies describ ed at

the start of this section means that one can replace the top ology of uniform convergence on compact sets

by the stable p oint-norm top ology .

op erator approximation prop erty id :

Given this definition, one can prove the following theorem, in direct analogy with Theorem 4.3.3.

□

φ B op

⌢

W

∗

K

K

K

K

K K

Pr o of :

Pr o of :

Definition 4.3.3

Corollary 4.3.5

Theorem 4.3.6

Theorem 4.3.7

co

W W, V

W V , W

ω V V V , V ω v v V τ ω τ

τ ω ω V V

,

,

V V

,

,

, ,

, ,

V W

φ W, V φ

x V x V

ε > ψ V , V

ψ x x < ε.

C B

C B

∈ ⊗ ⊆ C B ∈

→

K B V W K

W K V

F V K

K V K

K K B V V

K K

K

K V

K W K B W V

K

K W K B V W

K

K B W V B V W

C B W V C B V W

K K

∈ C B

∈ K ⊆

∈ C B

‖ ⊗ − ‖

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

ii. F or all op erator spaces , the finite rank maps in are dense in the stable p oint norm

top ology .

iii. F or all op erator spaces , the finite rank maps in are dense in the stable p oint norm

top ology .

iv. If and for all then , where is the

, .

W e say that a -op erator space has the -approximation prop erty if the identity map can b e approximated

uniformly on -compact sets by finite -rank maps in .

An op erator space has the op erator approximation prop erty if and only if has the -approximation

prop erty .

The following conditions are equiv alent to a -op erator space having the op erator approximation prop erty:

i. F or all -op erator spaces , the finite -rank maps are dense in with top ology of uniform

convergence on -compact sets.

ii. F or all -op erator spaces , the finite -rank maps are dense in with top ology of uniform

convergence on -compact sets.

An op erator space has the op erator approximation prop erty

, if and only if for any op erator space

and any op erator compact map , can b e approximated completely uniformly by finite rank

maps.

64

( )

( )

( ) ( ) = 0 ( ) = 0 matricial trace

( ) = (id) id :

Our ultimate aim is to formulate an op erator space version of (v). First we make a necessary detour. By

a finite -rank map in ( ) we mean a map whose range lies inside a finitely generated bi- -submo dule

of . The bi- -submo dules of are in one to one corresp ondence with the finite dimensional subspaces

of ( ) under the categorical equiv alence, so the finite -rank maps are in corresp ondence with the finite

rank maps.

( )

This definition and Prop osition 4.3.1 give us immediately the following corollary .

( )

W e note that there is the exp ected version of Theorem 4.3.4.

( )

( )

This result follows from the fact that finite -rank maps in ( ) and ( ) corresp ond to finite

rank maps in ( ) and ( ) resp ectively

, coupled with the equiv alence of the two categories, and

the corresp onde nce b etween notions of convergence.

W e are now in the p osition to answer the second part of Effros and Ruan’s question. In doing so the

real reason for bringing in the machinery of -op erator spaces b ecomes clear: by using -op erator space

metho ds, one can use the classical metho d of pro of in the difficult direction.

( )

There exists an ( ) such that ( ) . Since has the approximation prop erty

, for any

0 there is a finite rank map ( ) such that

( id)( ) ψ

1 2 co

k

k

i

i

/

∑

∑

‖

‖

‖

‖

‖

‖

‖

‖

0

1 2

=1

=1

1 2

1 2

2

=1

∞

∞

∞

K

K

∗ ∗

∗ ′ ∗

′

′ ′

′ ′

∗

‖ ‖

K

4.3. APPROXIMA

TION PROPER

TIES

cb

i

i i

i

i

/

U

k U

k n

i k ,i k ,i

k ,i U U

k ,i

k ,i k ,i

k n

i k ,i k ,i

k k k k

U U

x

x

i

i

/

U

i U i

/

i U i

δ i

N

i

‖ − ‖

∈

‖ ∘ − ‖

K K

K

K K

{ }

{ } ∈ K

{

‖ ‖

}

K →

K K

K → K

∈ K K

K ∈ K

‖ − ‖

∈

‖ − ‖ ≤ ‖ − ‖ ‖ − ‖

∈ K ‖ ‖

∈

‖ ‖

≤

‖ ‖ ≤ ‖ ‖

‖ ‖ → → ∞ ‖ ‖

V { } v v < ε

v x

ψ φ φ < ε.

φ

φ φ

φ

X V

X x

x c V x i

U x

x

,

V V

φ V V

φ v ψ v v

ψ V V

V X δ > k i ψ V

ψ v ψ v < δ

v X

φ v ψ v v

φ v v φ v φ v φ v v < δ

k

ψ V ψ

U i

x

x

i

x x

i x i N x < δ / i > N

x ,

65

Therefore

( )

for all and so

T o prove the converse we switch to the -op erator space language. Since -compactness of implies

op erator compactness of , and if we can approximate completely uniformly by finite rank maps, then

we can approximate by finite -rank maps.

Let b e any -compact set in ( ), and without loss of generality

, we may assume that

= co

for some sequence ( ( )), and that = 0 for all . Now let

= co

and so the identity map

id : ( )

is -compact. Therefore we can find finite -rank maps

: ( ) ( )

which approximates id in norm; in particular, we may let each map b e of the form

( ) = ( )

where ( ( )) . So all we need do is show we can approximate elements of ( ( )) by elements

of ( ) uniformly on , i.e. given 0, then if for all , we can find ( ) such that

( ) ( )

for all , then if we let

( ) = ( )

we have

( ) ( ) ( ) + ( ) 2

for all sufficiently large, whence the result.

So given any ( ( )) we may assume = 1 without loss of generality . W e note that

for all , and so we have that

1

for all . But this is equiv alent to saying that

for all , and so 0 as . Now cho ose an so that 2 for all . Then let

= span

□

X

Z

N

∗

′ ∗

′

′

′ ′

′

′

∗

2

op

2

op

2

op

2

op op

Definition 4.4.1 δ δ δ

δ

δ

δ δ U

δ δ

δ

i i i

i i i i

i U i

ν

ν

⌣

ν ν

ν

⌣ ⌣

⌣ ⌣

r

ν

ν n n n n

ν

4.4 Strong Op erator Appro ximati on Prop erties

str ong op er ator appr oxima-

tion pr op erty

str ongly stable p oint-norm top olo gy

V V K

∈ V

‖ ‖ ≤ ‖ ‖

K K

∈ V V

‖ ‖ ‖ ‖ ≤

≤

‖ − ‖ ≤ ‖ ‖ ‖ ‖

≤ ‖ ‖‖ ‖ ‖ ‖‖ ‖

≤ ≤

‖ − ‖ ∈

C B

→

⊗ → ⊗ ⊗ B

∈ C B →

⊗ → ⊗ C B ⊗ B ⊗ B

K ⊗ → B ⊗

K

∈ C B ∈ C B

⊂

{‖ − ‖ ∈ ∈ } ∀ ≥

→ ψ ψ

ψ

ψ ψ ,

U V

ψ ψ

ψ ψ .

x ψ x ψ x i N

ψ x ψ x ψ x ψ x

ψ x ψ x

δ / δ / δ δ

ψ x ψ x < δ x X

W, V

V

V V φ

φ V ℓ

φ φ V , W V W φ φ

φ φ V ℓ , W ℓ

V H V

C S L ,

V W φ V , W φ V , W

V

ε > N

φ x φ x x X , n < ε, ν N

φ φ

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

If and are op erator spaces, we say that a sequence of maps converges to

if for all strongly op erator compact sets

and there is an such that

66

and let b e the restriction of to . W e note that since is of finite -dimension and so we have that

and

= 1

since sits inside the unit ball of . But by the Hahn-Banach theorem for -op erator spaces, we can

find a which agrees with on and

= 1

Now for any we have either that ( ) = ( ) (if ), or

( ) ( ) ( ) + ( )

+

2 + 2 (for small).

and it is easy to see that this implies ( ) ( ) for all .

W e note here that we could, without loss of generality

, take the closure of the op erator compact op erators

in the completely uniform top ology on ( ).

There remains the question of where the strong matrix compactness of Saar fits into the picture. Effros

and Ruan in their original pap er defined an op erator space as having the

if the identity map id : can b e approximated by finite rank mappings in the

, i.e. if id id id p oint-norm in ( ) (more generally

for , ( ) for some , op erator spaces, we say that in the strongly stable p oint-

norm top ology if id id in the p oint-norm top ology on ( ( ) ( ))). Since

( ) , it is easy to see that the strong op erator approximation prop erty implies the op er-

ator approximation prop erty

. Effros and Ruan p osed the question as to whether or not the strong op erator

approximation prop erty was equiv alent to the op erator approximation prop erty

, conjecturing that it was

not.

Kirchb erg [22, 23] showed that this is in fact the case. A sketch of the argument is as follows: the

strong op erator approximation prop erty is the same as the general slice map prop erty which, for C*-

algebras, implies exactness. Extensions of C*-algebras with the op erator approximation prop erty have

the op erator approximation prop erty

, but there is an extension of cone ( (2 )) by (b oth of which

have the op erator approximation prop erty) which is not exact, and so cannot have the strong op erator

approximation prop erty

. He also showed that if the op erator space is lo cally reflexive, then they do agree.

W e would like to gain some mileage in our situation from these facts. T o do this we need to intro duce

the top ology of completely uniform convergence of strongly compact sets:

( ) ( )

completely uniformly on strongly op erator compact sets

0

sup ( ) ( ) ( ) :

Clearly if completely uniformly on strongly op erator compact sets, then it converges completely

uniformly on op erator compact sets, and hence in the stable p oint-norm top ology

. I am are indebted to

Zhong-Jin Ruan for p ointing out the following:

∑

N

□

C B

X

X

Lemma 4.4.1

Lemma 4.4.2 op

=1

2

1

1

op

2

op

2

1

op

2

op

2

1

1

2

op

2

op op

Pr o of :

c ompletely uniformly on matrix c omp act sets

Pr o of :

ν ν

ν

⌣

η n

i i i

η n n

n n n n n

n η n n n η n n η

n

ν n n n n

ν ν ν n

ν n n n n

n

ν

ν n n n n

ν ν

ν

n

n,i n

n n, n,m

n n

⌣ ⌣

n n, n,m

⌣ ⌣

n

n, n,m

⌣

n ν

ν

⌣ ⌣

ν

∈ C B →

→

∈ ⊗ B ⊗

‖ − ‖ { }

‖ ‖ {‖ ‖}

∈ { }

‖ − ‖

‖ ⊗ − ⊗ ‖ ≤ ‖ ⊗ − ⊗ ‖

‖ − ‖

‖ ⊗ − ⊗ ‖

≤

∈ C B ∈ C B

⊂

{‖ − ‖ ∈ ∈ } ∀ ≥

∈ C B →

→

∈

⊆ { }

⊗ B

∼

⊗ B

⊗ B ⊗ B

∈ { } ⊗

∈ C B B ⊗ B ‖ ‖ ≤ →

⊗ → ⊗

C B ⊗ ⊗

‖ ⊗ − ⊗ ‖ φ φ V , W V W φ φ

φ φ

a V H ε > η > a α v

a a < η e ℓ p n

a p ap a a a

p a p ε a p a p v , . . . , v V

a ν

φ a φ a < ε/ ν n

φ a φ a φ a φ a

φ a φ a

φ a φ a

ε

φ V , W φ V , W

V ε > N

φ x φ x x X , n < ε, ν N

φ φ V , W V W φ φ

φ φ

V X

x M V

X x , . . . , x , . . . .

x M V ℓ V ℓ

x x , . . . , x , . . .

x V ℓ ℓ

x x , . . . , x , . . . .

v x , . . . , x , . . . σ x

σ ℓ ℓ , M σ φ φ

φ φ

V Z , W N

φ x φ x < ε

4.4. STRONG OPERA

TOR APPROXIMA

TION PROPER

TIES

If , for some , op erator spaces, and completely uniformly on strongly op erator

compact sets then in the strongly stable p oint-norm top ology .

If , for some , op erator spaces, and in the strongly stable p oint-norm top ology

then completely uniformly on matrix compact sets.

67

( )

Fix some ( ), and some 0. So for all 0 there is some = such

that . Let b e a basis for and let b e the pro jection onto the span for the first

vectors. W e let = and note that = sup . So we consider the matrix set ( ), and

note that the matrix p oint ( ) is within of ( ). But ( ) span =: which is

a finite dimensional space. So ( ) is strongly op erator compact, so for sufficiently large, we have that

( ) ( ) ( ) 3. Hence for and sufficiently large

( id)( ) ( id)( ) ( id)( ) ( id)( )

+ ( ) ( ) ( )

+ ( id)( ) ( id)( )

W e would like to prove a converse result. What we will prove is actually slightly stronger. W e will

say that ( ) converges to ( ) if for all

matrix compact sets and 0 there is an such that

sup ( ) ( ) ( ) :

Clearly by (4.1) we have that uniform convergence on matrix compact sets implies uniform convergence on

strongly op erator compact sets.

( )

Let b e a matrix compact set in . Then for each level , we can find a sequence of p oints in

( ) which converge to zero, such that

co( )

Let b e the matrix in ( ) ( ) = ( ) given by

= diag( )

and let b e the element of ( ) ( ) given by

= diag( )

Now we observe that any element co( ) can b e written as (id )( ) for some

( ( ) ( ) ), with 1. Now since in the strongly stable p oint-norm

top ology

, we have that this implies by [9] that

id id

p oint-norm in ( ), so in particular, we can find an such that

( id)( ) ( id)( )

N

1

1

□

□

X

X X

X

X φ B X

Pr o of :

Pr o of :

ν n n ν

ν

n, n,m ν

n, n,m

W

≥

‖ − ‖ ‖ ⊗ − ⊗ ‖

‖ ⊗ ⊗ − ⊗ ‖

≥ ∈ ∈ { }

{ { } }

∈ C B

⊆

Lemma 4.4.3

Prop osition 4.4.4

Corollary 4.4.5

Prop osition 4.4.6 ν N

φ v φ v φ v φ v

σ φ x φ x

< ε

ν N n v x , . . . , x , . . . φ φ

x , . . . , x , . . . ,

ε/

V

V

V

V

V

A

A

V W

φ W, V φ

V

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

There is a strongly op erator compact set in some op erator space such that is not op erator compact.

If an op erator space satisfies the op erator approximation prop erty and every strongly op erator compact

set is op erator compact, then satisfies the strong op erator approximation prop erty .

If a C*-algebra satisfies the op erator approximation prop erty and every strongly op erator compact set is

op erator compact, then is exact.

If an op erator space has the strong op erator approximation prop erty

, then for any op erator space

and any strongly op erator compact (resp. matrix compact) map , can b e approximated

completely uniformly by finite rank maps.

68

for all , and so

( ) ( ) ( ) = ( id)( ) ( id)( )

= (id )( id)( ) ( id)( )

for all , and for any and co( ). So converges to completely

uniformly on the matrix set

co( )

and so a simple 3 argument gives us convergence on .

So we have proved that these three forms of convergence are equiv alent. This means that any of

these three can b e substituted for the typ e of convergence in the strong op erator approximation prop erty .

Kirchb erg’s result then tells us that there is an op erator space where the strongly stable p oint-norm top ology

is different from the stable p oint-norm top ology

. Hence by the ab ove result and Prop osition 4.3.1 the

top ology of completely uniform convergence on strongly op erator compact sets do es not agree with the

top ology of completely uniform convergence on op erator compact sets. This implies:

Let b e a space where the op erator approximation prop erty holds, but not the strong op erator ap-

proximation prop erty

. Assume that there was not such in this . Then the top ology of completely

uniform convergence on strongly op erator compact sets agrees with the top ology of completely uniform

convergence on op erator compact sets, as there is no difference in the classes of matrix sets, and so we have

a contradiction by our previous discussion.

T urning this around we can give a condition for when the op erator approximation prop erty will imply

the strong op erator approximation prop erty .

This may not b e a complete characterization, however, since it is conceiv able that the op erator and

strongly op erator compact sets may b e different, but the top ologies of completely uniform convergence

agree.

T o conclude this section, we will note that there are a couple of partial results which are analogous to

Theorem 4.3.7.

( )

There exists a strongly op erator compact (resp. matrix compact) set in such that ( ) .

∑ ∑

−

−

□

□

□ ψ

X

X φ X X

=1 =1

1

1

4.5 Co-exactness

Pr o of :

Pr o of :

-exact

-c o exact

Lemma 4.5.1

co

co

Corollary 4.5.2

co

∈ C B

‖ − ‖

∈

‖ ∘ − ‖

T

T

T

⊗ ⊗ ⊗ ⊗ ⊗

T

‖ ‖

⊆

{‖ ‖ ‖ ‖ ∈ C B }

∞

T T cb

n

n

n

m

n

i,j i,j i,j n

i,j i,j i,j

n

n

cb

n n

n

cb cb cb

n

cb

ex

n n

cb

V ε > ψ V , V

v v < ε

v

ψ φ φ < ε.

V /W V n n

V

τ v m

V σ m

v π σ π

v π σ e τ σ e π τ

π τ

V V

V φ /W n

W φ x φ π τ

V π τ x

x

x

V

W

d V , W φ φ φ V , W .

V λ ε >

W M

d V , W < λ ε.

λ λ

d V λ V λ λ

V λ ε > W

d V , W < λ ε.

4.5. CO-EXACTNESS

Let , that is is a finite quotient of the by trace class op erators, then the matrix unit ball

of is op erator compact.

If is any finite dimensional op erator space, then the matrix unit ball of is op erator compact.

69

Since has the strong approximation prop erty

, for any 0 there is a finite rank map ( ) such

that

( )

for all and so

Given Prop osition 4.4.4 and its corollaries, it would useful to b e able to say exactly when strong op erator

compactness implies op erator compactness. The following lemma starts us off in the direction we want to

go.

=

By Example 4.1.1, we know that the unit ball of lies inside ( ). So if is in the th level of

the matrix unit ball of , then there is some in the th level of the matrix unit ball of such that

= ( ), where is the quotient map. Then

= (id )( id)( ) = ( id)( ( ))

so the unit ball lies in ( ).

F or is completely isomorphic (but mayb e not completely isometric) via to for some and

some . Without loss of generality we may take = 1. Hence if we let = ( ( )), we have that

the matrix unit ball of has image ( ) inside the hull of ( ) and so ( ).

W e notice that the in the corollary may have arbitrarily large norm. It will b e imp ortant for us to

b e able to measure how big the norm of can get. T o do this we recall [7] that the completely b ounded

Banach-Mazur distance, intro duced by Pisier [32], b etween two finite dimensional op erator spaces and

is defined to b e

( ) = inf : ( ) a complete isomorphism

Recall [7, 32] that a finite dimensional op erator space is if for any 0, we can find a subspace

of such that

( ) +

An infinite dimensional op erator space is -exact if every finite dimensional subspace is -exact. W e define

( ) to b e the infimum of the for which is -exact an if there is no such .

What we want to measure is a sort of dual of this notion: we are interested in the distance from quotients

of , so we will say that is if for every 0, we can find a quotient of such that

( ) + co

1

1

1

2

2

2

2

1 2

∞

∞

∗

∗

− ∗ ∗ ∗ ∗ −

∗

∗ −

′ ′ ′

′

′ ′

− −

−

− −

− −

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

cex

cex

, ,n

, ,n

, ,n

n

b

b

n

i i

n

, ,n

, ,n ,i

,i

, ,n

, ,n

, ,n , ,n

k ,i k k

k

k

⌣

n n

n n

n

n n

n

n

n

n every finite dimensional Banach sp ac e satisfies the classic al

version of 1-c o exactness

1 1

1 1 1 1

1 1 1 1

1 1 1 1

1

1

1

1 1

1

1

1

1 1

2 1 1 2 2

2

2 1 2

1

2

2 1 2 1 2

2

1 1

2 1 2

2 1 2

2

1 1 1 2 1 2

0

1 1

1 1

2 2

1 2 2

1 1

1

1

1

1

1

1

∞

‖ ‖ ≤

∈ ∈

‖ − ‖ ≤

{ ∈ } ⊆ { }

‖ ‖ ≤ {‖ ‖ ∈ }

→

‖ ‖‖ ‖ → ‖ ‖‖ ‖

∈

⊆

∈

∈ →

‖ ‖ − ‖ ‖

≥

{ }‖ ≤

∈ ⊗

∈ ∈

‖ − ‖ ≤

∈

‖ − − ‖ ≤

‖ − − · · · − ‖ ≤

‖ − · · · ‖ ≤

· · · ∈ ⊆

V V λ λ

d V λ V λ λ

V d V λ ε > x

V x x λ ε

τ x

V K

V x K v V

x v / .

V x , . . . , x

v V d v , K < / x , . . . , x

x , . . . , x x x K / ε .

ε > W ℓ

n

d W, V < ε

d φ W V

φ φ < ε φ V W φ φ < ε

W ℓ

x e ℓ φ

K K V V /V K V /

K x , . . . , x V ε

x , . . . , x V π x x π V V /V

x , . . . , x x , . . . , x < ε .

x x , . . . , x , x , . . . , x , . . . k

x ε

ε x c V

v K v x

v v / ε ,

v x

v v v / ε

v , . . . , v x , . . . , x

v v v ε

v v v ε.

v v x K x

70

If is infinite dimensional, we say is -co exact if every finite dimensional subspace is -co exact. W e

define ( ) to b e the infimum of the for which is -co exact an if there is no such .

W e note that if is finite dimensional with ( ) = , then for any 0, we can find an such

that the unit ball of lies in ( ) such that + . So co exactness measures how much we have to

inflate to get .

T o see how this condition helps us we will consider the way that one shows that compact sets in a

Banach space are subsets of the closed convex hulls of sequences which converge to zero. Let b e our

compact set. Cho ose a finite dimensional so that for every 2 , there is a so that

1 4

Now we can find a p olygon in with vertices so that

: ( 2 ) 1 4 co ( )

and

( ) sup : 2 + 1 4 +

This last claim follows b ecause for any 0, we can find a finite dimensional which is a subspace of

for some , so that

( ) 1 +

where is the classical Banach-Mazur distance. Then if : is an isomorphism such that

1 + , we have that : is an isomorphism which satisfies ( ) 1 + ,

and is a quotient of . In other words

. W e then let b e the image of under the quotient mapping and ( ) .

Now we let = 2 + . is compact, so we can rep eat the pro cess to get a within 1 16

of 2 and which satisfy the analogous conditions (but with a ). W e know that we

can find such that ( ) = (where is the pro jection map ) and so

that

( ) ( )

W e rep eat this construction. W e let = ( ) we note that for 2

sup 2 + 4 + 2

so that if we cho ose correctly

, then .

Moreover, let , we can find co ( ), so that

2 1 4 +

and co ( ) such that

2(2 ) 1 16 + 2

and so on so that in general we have in co ( ) co ( ) resp ectively

, so that

2 2

1

4

+ 2

and so

(2 + + 2 )

But 2 + + 2 co ( ), and so co ( ).

The key fact which allowed this construction to work was the observ ation ab out classical co exactness.

Which leads us to the following.

□

1

2

2

Pr o of :

1

2 1 1 2

2

2

∞

∗

′ ′

′

′

− −

−

− −

− −

K V K

x K v V

x v

K K V V V K K

K

K

K

K n

n

b

ε ε

n

n

k k k

k

k

⌣

n n

n n

n

n n

n

n

n

n

1

1 1

1 1

1 1

1

1 1 2

2

1

2

2 1 2

2

1 1

2

2

2

1 2

op

1 1

1 1

2 2

1 2 2

1 1

1

1

1

1

1

1

Theorem 4.5.3

co

co

co

co co

co co

Corollary 4.5.4

Corollary 4.5.5

∞

∈ ∈

‖ − ‖ ≤

∈

{ ∈ } ⊆

‖ ‖ ≤ {‖ ‖ ∈ }

⊆

∩

∈

∈ →

‖ ‖ − ‖ ‖

≥

{ }‖ ≤

∈ K ⊗

∈ ∈

‖ − ‖ ≤

∈

‖ − − ‖ ≤

‖ − − · · · − ‖ ≤

‖ − · · · ‖ ≤

· · · ∈ ⊆

∞

∞

V λ λ <

V

/ .

x M V

v V d v , K < / x

x λ x x K / ε .

ε > W ℓ

n

d W, V < λ ε.

/

ε V V V /V ε V

/ x M V ε

x M V π x x π V V /V

x x < ε .

x x , x , . . . k

x λ ε

ε x V

v v x

v v / ε ,

v x

v v v / ε

v , . . . , v x , . . . , x

v v v ε

v v v ε.

v v x K x

V λ λ <

V

A λ λ < A

4.5. CO-EXACTNESS

Let b e a -co exact op erator space for . If is a strongly op erator compact subset of , then

is op erator compact.

If is a -co exact (where ) op erator space and satisfies the op erator approximation prop erty

, then

satisfies the strong op erator approximation prop erty .

If is a -co exact (where ) C*-algebra and satisfies the op erator approximation prop erty

, then is

exact.

71

The pro of is essentially the op erator space version of the preceding argument.

Cho ose a finite dimensional so that for every matrix p oint 2 , there is a matrix p oint

so that

1 4

Now we can find an ( ) so that

: ( 2 ) 1 4 ( )

and

sup : 2 + 1 4 +

This last claim follows b ecause for any 0, we can find a finite dimensional which is a subspace of

for some , so that

( ) +

Now we let = 2 + . is strongly op erator compact, since if we approximate

within by , then ( ) will approximate within . So we can rep eat the pro cess to get a

within 1 16 of 2 and ( ) which satisfy the analogous conditions (but with a ). W e know

that we can find ( ) such that ( ) = (where is the pro jection map ) and so

that

W e rep eat this construction. W e let = diag( ) we note that for 2

sup 2 + 4 + 2

so that if we cho ose correctly

, then .

Moreover, let , we can find ( ), so that

2 1 4 +

and ( ) such that

2(2 ) 1 16 + 2

and so on so that in general we have in ( ) ( ) resp ectively

, so that

2 2

1

4

+ 2

and so

(2 + + 2 )

But 2 + + 2 ( ), and so ( ).

Hence is op erator compact.

ν

∗

□

W V

φ φ

Pr o of :

op op

op op

op op

1 1

1 ν

n n n n

n

⌣

n

⌢

⌣ ⌢

⌢ ⌣

ν

ν

n

cb cb

n

ν n

ν ν

ν ν ν

∗∗

∗∗

∗ ⊥ ∗ ∗

∗ ∗

⊥ ∗ ∗

∗∗ ∗ ∗ ⊥ ∗∗ ∗∗

∗∗

− −

− ∗∗

Corollary 4.5.6

Prop osition 4.5.7

∞

→

∈ C B

T ⊆ T

⊗

∼

T ⊗

↓ ↓

⊗

∼

⊗

C B

∼

⊗

∼

⊗

∼

C B

C B

C B ∈ C B

∈ ∈

⟨⟨ ⟩⟩ ⟨⟨ ⊗ ⟩⟩ → ⟨⟨ ⊗ ⟩⟩ ⟨⟨ ⟩⟩

→ T

‖ ‖ ‖ ‖ ≤ ‖ ‖

∘ T →

T →

∘ →

→ ‖ ‖ ≤

→ λ λ <

V V V

φ W V φ

φ W, V

W /X X W X M M V V

M V V

X V W V

W, V W V X V W, V

W, V

W, V φ W, V φ

x ψ

ψ , x x ψ , φ x ψ , φ ψ , x .

V ε > θ W /X n

X θ θ ε θ

ψ φ θ /X V

ψ /X V

φ ψ θ W V

φ φ φ ε φ

ε φ

CHAPTER 4. ANALOGUES OF COMP

ACTNESS IN OPERA

TOR SP

ACES

There are op erator spaces which are not -co exact for any .

If is an op erator space and is 1-co exact, then is lo cally reflexive.

72

One might ask what other prop erties that co exact spaces have, and as a result in that direction, we

show that 1-co exactness is related to lo cally reflexivity .

W e want to show that if : , then can b e approximated in the weak-* top ology by complete

contractions ( ).

W e first assume that = for some , so = , and we know that ( ) = ( ) ,

so that

( ) =

( ) =

and the b ottom row is a complete isometry

. Hence

( ) = ( ) = ( ) = ( )

and by the matrix bip olar theorem, we know that the unit ball of ( ) is weakly dense in the unit ball

of ( ) , so that there is a net of complete contractions ( ) which converges to , which

means that for all and , we have

( ) = = ( )

So now if is 1-co exact, for any 0, we can find a complete isomorphism : for some

and for some , such that 1 + . So if we let = 1, we have that

= :

can b e approximated by : , but if we let

= :

we have that weak-*, and 1 + . By normalizing the to get complete contractions and

then rep eating as 0, we get complete contractions approximating weak-*.

References

123

153

99

132

1

200

119

122

69

144

118

266

Sub algebr as of C*-algebr as

The standar d dual of an op er ator sp ac e

T ensor pr o ducts of op er ator sp ac es

T op olo gic al ve ctor sp ac es

Nonc ommuntative ge ometry

Quantum me chanics, algebr as and distributions

Op er ator sp ac es

On matricial ly norme d sp ac es

On appr oximation pr op erties for op er ator sp ac es

Self-duality for the Haagerup tensor pr o duct and Hilb ert sp ac e factorizations

On the abstr act char acterization of op er ator sp ac es

The Gr othendie ck-Pietsch and Dvor etsky-Ro gers the or ems for op er ator sp ac es

Mapping sp ac es and liftings for op er ator sp ac es

Op er ator analo gues of lo c al ly c onvex sp ac es

Matrix c onvexity: Op er ator analo gues of the bip olar and Hahn-Banach

the or ems.

C*-extr eme p oints of some c omp act c onvex sets

A user’s guide to op er ator algebr as

Gener alize d functions

C*-extr eme p oints

[1] W. Arveson, , Acta Math. (1969), 141–224.

[2] D. P

. Blecher, , Pacific J. Math. (1992), 15–30.

[3] D. P

. Blecher and V. I. Paulsen, , J. F unct. Anal. (1991), 262–292.

[4] N. Bourbaki, , Elements of Mathematics, Springer-V erlag, New Y ork, 1987.

[5] A. Connes, , Academic Press, New Y ork, 1994.

[6] D. A. Dubin and M. A. Hennings, , Longman Scientific

& T echnical, Essex, 1990.

[7] E. G. Effros and Z.-J. Ruan, , Oxford University Press, to app ear.

[8] , , Pacific J. Math. (1988), no. 2, 243–264.

[9] , , Int. J. Math. (1990), no. 2, 162–187.

[10] , , J. F unct. Anal.

(1991), 257–284.

[11] , , Pro c. Amer. Math. So c. (1993), 579–

584.

[12] , , J. F unct. Anal.

(1994), no. 2, 428–450.

[13] , , Pro c. London Math. So c. (3) (1994),

171–194.

[14] E. G. Effros and C. W ebster, , to app ear, Pro ceedings of

the Aegean Conference on Op erator Algebras and Applications, 1996.

[15] E. G. Effros and S. Winkler,

, J. F unct. Anal. (1995), no. 1, 117–152.

[16] D. R. F arenick and P

. B. Morenz, , Pro c. Amer. Math.

So c. (1993), 765–775.

[17] P

. A. Fillmore, , Wiley Interscience, New Y ork, 1996.

[18] Gelfand and Naimark, , Academic Press, 1950.

[19] A. Hop enwasser, R. L. Mo ore, and V. I. Paulsen, , T rans. Amer. Math. So c.

(1981), 291–307.

REFERENCES

112

78

44

19

76

40

C*-op er ator sp ac es

F undamentals of the the ory of op er ator algebr as

On the matricial appr oximation pr op erty

On non-semisplit extensions, tensor pr o ducts and exactness of gr oup C*-algebr as

Classic al Banach sp ac es I and II

Some r emarks on C* c onvexity

On rings of op er ators, IV

Completely b ounde d maps and dilations

C*-algebr as and their automorphism gr oups

Inverse limits of C*-algebr as

An intr o duction to the the ory of op er ator sp ac es

Esp ac es de Banach quantiques: Une intr o duction ` a la th́ eorie des esp ac es d’op er atuers

Exact op er ator sp ac es

T op olo gic al ve ctor sp ac es

Subsp ac es of C*-algebr as

Komp acte, vol lst¨ andig b eschr¨ ankte abbilungen mit werten in einer nukle ar en C*-algebr a

Unb ounde d op er ator algebr as and r epr esentation the ory

The ory of op er ator algebr as, I

T op olo gic al ve ctor sp ac es, distributions and kernels

F r e e r andom variables

Op er ator sp ac es and nonc ommutative metrics

The Kr ein-Milman the or em in op er ator c onvexity

Matrix c onvexity

Ein op er atwertiger Hahn-Banach satz

Schwartz sp ac es, nucle ar sp ac es and tensor pr o ducts

74

[20] B. E. Johnson, , unpublished notes.

[21] Kadison and Ringrose, , Academic Press, New Y ork,

1983.

[22] E. Kirchb erg, , preprint, 1991.

[23] , , Invent. Math.

(1993), no. 3, 449–489.

[24] J. Lindenstrauss and L. Tzafriri, , Springer, New York, 1996.

[25] R. Lo ebl and V. I. Paulsen, , Linear Alg. and Appl. (1981), 63–78.

[26] J. Murray and J. von Neumann, , Ann. Math. (1943), 716–808.

[27] V. I. Paulsen, , Notes in Mathematics, no. 146, Pitman, New

Y ork, 1986.

[28] G. Pedersen, , Academic Press, London, 1979.

[29] N. C. Phillips, , J. Op erator Theory (1988), 159–195.

[30] G. Pisier, , preprint.

[31] , , Journee

Annuelle So c. Math. F rance (1994), 1–59.

[32] , , Asterisque (1995), no. 232, 159–186.

[33] A. P

. Rob ertson and W. J. Rob ertson, , Cambridge University Press, London,

1964.

[34] Z.-J. Ruan, , J. F unct. Anal. (1988), 217–230.

[35] H. Saar, , Diplo-

marb eit, Universit¨ at des Saarlandes, 1982.

[36] K. Schm ¨ udgen, , Op erator Theory: Adv ances

and Applications, vol. 37, Birkh¨ auser, Boston, 1990.

[37] M. T akesaki, , Springer-V erlag, New Y ork, 1979.

[38] F. T reves, , Academic Press, New Y ork, 1967.

[39] D. V oiculescu, K. Dykema, and A. Nica, , American Mathematical So ciety

, 1992.

[40] N. W eaver, , preprint, 1995.

[41] C. W ebster and S. Winkler, , preprint, 1997.

[42] S. Winkler, , Ph.D. thesis, University of California, Los Angeles, 1996.

[43] G. Wittsto ck, , J. F unct. Anal. (1981), 127–150.

[44] Y.-C. W ong, , Lecture Notes in Mathematics, no.

726, Springer-V erlag, New Y ork, 1979.