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Chapter 1

Introduction

The field which might best be called “quantized functional analysis” was born out of the study of the
properties of operator algebras, itself a child of von Neumann’s program of “quantizing” mathematics to

)

adapt it to the study of quantum mechanics, inspired by Heisenberg’s “matrix mechanics.” Murray and
von Neumann’s early work produced a version of non-commutative integration theory [26]: the basic idea
being that spaces of functions associated with the measure space, such as .°° are to be replaced by a
corresponding space of bounded operators on a Hilbert space, such as B(H) itself. As these spaces were
often *-algebras of operators, a rich theory concentrating largely on the algebraic structure developed, and
continues to develop, some 60 years on. Moreover the basic program of quantization by replacing functions
by operators has led to such developments as Connes’ noncommutative geometry [5], and Voiculescu’s free
probability theory [39], to name a couple of recent. developments.

Arveson’s 1969 paper [1] on subalgebras of C*-algebras initiated the study of spaces of operators in
their own right. The key theorem from this point of view was the fact that there was a version of the
Hahn-Banach extension theory which applied to linear spaces of operators on a Hilbert space, the so-called
operator spaces. This work was picked up by Effros and Choi, Wittstock, Paulsen and others who proved
a number of other results, including a characterization of self-adjoint subspaces and a generalization of the
GNS construction. This period of development concluded with Ruan’s celebrated representation theorem
which provided an axiomatization for operator spaces.

With the key pieces in place, and the important philosophical viewpoint that operator spaces are the
“quantized” or “non-commutative” versions of Banach spaces, the theory developed in leaps and bounds
driven by the work of Effros and Ruan, Blecher and Paulsen, Sinclair, Smith, Christensen, Kirchberg and
Pisier. During the space of a few years many of results of aspects of classical Banach space theory had been
generalized to this new setting. This development was facilitated by following the program of Grothendieck,
concentrating on the language of tensor products, a very natural concept to workers coming in from operator
algebras, rather than the equivalent language of mapping spaces that dominated Banach space theory (and
for which operator space versions were also created). Again, after nearly 30 years, this field is vigorous,
and it appears that many important concepts in the theory of operator algebras, such as injectivity and
exactness, stem from attributes gained from the underlying operator space structure.

That the Hahn-Banach extension theorem is in fact a theorem about convexity was noticed by Wittstock,
who was the first to introduce the notion of operator or matrix convexity in his 1979 paper where he
extended Arveson’s original result to a much fuller generality. His methods, however, were difficult and
did not extend easily. Variants and relations of this notion, in particular the C*-convexity worked upon by
Loebl and Paulsen [25], Hopenwasser, Moore and Paulsen [19], and Farenick and Morenz [16], were explored
and some interesting results discovered, but it was not until some 15 years after Wittstock’s original work
that Winkler, as part of his doctoral research [42] under Effros, bought Wittstock’s convexity back into
the fold by providing an axiomatization more in harmony with Ruan’s axiomatization for operator spaces,
and proceeded to prove a version of the bipolar theorem and, from this, a simplified proof of the Arveson-
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Wittstock Hahn-Banach theorem in even greater generality.

One important difference, and a source of much difficulty, between the classical theories in functional
analysis and the new quantized versions was that unlike unbounded functions, unbounded operators are
not. particularly well-behaved. This is of key importance in many applications, in particular in quantum
theory where perhaps the most fundamental objects, the observables, are usually unbounded. Tt is also
of importance in non-commutative geometry, as differential operators are usually unbounded, and in the
theory of “locally compact” quantum groups, where the known algebraic examples involve elements which
correspond to unbounded functions. Classically, spaces of unbounded functions are typically dealt with by
looking at them not as elements of normed spaces, but as elements of seminormed spaces. Indeed all the
classical examples of interest fall into the category of locally convex topological vector spaces (henceforth
called locally convex spaces for brevity).

One might hope that there is a theory of “non-commutative locally convex spaces” analogous to the
theory of operator spaces, and that using this theory one may be able to apply this to problems in a number
of areas of operator algebra and operator space theory. The development of such a theory is the primary
objective of this dissertation.

One natural question which arose during the research was “What are the analogues of compact sets in
the operator space context?” Several possible definitions arose, and although one of them was the correct
one for the problem at hand (generalizing the Arens-Mackey theorem), the other definitions had some
interesting properties. In particular the question as to whether or not they are identical is tied to some
of the deepest parts of operator space theory, in particular those areas where the theory diverges from the
classical theory of Banach spaces.

This thesis is organized into 4 chapters. The first is this introduction, where we introduce the thesis and
some basic notation. In the second chapter we develop a theory of absolute matrix convexity which runs
parallel to the work of Winkler and Effros. The key reason for this is that the convex sets that are the unit
sets of seminorms are more than just convex, and must, for example, be closed under multiplication by a
scalar of absolute value less than 1. We introduce the analogous additional condition to the axioms and
prove versions of the bipolar and Hahn-Banach theorem for this sort of matrix convexity. We also introduce
the notion of M.-convexity where we look at a class of special convex sets living in certain bimodules, an
approach which will recur throughout the dissertation.

Having put the foundations in place, in the third and largest chapter we work thoroughly through the
theory of local operator spaces, the analogues of locally convex spaces, starting by defining them and the
way they can be represented as projective limits of operator spaces. We introduce corresponding definitions
for all the key notions in the classical theory: tensor products, bounded sets, topologies on mapping spaces,
barrelled spaces, bornological spaces, the Mackey topology and nuclear spaces. Using all these we prove
a substantial set of results, the highlights of which include a uniform boundedness principle, a version
of the Arens-Mackey duality theory, an exact characterization of matrix nuclear local operator spaces as
quantizations of classical nuclear spaces, and the uniqueness of these quantizations, and finally a version of
Schwartz’s kernel theorem.

Chapter 4 is a deviation from what has gone before. In working on the Arens-Mackey theory it was
noticed that there are a number of possible ways of looking at “matrix compact sets,” but unlike their
classical counterparts, these approaches are not equivalent. We concentrate largely on operator spaces
and use one of these definitions to extend Effros and Ruan’s operator approximation property, providing
an equivalent, definition for convergence in the stable point-norm topology and a characterization of the
operator approximation property in terms of convergence to matrix compact maps. We conclude the chapter
by looking at another definition and showing it is related in the same sort of way to the strong operator
approximation property. We show that if these two notions of compactness agree, then the two operator
approximation property agree. In particular this implies, through the deep work of Kirchberg, that if these
two notions agree for a C*-algebra, then operator approximation property is equivalent to exactness. We
then investigate a condition which guarantees that the two definitions agree.

Throughout, especially in the first two chapters, we include examples to indicate the applications of this
material to other areas.
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1.1 Standard Notation and Conventions

Throughout we will assume that the reader has some familiarity with both the theory of operator spaces and
the theory of locally convex topological vector spaces, and that they are completely familiar with the theory
of C*-algebras and von Neumann algebras. We will often quickly describe the situation in the operator or
locally convex space case before going on to adapt it to the situation we are interested in. In the case of
locally convex spaces there are many texts available on the subject, such as [4, 18, 33, 38, 44]. The theory of
operator algebras is well-documented in such references as [21, 17, 28, 37]. There are no texts on operator
spaces which present the current state of the art, although Effros and Ruan are working on a book [7] at
present, which includes most of the necessary background, and Paulsen’s book [27] discusses most of what was
known prior to Ruan’s work. Articles which a reader might find useful include [1, 43, 34, 8, 2, 3, 31, 30, 32].

Where there is no conflict with the terminology, we may use the adjectives matriz, completely and
operator interchangeably. The two most notable dangers with this policy are that an unrelated notion of
a completely continuous map already exists in the literature, and that in the discussion of compactness in
Chapter 4 we mean distinct conditions by operator compact, matriz compact and completely compact. As
result, T have tried to be as consistent as possible.

Given a topological space X we denote the continuous functions, the bounded continuous functions,
the functions vanishing at infinity and the functions vanishing off compact sets by C(X), Cp(X), Coo(X)
and C.(X) respectively. If X is a manifold, then we replace C' by C* to denote the k-times continuously
differentiable functions with the corresponding properties.

We denote the sequences vanishing at 0, the sequences which are 0 for all but finitely many values, the
bounded sequences, absolutely summable sequences and square summable sequences of complex numbers
as cg and ¢, £%°, ' and ¢2 respectively. We will denote the standard basis in these spaces by {ez}, where
er 1s the sequence which is zero everywhere but the kth element.

As is usual, given a Hilbert space H, we let B(H), K(H), T(H), HS(H) and F(H) be the bounded,
compact, trace-class, Hilbert-Schmidt and finite rank operators on H respectively. When H is £2 we will
often simply write B, K, 7, HS and F. If H is C*, we will write M,,, 7,, and HS,, for the bounded, trace-
class and Hilbert-Schmidt respectively. Given a basis {&,},ea for H, we will let e, , be the partial isometry
that takes span{&,} to span{€,}. f T' C A we denote by pr the projection from H to span{&, : v € T}. If
A =N, then we let p, = pg1 oy

In a number of places we will have to deal with arithmetic on the extended positive real numbers [0, 0co].
In this case we will use the standard “zero wins” convention for multiplication, i.e.

0 ifA=0
)\-oo—{ ! ’

oo otherwise.

1.2 Matrix Conventions

We now turn to the notational conventions for working with matrix spaces. Unless otherwise noted, all
vector spaces are over the complex numbers. Given vector spaces V and W, we denote by L£(V, W) the
space of all linear maps from V to W.

Given two index sets T and J, and a vector space V, we denote by My ;(V) the vector space of T by
J matrices [v; ;], where i € T, j € J, v; ; € V and all but finitely many of the v; ; are 0. For convenience,
we will write My (V) for My (V), My j for M ;(C) and allow a natural number n to replace the set

I ={1,...,n}, and oo to replace N. The reader should be careful not to confuse M,y (V), which are
matrices of the form [v(; ;) xp] where (i,7), (k1) € {1,... ,n} x {1,... ,m}, with M, ,,(V), which are
matrices of the form [v; ;] where i € {1,... ,n}and j € {1,... ,m}.

Given V| W vector spaces, the algebraic tensor product
Mi (V) ® Mg (W)

is isomorphic to Mrxr 1xr.(V @ W).
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If I C K and J C I. we have standard inclusion maps from My ;(V) to Mg (V) given by

'_>1) 0
v 0 .

Furthermore, we note that with these inclusions, we have that as vector spaces
My (V) =Tim My g (V)

where the injective limit is taken over finite subsets I’ C 7 and J' C J.
If V' has additional properties beyond being a vector space, then we can extend these to the matrices
over V. If V is a *-vector space then we define an antilinear map

Mi (V) = Mpp(V):v—o o™ = [1/;7]

This map is a *-operation for M;(V'), making it a *-vector space. Tf V is an algebra, then given matrices
v € My 1 (V) and w € M (V) we define their product by the matriz product

v = {Zjelw,j“’jﬁ} € Mr g (V).

In particular, this makes M;(V) an algebra. More generally, if V is a left A-module for some algebra A,
then My 7(A) acts on My (V) via

av = {Zje] ”ri,j“j,k} € My (V).

Similarly, if V is a right A-module, then M;x(A) acts from the right on My 7(V) in the obvious way.
Tn particular, this means that My ; acts on Mjg (V) and Mg 1(V), for any V| from the left and right
respectively.

There is a novel operation on these matrix spaces, that of the direct sum of two matrices v € M;(V),

w € My (V), which is

v 0
v hw—= [0 u)] S MIuJ(V)
and for convenience, we will identify {1,... n}U{1,... m} with n + m.

Given a map ¢ : V — W between two vector spaces we define o5 5 : M5 7(V) = ¢5.7(W) by

er.a(v) = [p(vi )]

As before we will write ¢ for 7 7.
We identify My ;(L(V,W)) with £(V, M7 ;(W)) by mapping the matrix [¢; ;] to the function v —

[pi i (v)].
Given V' a vector spaces, o € L(My, Mg) = Mixk, v € Mi(V), then we define

oy u = {Z U(k,i),(l,j)”i,j-l

hi€er J kleK
Alternatively, if we identify M;(V) with M; @ V| we can think of this as
o-rv=(oc@id)(v).
A (non-degenerate) pairing of two vector spaces V and W is a bilinear function

() VxW—=C
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such that if (v, w) = 0 for all v € V', then w = 0; and if (v,w) = 0 for all w € W, then v = 0. So each
element. v € V (respectively w € W) determines a linear functional v : W — C (respectively w : V — C) by

v(w) = w(v) = (v, w).

Given such a pairing we get a (scalar) pairing of My ;(V) and My ;(W) given by

(v,w) = Z (vij, wi )

ieT jed

However, we also get a matriz pairing of My ;(V) and Mg 1, (V) which is a map
;0 My (V) x Mg (W) = Mrgk, ixr,

where the (i, k), (,1)-th entry of ({v, w)) given by (v; ;, wg 1), or equivalently

{v,w)) = vi 1.(w) = wr 1(v).

We can extend this to arbitrary bilinear maps ¢ : V x W — X | we define
erran(v,w): Mr (V) x Mprn(W) = Mrxk 1xn.(X)

where the (i, k), (4,1)-th entry of o7 k.11 (v, w) is @(v; g, w;1). T = K and J = L the we will write ¢r.5
for or k.71

We define a matriz set K = (K,,) in a vector space V to be a family of sets K,, C M, (V) for n € N.
We call K,, the n-th level of K. Tf V is a vector space we will write V' for the matrix set (M, (V)). We
say that one matrix set K is a subset of another L if K,, C L,, for all n € N, and define intersection and
union of matrix sets by taking intersections, or unions respectively, at each level. If V' is a topological vector
space, then we say K is closed if it is closed at each level, and we define open matrix sets analogously. Tf
w:V = W, then given K C V we get the matrix image of K

P(K) = (¢n(Kn)) CW,

and given L C W we have matrix inverse image

e N L) = (¢ '(In)) C V.
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Chapter 2

Matrix Convexity

This chapter is preliminary to the main part of the dissertation. Our objective i1s to develop a theory
analogous to the theory of locally convex spaces in the context of operator spaces. To do this we need to
know exactly what we mean by a “convex set,” or more specifically, an “absolutely convex set,” since in
the theory of locally convex spaces, the unit sets of seminorms satisfy the additional properties that they
must be closed under multiplications by scalars of absolute value less than or equal to 1. This condition is
sometimes referred to the literature as “circled” or “balanced” convexity.

We first define matrix convex sets, a definition which should be natural to those who have seen either the
theory of operator spaces or the work of Effros and Winkler. We look at the corresponding notion of matrix
gauges, and specialize to look at matrix seminorms. We then move on to prove a version of the bipolar
theorem, very closely related to the version due to Effros and Ruan, but adapted to allow for the possibly
infinite or zero values that matrix gauge may take, as compared to a matrix norm. We then derive a version
of the Hahn-Banach theorem from the version of Effros and Winkler. We conclude with an alternative, but
equivalent, way of looking at matrix convexity in terms of M.,-bimodules.

2.1 Matrix Convexity and Matrix Gauges

Matrix convexity was first introduced by Wittstock [43], who defined a matrix set K to be matriz conver
if given v; € K,,, and a; € M, , with Y, afa; = I, then

* i
E a; vy € Ky
i

In [15], Effros and Winkler observed that this was equivalent to saying that

(MC1) VP wE Kmyn forallv e K,,,, w € K,
(MC2) a*va € K, for all v € Ky, @ € My, ,, such that a*a = I,,.

Note that under this definition the completely positive cones of the operator systems, and the matrix unit
balls of operator spaces are both matrix convex.

Recall that the convex sets which form neighborhood bases of 0 of locally convex vector spaces satisfy
a stronger condition than convexity, that of absolute convexity, 1.e. that if v; € K and a; € C such that
S Jai| < 1, then > a;v; € K. Observing that, in particular, the unit ball of a matrix normed vector space
should be absolutely convex, and comparing with the definition of an operator space, we are led to the
following definition.
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Definition 2.1.1
A matrix set K is absolutely matrix convex if it satisfies

(AMCT) VB W E Kpyn forallv € K,,, w € K,
(AMC2) a*vB e K, for allv € Ky, a, 8 € My, ,, such that ||af|, [|5]] < 1.

Classically, absolutely convex neighborhoods of 0 are the unit sets of seminorms. Analogously to [15] we
need to generalize this slightly. A gauge on a vector space V is a function

v:V =0, 00]
which satisfies
(G1) y(v + w) < y(v) + v(w) forall v, we V
(G2) y(av) = |aly(v) forallveV, aeC

where multiplication of numbers in [0, co] follows the “zero wins” convention. Note that this is the absolutely
convex analogue of the definition in [15]; should we need to distinguish between the two we will refer to
gauges which satisfy (G1) and (G2) as absolute gauges.

We say that a gauge p is faithful if p(v) = 0 implies v = 0 and we call a gauge p a seminorm if p(v) < oo
for all v € V. A faithful seminorm is a norm. A faithful gauge determines a norm on the subspace

oV ={veV:p)<oo}
while a seminorm determines a norm on the quotient space
(2.1) V,=V/N,=V/{v €V :p(v) =0}.

Given a gauge v, the unit set
B'={veV .y <1}
is absolutely conver, that is, given v; € BY and o; € C for i = 1,...  n such that >_/_, |a;| < 1, then the

absolutely conver combination Y ;_, a;v; lies in BY also. Conversely, given any absolutely convex subset. B

of a vector space V', we get the Minkowski gauge v? by letting
B () =inf{A>0:v € AB}.

Definition 2.1.2
Given a vector space V| a matrix gauge v on V is a collection of gauges

Y= (Vn. : M,,(V) — [UYOO])

such that ~ satisfies

(AMGT) Yntm (v & w) = max{y, (v), Ym(w)} for allv € M, (V), w € M, (V),
(AMG2) Ym (v ) = ||| vn (v) | 5]| for allv € M, (V), ® € Mpmn, B € My m.

Again, this is the absolutely matrix convex version of a gauge. If there is any confusion between this
definition, and that in Effros and Winkler [15], we will say that a matrix gauge which satisfies (AMGT1)
and (AMG2) is an absolute matrix gauge. We note that it suffices to check the following weaker version of

(AMG1).
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Lemma 2.1.1
Given a vector space V| and a collection of gauges

= (Yn : Mp(V) = [0, 00])
such that ~ satisfies

(AMGT) Yntm (v @& w) < max{y, (v), Ym(w)} for allv € M, (V), w € M, (V),
(AMG2) Ym (v B) = ||| vn (v) | 5]| for allv € M, (V), ® € Mpmn, B € Mp m.

then ~ is a matrix gauge.

Proof :
Let v € M, (V), w € M, (V), then by (AMG2)

Yo (©) = y(a(v ® w)B) < Yngm(v & w)

where

and similarly v, (w) < vn4m (v D w) so that

max{y, (v), Ym (w)} < Yngm (v & w) < max{y,(v), ym (w)}
by (AMGT’). So ~ satisfies (AMGT1). O

Tt is clear from the way that we have defined things that the unit matrix set of a matrix gauge ~ is
matrix convex. Indeed the matrix set

({v € Ma (V) :n(v) < A})

for any A € [0,00] is matrix convex. Conversely, if we are given a matrix convex set K = (K,,) we have
a corresponding Minkowski matriz gauge v of K where vX is given by the Minkowski gauge v5~ of the
n-th level of K.

Tf we have a matrix gauge 4 on a vector space V and a matrix v = [v; ;] € M, (1), then

(2.2) (i) < i (eraved ;) < 3 (0) = 3 (3 e ver ) < n” maxty ()}
1,7

Hence if p is a matrix gauge and p; is faithful, then so are all the p,. In this case we call the matrix gauge
faithful . Tf p is such that p; is a seminorm, then the above implies that each p, is also a seminorm, and we
call such a matrix gauge a matriz seminorm. A matrix gauge which is both faithful and a matrix seminorm
is called a matriz norm.

If p 1s a matrix seminorm on V| we let

N, = eV p() =0}
be the kernel of p. Then
(2.3) Vo =V/N,
has a matrix norm (|| - ||2) determined by p via

7o ()17 = pn(v)
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where 7, is the quotient map. The same construction will give a faithful matrix gauge from an arbitrary
matrix gauge. Analogously, if p were faithful, then if we restrict p to the subspace

oV ={veV:p() < oo}

then we also get a matrix norm. If we were to start with an arbitrary matrix gauge, we would simply get a
matrix seminorm.
If we are given two matrix gauges 4 and p, then it is easy to see that

* ¥+ p, where (v +p)n =0 + pn,
e max{~, p}, where max{v, p}n = max{yn, pn},
e Ay, for any A € [0, o0],

are all matrix gauges.

Example 2.1.1
An (abstract) operator space is a vector space V with a family of norms (|| ||, : M, (V) — [0, 00))nen which

satisfy
(MNT) v B w||ntm = max{||v||n, [|w||m} for all v € M,(V), w € M, (V),
(MN2) v Bllm = [l [[v]]n (|5l forall v € M,,(V), @ € My o, B € My .

We will assume that V is complete at the first level (and so is complete at all levels). Clearly the family of
norms give an absolutely matrix convex gauge on V, indeed (|| - [|») is a matrix norm.

Any linear subspace of B(H) is an operator space with the norms || - ||, inherited from B(H"). Con-
versely Ruan [34] showed that any abstract operator space is completely isometrically isomorphic to a linear
subspace W of B(H) for some Hilbert space H. That is to say, there is a map ¢ : V. — W such that the
maps ¢, are all isometries.

A number of special operator spaces will be of some importance:

e TIf A is a C*-algebra, then so are the algebras M,,(A) = M,, @ A. Tn fact we get a matrix norm from
the norms on each of the M, (A). Moreover, this matrix norm is exactly the matrix norm that we get
regarding A as a subspace of B(H) where A is represented faithfully on H.

o If H is a Hilbert space, we can regard it as B(C, H) which is a subspace of B(H). We call the operator
space we get this way the column Hilbert space H..

e Tf instead we regard H as B(H,C) C B(H). We call the operator space constructed this way the row
Hilbert space H,..

e We will see in the following section that any Banach space V has a minimal and a maximal matrix
norm for which the norm on the first level is the norm on V.

e If V and W are operator spaces, then we say a linear map ¢ : V. — W is completely bounded if the
norm

lleller = sup [[en]|
neN

is finite, where the norm of ¢,, is the one it attains as an element of B(V, M, (1W)). We denote the
space of all completely bounded maps from V to W by CB(V,W). Then by since M, (CB(V,W)) can
be identified with CB(V, M,,(W)) we can give CB(V, W) an operator space structure.

e Tn particular, if W = C with the obvious operator space structure, then CB(V,C) = V* = B(V,C) as
Banach spaces, so we have an operator space structure on the dual of V.
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Example 2.1.2
Consider the non-commutative torus Ay, the C*-algebra generated by unitaries u and v with commutation

relation

vu = 2™y,

We have natural derivations d,,, 4, which act via
Oy (u™o™) = 2mimu™ "

and

0y (u™0™) = 2winu™ o™ .
We observe that 4, and 8, commute, so we define D*:! = (55 o (57’,. Then we have matrix gauges P&t where
kL kL
pu (v) = ([P ()|

(or oo if D is undefined for some v; ;) where the norm is the norm on M,, ® Ag. Tn fact, for applications
it 18 often more convenient to work with the matrix gauges 4* given by the gauges

vy =37

k+i<i

k
n,

)l

" (v)
kN
since these are better behaved with respect to the multiplication.

Example 2.1.3

The previous example can be generalized to the situation where we have a Lie group (G acting via a strongly

continuous action ¢ on an operator space V. Let g be the Lie algebra of G, and let z1,..., 2, be a basis
for g. Then for each multiindex u € N?, we have operators

d s d Hq
Dﬂ(v) = ((]h) e ((ﬁq) ”exp(hm)mexp(f,qmq)(”)

and so we have matrix gauges p* given by

£1=0,. . t,=0

pn(v) = [1D5(0)ll

(or oo if D* is undefined for some v; ;), where the norms || - ||, are those from the operator space V. Again,
for applications, it will often be more convenient to work with the operator gauges ~* given by

= ¥ O

i<k H

where p! = pylpal. o pgl.

Example 2.1.4
We can generalize Example 2.1.2 in another way. Let a be an unbounded linear operator on an operator
space V. Then we have a matrix gauge v® on V given by

" [|an (¥)||ln ifv;; € Da, forall 1 <i,j <n,
Ta(v) = -
00 otherwise.

where || - ||n is the norm on the n-th level of V.
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2.2 The Bipolar Theorem

If V is a locally convex space, a gauge v on V is lower semicontinuous if the corresponding unit set B? is
closed. The mappings 4 — B” and B — ~? give a one-to-one correspondence between lower semicontinuous
gauges and closed absolutely convex subsets B C V.

Two locally convex spaces V and W are in duality if there is a pairing (-, -) between ¥V and W such that
all the continuous functionals on V' are given by elements of W and vice-versa.

Given a dual pair of locally convex vector spaces V and W, we recall that the absolute polar of a subset

D of V is defined by
D’ ={weW:|[(v,w)| <1, Vve D}

Classically, the bipolar theorem says that 7)°° is the smallest weakly closed absolutely convex set containing
D.

Given a locally convex vector space V', the canonical topology on M, (V) is simply the product
topology, regarding M, ,, (V) as V'™ (which are clearly isomorphic as vector spaces).

If V and W are in duality, then we observe that M, (V) and M, (W) are in duality using the scalar
pairing. Furthermore we note that the matrix pairing

(-, NV x Mp(W) = M,
determines all the continuous mappings ¢ : V. — M, that is
(2.4) M, (W) =C(V, M,).

Given a dual pair of locally convex vector spaces V and W and a matrix set D C V| then we define the
(absolute) matriz polar of D to be the matrix set D® given by

Pg = {w € Mu(W) : [, wPl| <1, Yo € D,, r €N},
We immediately note that if D is matrix convex
(D) = (D)°
since for any v € 1, , and arbitrary unit vectors {, £ € C", we have that

({{w, v))CE) = (w, "vE)

and so if w € (Dy)° then w € D?. The other direction of the inclusion is trivial, and true even if D is not,
matrix convex.

Example 2.2.1
Let V be an operator space, B its matrix unit ball, and V* = CB(V, C) the dual operator space of V. Then
the absolute matrix polar of B is seen by inspection of the definition to be the matrix unit ball of V*.

We now have a bipolar theorem which is a variation on that in [11], modified to allow for arbitrary gauges.
Tn this it uses techniques first. used in the bipolar theorem in [15]. Although the theorem is important in
what will follow, the proof is lengthy and technical, but standard, and so the reader may prefer to skip 1t
on the first reading.

Proposition 2.2.1
Suppose that V and W are dual locally convex spaces. Given any matrix set D C V| we have that D®®
is the smallest weakly closed absolitely matrix convex set containing D.
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Proof :

Tt suffices to prove that if D is absolutely matrix convex and weakly closed, then D®® = D. Thus we
must prove that if vg & Dy, then vy & D2®. To do this we will show that there exists a wo € M, (W) for
which wy € D@, ie.,

1o, wolll < 1,

n

for all v € D, and r € N, but

[1{(va, wa))|| > 1

Letting v be the matrix gauge of D and using the identification (2.4), it suffices to find a mapping ¢ : V —
M,, for which

(2.5) ller ()l <1

for all v € D, and r € N, but

(2.6) o (vl > 1.

Using the classical bipolar theorem, we have that vy ¢ D2°, i.e., we may find a functional ¢ € M, (V)
for which

(2.7) [, | <1< [¥(va)l.

As in [15] we will extract the desired matrix valued function ¢ from a perturbation of .

Our argument depends on a simple convexity result. Let us suppose that & is a cone of real continuous
affine functions on a compact convex subset K of a topological vector space F, and that for each e € &,
there is a corresponding point k. € K with e(k.) > 0. Then there is a point kg € K for which e(kq) > 0 for
all e € £. A simple proof of this result may be found in [15], Lemma 5.2.

Following [11], we claim that there exist states py and gy on M,, such that

(2.8) [W(@vp)| < po(aa®) v, (v)qo(B°B)'/°
forall @ € My, ,, 8 € M, , and v € M, (V) for which v, (v) < oo, with r € N arbitrary. Tf 4, (v) = 0, then

wn(avB) < ol v (0) 18]l = 0,

i.e., A(avB) € D, for all scalars A > 0. Since we chose ¢ with [¢)|p, | < 1, we have A|¢(avf)]| < 1 for all
scalars XA > 0, hence ¢(av3) = 0 and (2.8) is trivial. Dividing by a constant, we may assume that v, (v) = 1.
Summarizing, our task is to find states py and ¢o on M,, such that for all v € M, (V) with ~,.(v) = 1, we
have that

(2.9) |(avB)] < po(aa®)?q0(5* )",
Tt suffices to find states pg, go such that
Re (avf) < po(aa®)'/?qo(8°B)"/?
since we can then replace a by e!?a for a suitable # € [0, 27]. Tn turn, it is enough to prove that
(2.10) Re w(avB) < (1/2)[po(0a")+a0(5"5)]
To see this, we replace a by ¢'/?a and 8 by ¢~ '/23 for t > 0. Tt follows that

Re¢(avB) < (1/2)[tpo(ea™) —|—7‘,71q0(ﬁ*ﬁ)],
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and minimizing for £ > 0 (or simply letting ¢ = po(aa*) ="/ ?qq(3*3)"/? for a # 0), we obtain (2.9).

Letting S,, be the set of states on M,,, S = S, x S, is a compact and convex subset of (M, & M,)*.
We write A(S) for the continuous affine functions on S. Given a € M, ., 8 € M, ,, and v € M, (V) with
¥ (v) = 1, we may define a corresponding function e, , g5 € A(K) by

€aup(P, q) =plaa™)+q(8*8) —2Re(avp).

Letting &£ denote the collection of all such functions, we must show that there is a point (pg,gn) € S for
which e(pg, q0) > 0 for all e € £. But we have that

i. Bach function e € £ is non-negative at some point (p.,q.) € S. To see this suppose that e = €4, g,
and select states p. and g, with p.(aa*) = ||aa*|| = ||a||?, and ¢.(8*B8) = ||8]|>. Then we have

€a,6(Pe,qe) = [lol” + [|BII” — 2Rev(avf) > 0

since

Re(avf) < [(avf)] < [lavg|l < llellI8l < (1/2)lel” + 11517,

1. The collection £ is a cone of functions, i.e., £+ & C &, and AE C £ for A > 0. The second assertion is
trivial. For the first we note that

€av,p —+ €ql ! B = Ealt y!t G

ﬂ/
From the convexity result, there exists a point (pg, go) at which all of the functions in £ are positive.
Thus we have proved (2.8). We claim that we may perturb these states so that they are faithful. We recall
that the normalized trace 7 on M, is faithful, i.e., we have that 7(a*a) = 0 implies that o = 0. Given

0 < e < 1,it follows that p = (1 — &)pg + e and ¢ = (1 — €)qq + &7 are faithful. Letting ¢ = (1 — )¢, we
have from (2.8) that if v, (v) < oo,

where o = [ a o } LB = [ s ] ,and v = v @ v € M4, satisfies y,4. (v Bv') = 1.

[4(avB)| <

<

1 — &)po(aa*)2q0(8* 8) 4, (v)

0D tonen®) +a0(8" B (1)

[p(ea™) +q(5" B)]yr (v).

—_

IN
N | —

Replacing a by t'/?a and 8 by t~'/2a, where t is a positive scalar, and then minimizing, we conclude that

(2.11) | (avB)] < plaa®)*y (v)g (87 8)'/7.

On the other hand, if we let ¢ be sufficiently small, we have from (2.7) that

W'D"

<1< |1Z(1)0)

Applying the GNS theorem, we have corresponding faithful representations = and 6 of M,, on finite
dimensional Hilbert spaces H and K, respectively, with separating and cyclic vectors &g € H and g € K
satisfying p(a) = (r(@)&|€0) and q(a) = (A(a)no|na), respectively, for all & € M,,.

Given a row matrix & = [aq, g, ..., an] € My ,, we define & € M,, by
(0] X9
~ 0 0
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We let ]\7/1’,7, be the linear space of all such n by n» matrices, and we let Hqg = 71'(]\;[1’77‘)&.() C H and
Ko = 9(]\7/1’,7,)7]0 C K. Owing to the fact that &, and 5, are separating, Hq and K, are n-dimensional
spaces.

Fixing an element v € V', the sesquilinear form B, defined on K3 x Hq by

By (8(8)n0, w(@)€a) = ¥ (a"vp)

is well-defined since if, for example, 6(3)no = 0, then since 7q is separating and @ is a faithful representation,
we have that 8 =0 and ¢(a*v3) = 0. Thus there exists a unique linear map ¢(v) : Ko — Hg for which

Dl vB) = (e()0(B)m | w(@)).

Tt is a simple matter to verify that the corresponding map ¢ : V' — B(Kq, Hy) is linear. Since Hg and Ky
are n-dimensional, we may identify each of these spaces with C", and ¢ with a mapping ¢ : V. — M,,.
Given a matrix v € M,,(V'), we have that

-
V=) & vié
i

o) = Y ()0 )0 | w(ér0)E)
(2.12) = {ea(v)n]€),
where
9(51,1)770 71'(51,1)50
n= : , €= : eqn
9(51,77)770 7T(51,n.)50
satisfy

P = > lIm(Er)éoll” = D pler jer) = pe™) =1,

and similarly, [|n||*> = 1.
To show that ¢ satisfies (2.5), we must prove that if v € M, (V) and 5, (v) < oo, then

[Ker (w)m | € < v (W) ImlIEn ]
for unit vectors & and 77 in (C™)". Letting
71'(&1)50 9(51)770
& = : , = :
ﬂ-(&r)&.o 9(37‘)770

where a;, §; € My ,,, we have that

61> =D lin(@)éall” = Y plafaq) = pla*a),

and similarly ||m||?> = ¢(3*8) , where

(o278 ﬁr
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Tt follows that

(or (@) 1 &) = Y {po(vi)0(B;)mo | m(éi)éo)
> (i B)

v(a*vp),

and thus if v € D,

er(m)m | &) < [d(a*vB)|
< plaa®) 2y, (v)q(578)"/?
= )& mll

1.

IA

On the other hand we have that vg € M, (V) satisfies
1< 4 (va) = (pn(va)n | £),
and since that 1 and £ are unit vectors, we have proved (2.6). O

Now, we know that gauges and absolutely convex sets are in 1-1 correspondence, so given a gauge vy we
define the dual gauge v° to be the Minkowski gauge of the polar of the unit set of v, that is,

(v,w)| : y(v) < 1}

for all w in W. Of course, since matrix gauges and absolutely matrix convex sets are also in 1-1 correspon-

7°(w) = sup{

dence, we define the dual matriz gauge of a matrix gauge 4 to be the Minkowski matrix gauge of the matrix
polar of the matrix unit ball of 4. That is to say

~® (w) = sup{||[{{v, w))]| : v(v) < 1, € My, (V),m € N}

for all w € M, (W).

Now let V' be a locally convex space, and W its continuous dual C'(V,C). Then V and W are a dual pair
of vector spaces. Let K be an absolutely convex subset of V', and then we can define (somewhat trivially)
a matrix set K by letting Ky = K, and K,, = @ for n > 1. Although K is clearly not absolutely matrix
convex, we can build absolutely matrix convex sets from K.

We define the minimal envelope of K to be the double matrix polar of K, i.e.

K = (K)®°.

We define the marimal envelope of K to be the matrix polar of the polar of K,

K = (K°)°.
In calling these sets minimal and maximal, we should check that they in fact are.

Proposition 2.2.2
If L is a weakly closed, absolutely matrix convex set with I.; = K, then

KCLCK.

Proof :
We observe immediately, that K C L, so that K© D L® and hence

k:K@@gL@@:L
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by the matrix bipolar theorem (Proposition 2.2.1).
In the other direction, we know that by 2.2 that LY = .9 = K°, so L® D K° and so

L=L°° CK°° =K.
O

If pis the gauge in V' with weakly closed unit set K| then we let p and p be the matrix Minkowski gauges
of K and K respectively. We call these gauges the marimal and minimal matriz gauges of p, respectively,
since by Proposition 2.2.2 we have that given any matrix gauge p with p; = p

(2.13) p<p<p
Note that the minimal envelope gives the maximal gauge and vice versa.

Example 2.2.2
If V is a normed space, with norm p(v) = |

[ollmin = sup{I(o, w)) | =0 € V7] < 1) = ()

v

|, the minimal and maximal matrix norms on V are defined by

and

[|9]|max = sup{||{{v, w))|| : w € B(V, M,),||w|| < 1,p € N}

respectively. We call the operator spaces with these matrix norms minV and maxV respectively. These
agree with the standard definitions of min and max as given in [3] and [8].

2.3 The Hahn-Banach Theorem

We now turn our attention to another standard result of the classical theory of locally convex spaces, namely
the Hahn-Banach extension theorem. Tt is worthwhile noting here that there is at present no known version
of the Hahn-Banach separation theorem in the matrix convex setting or indeed in the special cases of
operator spaces or operator systems.

We recall that given a seminorm p on a vector space W, and a linear functional ¢ defined on a subspace

V of W with

lo(v)] < p(v)
for all v € V', then the Hahn-Banach extension theorem says that there exists an extension of ¢ to a linear
functional ¢ on W such that

()] < p(w)

for all w e W.

We will prove a version of the Hahn-Banach theorem for (absolute) matrix gauges. Given a vector space
W with a matrix gauge p, we say that a subspace V of W is cofinal if given any w € W there are elements
vy and v_ of V for which py(vy + w) and py(v_ — w) are finite.

Theorem 2.3.1
Let p be a matrix gauge on a vector space W, and ¢ a linear map defined from a cofinal subspace V of W
to B(H) for some Hilbert space H, such that for any n € N,

llon (W) < p(v)

for all v € M, (V), then there exists an extension of ¢ to a linear map ¢ from W to B(H), such that for
any n € IN,
llon (w)]| < p(w)

for all w € M, (W).
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This will immediately give the obvious generalization of the classical result:

Corollary 2.3.2
Let p be a matrix seminorm on a vector space W, and ¢ a linear map defined from a subspace V of W to
B(H) for some Hilbert space H, such that for any n € N,

llon (W) < p(v)

for all v € M, (V), then there exists an extension of ¢ to a linear map ¢ from W to B(H), such that for
any n € N,
llon (w)]| < p(w)

for all w € M, (W).

since p 1s finite, and hence any subspace V of W is cofinal.
The simplest way to prove Theorem 2.3.1 result is to rely on the Hahn-Banach theorem for (not neces-
sarily absolute) matrix gauges of Effros and Winkler [15]. Given an 2 € B(H) for some Hilbert space H,

we say
Rex < AT

for X € [0, 00], if
Re(z£[€) < M€]€)

forall ¢ € H.

Theorem 2.3.3
Let W be a vector space with a matrix gauge p, and let H be a Hilbert space. (Given a cofinal subspace
V C W and a linear mapping ¢ : V — B(H) such that

Rep,(v) < pr(0)],
for all v € M,,(V) and r € N, then ¢ has a linear extension ¢ : W — B(H) such that
Reyp(w) < p(w)I,

for allw € W and r € N.

We are now in a position to prove Theorem 2.3.1.
Proof (Theorem 2.3.1):
We consider the auxiliary map ¢ : V. — My (B(H)) given by

following Wittstock. We note that
1
Re ¢, (v) < ipn(w)

and clearly any subspace which is cofinal for p is cofinal for the matrix gauge %p. So Theorem 2.3.3 tells
us that there is an extension ¢ : W — My (B(H)) of ¢, such that

1
Re ), (w) < ipn(w)

for all w € W. We note that

e=11 el
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is an extension of ¢ to all of W, and

1
llen ()lln < 2[¥n(@)l] <2 sup [{¢n(v)EE)] < 25 pn ()T,

llel <
whence the result. O

We note that this proof uses the now standard 2 by 2 matrix trick pioneered by Wittstock. Tt should
be possible to provide a direct proof using the matrix bipolar theorem (Proposition 2.2.1), but the author
is of the opinion that this would not be particularly enlightening.

Example 2.3.1

Corollary 2.3.2 tells us that if V is a subspace of an operator space W, and H is a Hilbert space, then for
any complete contraction ¢ : V. — B(H), we have a completely contractive extension ¢ : W — B(H). So
the Arveson-Wittstock Hahn-Banach theorem [1] is a special case of this result.

2.4 M -Convexity

At this point, we introduce an alternative way of looking a matrix convexity. This viewpoint is very much in
the spirit. of unpublished work of Johnson [20] on C*-operator spaces, which we will introduce in Chapter 4
to discuss compactness results. The key idea is that all the important notions we have discussed so far
in terms of a vector space V' and the matrix spaces M, (V) over it have corresponding versions for the
Moo-bimodule M, (V) (recall from Section 1.2 that M, is the space of infinite matrices with only finitely
many non-zero entries).

If V is vector space, and ~ is a matrix gauge, then there is a corresponding gauge v, defined on M, (V)
by letting

Yoo (V) = 1 (v)
where v is zero outside the first n by n entries. This is well-defined by Axiom (AMGT). Tt is not surprising
that the matrix gauges on M, (V') which come from matrix gauges in this fashion are special. To characterize

these, we introduce the idea of an orthogonal set of elements of My, (V): v1,..., v, € Mo (V) are orthogonal
if there exist orthogonal projections ey, ..., e, € My, such that e;v;e; = v;.

Lemma 2.4.1
If v is a matrix gauge, then the corresponding gauge v, satisfies

(AMG1) Yoo (v + w) = max{Yeo (), Yoo (w) } for all orthogonal v, w € My (V)
(AM,G2) Yoo (¥ 13) < |00 (0)]| 8| for allv € Moo (V), a, B € Mo
Proof :

The only difficulty is in showing (AMy,G1), since (AM, G2) follows immediately from (AMG2). If v and
w are orthogonal, with orthogonal projections p and ¢ such that pvp = v and quwq = w, then we have that
there must be some m € N so that v, w € M, (V) and p, ¢ € M,,,. We therefore know that there are partial
isometries a and # which implement equivalences of the projections p and pi and ¢ and p; respectively. So

we must have ava* € Mg (V) and wB* € M (V), so

vtw=[a* ] [m;)”* ﬂvoﬁ*] [;] ‘

This tells us that

ava* 0

ol 0) = ([0 0 |) S a8 ) = o ()7 ),
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O

We will call any gauge on My, (V) which satisfies (AMy, G1) and (AMy, G2) an M, -module gauge. Given
such a gauge v it is immediate that

Yo = I, (v)

determines a matrix gauge on V| and that the correspondence is one to one.

Definition 2.4.1
A set K C My, (V) is said to be Mq,-convex if it satisfies the conditions

(AM,CT) v+we K for all orthogonal v, w € K
(AM,,C2) aKBCK for any contractions a, 3 € M.
Tt is clear that My, -convex sets are the unit sets of My,-module gauges, and that the Minkowski gauges

of M,-convex sets are Mo,-module gauges. This means that My,-convex sets in My, (V) are in a one-to-one
correspondence with matrix convex sets in V. This correspondence can be given concretely via

(2.14) K K= (K, =p,Kpn)

and

(2.15) K K =[] Kn
n=1

We note that there is no correspondence between arbitrary matrix sets in V' and sets in M, (V).
We can re-cast the matrix bipolar theorem (Proposition 2.2.1) in terms of M, -convexity. Let V and W
be two locally convex spaces in duality. Given a subset S of My, (V) we define it’s My, -polar S® C M, (W)
to be the set
S@ — {w e Mg (W) - ||{{v,w)}|| < 1 for all v € S}.

S® is My, -convex, since if w, w’ € S® are orthogonal, with orthogonal projections p and ¢ € M, so that
pwp = w and quw'q = w’', then given v € M, (V) NS, we have p = p, @ p and § = p, ® ¢ are orthogonal
projections in My, ® My, such that p{{v, w))p = (v, w)), ¢{{v, w"))§ = ({(v,w')) and

1w, pwp + qu'ah)ll = [I5{{v, w))p + §{({v,w"))d]|

= max{{[[((v, w)], [[{{v, w'))I[}

<.

So S@ satisfies (AMC1). On the other hand, given two contractions o, 8 € My, then so are & = p, ® o

and B = pn ® B, and so -
[1{{v, cwBNI = lle{(w, w)) Bl < (I, w)]] < 1.

So S® satisfies (AM4,C2), and we are done. We now have what we need to prove an M,-module version
of the bipolar theorem.

Proposition 2.4.2
Given a subset S of M (V), S®9 is the smallest weakly closed Mo,-convex set containing S.

Proof :

Let K be the smallest M., -convex set containing S, and let K be its weak closure, so we want to
show that K®® = K. Tet K be the matrix convex set corresponding to K via (2.14). We note that K
corresponds to the weak closure of K via (2.15), since if v is a net in K converging weakly to v € My, (V),
then if v € M, (V),

v = ]i;n PnUAPn € K.
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So if there is a vg € B®® \ B, then there is an n with vg € M,(V), and so vg ¢ B,. Now from the
matrix bipolar theorem, there must be a wqg € M,, (W) so that

[[{{va, wal)ll > 1> [[{(v, wa|

for all v € B,, with r arbitrary, that is to say, v € B. So if we think of wyq as being an element. of M, (W),
we have wg € B9, and so vy ¢ BO®. L

Similarly, the correspondence between matrix gauges and M ,-module gauges allows us to cheaply prove
a Hahn-Banach separation theorem for this situation.

Proposition 2.4.3
Let p be a My, -module gauge on My, (W), and ¢ a linear map defined from a cofinal subspace V of W to
C, such that,

lleo (W)l < p(v)

for all v € Mo, (V'), then there exists an extension of ¢ to a linear map ¢ from W to C, such that for any
n € N,

lleoe ()| < p(w)
for all w € Moo (W).

Proof :
Letting p be the matrix gauge corresponding to p, we get that ¢ is a linear map from V to C satisfying

llon (W) < pn(v)

so it can be extended to all of W so that

llon (w)ll < pn (w)

and the equivalence of the gauges then gives us

llee ()| < p(w)

as required. O
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Chapter 3

Local Operator Spaces

All the work of the previous chapter has been leading up to us being able to define and work with spaces
which bear the same relationship to locally convex spaces that operator spaces do to Banach spaces. In
this chapter we define them and develop the theory, giving analogues of most of the fundamentals of locally
convex space theory, and proving analogues of the Arens-Mackey duality theorem, the uniform boundedness
principle and the Schwartz kernel theorem. We also investigate the class of spaces corresponding to nuclear
spaces and show that they are extremely well-behaved.

We note that the two most important techniques used in this chapter are that any local operator space
is a projective limit of operator spaces, which often allows us to lift techniques, definitions and results up
from the theory of operator spaces, and the fact that local operator spaces can be identified with a special
class of topological M.,-bimodules, where local convexity is replaced by the M, -convexity. This second
approach allows the use of some results from the classical theory in working with local operator spaces.

We hope that local operator spaces will provide an axiomatic environment. which we hope will be of
use in a number of areas of noncommutative mathematics, and we indicate their potential via a number of
provocative examples throughout this chapter.

3.1 Local Operator Spaces

Let V be a locally convex topological vector space, and let R be a collection of matrix seminorms such
that p, is a continuous seminorm (when M, (V) is identified with V"‘Q) for all p € R, and the family of
seminorms {p1 : p € R} generate the topology of V', then we say the R is a local operator structure on V.
Given such a local operator structure on V', we say that a matrix seminorm ~ on V is matriz continuous if
there exist matrix seminorms pl, ..., pP and some constant k > 0 such that

P)/n.gk(p1+"'+pp)n

for all n € N (note that k is independent of n). We denote the set of all such matrix seminorms by 9,
and note that this set is partially ordered by the relation v < p when

Y (v) < pu(v)

for all v € M, (V) and n € N.

We have an equivalence relation on families of matrix seminorms on a vector space V: two such families
MR, R’ are equivalent if the families of seminorms {p1 : p € R} and {p; : p € R’} determine the same
topology on V and if every matrix seminorm in R is matrix continuous with respect to 8’ and vice versa
(or, equivalently, Mm = Mo+ ). We call an equivalence class under this equivalence relation a matriz topology
on V. An element of the matrix topology is called a generating family of matrix seminorms. We say that
a matrix topology is countably generated if 1t has a countable generating family.

23
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Definition 3.1.1
A local operator space is a vector space V' together with a matrix topology.

Giiven a locally convex space V| a quantization of V is a local operator space whose vector space is V,
and whose matrix topology is generated by some local operator structure R.

We denote the family of all matrix continuous seminorms of a local operator space V' by 9t(V). In
practice, however, we will usually work with a convenient generating family, just as in the classical theory.
The first level of an operator space i1s simply a locally convex space, and the local operator space is a
quantization of its first level.

Definition 3.1.2
Giiven two local operator spaces V' and W, we say that a linear mapping ¢ : V. — W is matrix continuous
if for every matrix seminorm o € DYW), there exists a matrix seminorm p € 9Y(V') such that

]

Tn(@n(v)) < pn(v)

for all v € M,,(V) and n € N. If, in addition, ¢ is a bijection with matrix continuous inverse, we say that
it is 2 matrix homeomorphism.
We denote the space of all matrix continuous maps from V to W by CC(V, W).

To show a map is matrix continuous 1t suffices to check for matrix seminorms in generating families.
More precisely, given generating families ® € 9t(V) and R’ € 9t(W), a map ¢ is matrix continuous if and
only if for all & € R, there is are p1,. .., p? € R and a k > 0, such that

7n(pn(v)) < k(pn(v) + -+ pf (1))

for all v € M, (V) and n € N.

Example 3.1.1
If V is an operator space, then it is a local operator space with the matrix topology generated by its matrix
norm || - [|. The matrix continuous maps between two operator spaces are then simply the completely
bounded maps, and matrix homeomorphisms are complete isomorphisms.

If V' is a Banach space, then 9t(max V') contains all the matrix norms for quantizations of V.

There is no collection of maps corresponding to completely contractive maps, since the matrix topology
forgets the metric structure associated with the original norm, as one would expect.

A locally convex space may have many different (i.e. non-matrix homeomorphic) quantizations. As a
simple example consider a Hilbert space H with the locally convex topology determined by its norm: we
know that it if A is infinite dimensional that H. and H, are non-completely isomorphic operator spaces,
and as Example 3.1.1 shows these are quantizations of H which are not matrix homeomorphic.

Given a locally convex space V we have the extremal quantizations min V' and max V' defined as follows.
If p is any continuous seminorm on V', then we know that its unit ball is closed and convex, and so is closed
in the weak topology o(V,V’) on V determined by its continuous dual. So we may define the minimal
and maximal matrix seminorms associated with p, namely p and p. We let min V' be the local operator
space determined by the matrix seminorms {p: p € M(V)}, and we let. max V" be the local operator space
determined by the matrix seminorms {p : p € 91(V)}. Tt is immediate from (2.13) that the identity map on
V induces the following diagram of matrix continuous mappings

(3.1) maxV =V s minV

where V is any quantization of V.

"The terminology here is not optimal: we would desire to call such maps completely continuous so as to agree with the
terms completely bounded and completely positive, however the term completely continuous is already in use in the literature
on locally convex spaces.
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If V is a subspace of a local operator space W, then it is clear that the restrictions of the operator
seminorms in DY(W) determine a matrix topology on V. Tf V is closed in W at the first level (or M, (V) is
closed in M, (W) for some n), then M,, (V) is a closed subspace of M,, (W) for any m € N.

If V and W are local operator spaces, then a matrix continuous map ¢ € CC(V, W) which is a matrix
homeomorphism onto its image in the subspace matrix topology, is called an inclusion of the local operator
space V into W.

If V is a subspace of W, then for every p € 9t(V), then we have a quotient matriz seminorm p given
by the quotient seminorms p, of the p, on

M, (W/V) = M, (W)/M, (V).

So W/V gains a matrix topology determined by {p : p € DY(V)}. Tf V and W are local operator spaces,
any matrix continuous map ¢ € CC(V, W) which induces a matrix homeomorphism ¢ : V/kero — W is
called a matriz quotient map from V to W.

We say that V' is an operator Frechet space if it is complete and the matrix topology is countably
generated. Tn particular this implies that each M, (V) is a Frechet space. Since quotients of Frechet spaces
by closed subspaces are Frechet with generating family of seminorms being the quotient seminorms we
have that the quotient. of an operator Frechet space by a closed subspace is also an operator Frechet space.

Example 3.1.2
If Ay is a non-commutative torus as in Example 2.1.2, then we let. Ag® be the vector space of elements of
Ag such that D*:! is defined for all k, I € N. Then all the matrix gauges p*! are finite, so they are matrix
seminorms. The same follows for the gauges ~*. So we can turn Ag° into an operator space with the matrix
topology generated by the p®!. Tt is trivial that this matrix topology is the same as the matrix topology
generated by the 4*. Note, however, that the ~* norms have the additional nice property that they are
partially ordered (indeed, they are totally ordered). The significance of this will become apparent. in the
next section.

The maps D*! are now matrix continuous maps from AS° to itself. They are matrix quotient maps, but
not, matrix homeomorphisms.

Example 3.1.3
The construction of the previous example trivially generalizes to the generality of Example 2.1.3, although
the 4% are merely partially ordered. We will denote such a space as V.°.

Moreover, we no longer need to restrict ourselves to (G acting on operator spaces V. We may instead
consider strongly continuous action o of (G on a local operator space V. Then we obtain matrix seminorms
p* on the smooth elements of V' of the form

pr(v) = pn (D ()
where p € 9Y(V), and v*°* where

/ Du
,_yg,k (”) — sup pn( TI.(I”))

!
pEMV) e
<p -

for p € D(V). Again we will denote the space of smooth vectors V. >°.

Example 3.1.4
Let S(IN?) be the Schwartz space on N%. The topology on S(IN?) is generated by a number of equivalent
families of seminorms, in particular {y” : n € N} where

7" (1) = sup (d + k)" (k)]
keNd
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for v € S(N), and {p” : n € N} where

() = 3 (d+ kD) (k).

keNd

But we may turn 4" into a matrix seminorm by embedding S(N%) into B(¢£2(N?)) by letting {ex : k € N9}
be the standard orthonormal basis for £2(N%), and making v act by

v-eg = (d+ [k|))"v(k)e

ie. putting (d + |k|)"v(k) down the diagonal. Then the norm of v agrees with 4”(v), and so we define 4™
to be the matrix seminorm we get by pulling back the matrix norm on B(#?(N%)). Similarly, we may embed

S(N?) into B(£2(IN)) by letting v act by
v-er = (d+ k)" ?v(k)e

ie. by putting (d + |k|)"/?v(k) into the first row. Then the norm on B(£?(IN?)) agrees with p" (v), and so
we get another family of matrix seminorms p™.
We also note that if d = 2, then A3 = S(N?) and so we get a third potential quantization. We could

also have embedded » into the first column, and achieved a fourth quantization.

bl

We would expect that these quantizations of S(N?) would be quite distinct since we are quantizing the
seminorms in distinctly different ways: roughly speaking, the 4™ have been quantized as C*-matrix norms,
while the p™ have been quantized as Hilbert row matrix norms. If these were operator spaces, we would
expect these quantizations to be incomparable. However, as we will see, these different quantizations give
the same matrix topology.

Example 3.1.5
If H is a Hilbert space, and A is a family of densely defined closable operators on H with common domain
D which contains the identity, then we call A an O-family (or an Op-family) following Schmiidgen [36]. We
define the matriz graph topology on D to be the matrix topology generated by the matrix seminorms of
Example 2.1.4 where V = H,. (note that they are indeed matrix seminorms on this subspace) and denote
this local operator space by Da .. This is clearly a natural quantization of the graph topology D a of [36].
Moreover, every element a € A is now seen to be an element of CC(Da ., H) by looking at the definition
of the seminorms, and equally clearly it is the weakest such.

Example 3.1.6

Consider a one particle quantum mechanical system with position and momentum operators p and ¢ acting
via the Schrodinger representation on L?(R?). p and ¢ are closable unbounded operators with dense domain
S(R?), and moreover the map S(R?) to S(R?), so that we can compose them, so we can consider the unital
algebra A of unbounded operators generated by p and ¢. The graph topology W4 on W is the same as
the standard topology of S(R?) (see [6] for details). Then given Example 3.1.5 we have a natural matrix
topology on the wave functions W, namely Wy ., and this is a quantization of S(R?).

For more general quantum mechanical systems, we have that W is a countably generated nuclear space
(see Section 3.9) sitting densely inside some Hilbert, space and is a common dense domain for the algebra
of observables, so we can apply the above construction to topologize W. Tn this context, A is implicit, so
we will often simply write W.,.

3.2 Projective Limits

When working with locally convex spaces, it is often convenient to consider them as projective limits of
Banach spaces, since this allows us to use results from Banach space theory to derive results for locally
convex spaces. This leads us to the conclusion that 1t would be useful to have such a theory available for
local operator spaces, especially given that the theory of operator spaces is comparatively well developed.
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Recall that, classically, if we have a vector space V' and a family of locally convex spaces V., and linear
maps 7, : V. — V,, then we may associate to each v € T and p € 9(V;) the seminorm po m, on V. Then
this family of seminorms generates the projective locally conver topology on V| which and we denote V with
this topology as

V=1lmV, =lim{(V,,m):v €T}

Conversely if the topology on V' is generated by a family of seminorms R, then we have
V= Hﬁ{(vp: m,) 1 p € R}

where V, is the completion of the space V, in (2.1). So any V is a projective limit of Banach spaces. Note
that taking completions is not necessary, but is customary since is simplifies working with the spaces.

It is often most convenient to work with T' a directed set, with V, Banach spaces so that there are
connecting maps 7, , : V, =V, for p > v such that

Ty,p ©Tp = Ty

and which are contractions. We can certainly always do this, since 91(V) is directed by the obvious rela-
tionship

(3.2) v<p <= y(v) <pv), Vv eV

but we can usually get away with a much smaller generating family. Tn fact if & C 91(V) is a generating
family which is a directed set with the relationship < of (3.2), then this is sufficient to guarantee that the
connecting maps are contractions.

One advantage of working with directed sets is that if we have two locally convex spaces V' = m(vp, T,)
and W = H@(Va,ﬁo) where the projective limits are directed, then a linear map ¢ : V. — W is continuous
if and only if for each o there is a p and a k > 0 such that

165 (L) < kllmo ()]

Similarly we can define the projective local operator space topology on a vector space V determined
by a family of local operator spaces V, and linear mappings 7, : V. — V, by defining matrix seminorms
p=caom, fory €T and o € 9(V), and we write

V =1imV, = Bm(V;, 7).

Once again we can go in the converse direction, so that if V' is an arbitrary local operator space, then

V= @{(vaﬂ'p) cp eN(V)}

where V, is the completion of matrix normed space V, as in (2.3), and is hence an operator space.
We can, if it is useful, insist that the limit be taken over a directed set of operator spaces so that for
p > 7 there are connecting maps m, , : V, = V,, which are complete contractions, since this is the case if

we order 9(V) by saying
pLao = p,(v) <o,(v), Vv e M,(V), neN.

But again, any generating family for the matrix topology which is a directed family under < will suffice.

As we might expect, we can use this to provide a nice characterization of matrix continuity. If V =
@(Vp, m,) and W = @(VV@7 f,) are directed, then ¢ : V — W is matrix continuous if and only if for each
o there 1s a p and a k > 0 such that

185 )n (n (W))ln < El[(7p)n (0)]|n
for all v € M, (V) and n € N.

We should note that in all the above we are taking projective limits of the topologies, not the underlying
vector spaces. This is key in the following result.
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Lemma 3.2.1
If V is a finite dimensional locally convex space, then all quantizations of V' are identical.

Proof :

Choose any quantization of V| and write it as a projective limit of of operator spaces V = @Vv
Without loss of generality the V, are of the same dimension as V. But then the matrix topologies on the
V, are all identical, since any two operator spaces of the same dimension are completely isomorphic, and
so the limit matrix topology is the same as the matrix topologies on the V, (this observation is due to S.

Winkler). O

If W is a subspace of a local operator space V' = lim(V,, 7,) then we have that

W= Em(va, 7p)
where W, = m,(W) and 7, = 7, |w.

Note that all of the above presuppose the existence of the original vector space V', and we may want to
take a projective limit over an arbitrary projective system of local operator spaces. In this case we again
use the distinction between the limit of the vector spaces and the limit of the topologies. If we are given V,
where v lie in a directed set T', and for p > v we have a matrix continuous connecting map m, , : V, =V,
then we simply take the vector space projective limit m V, to be our V, and then continue with the original
construction. We will need this sort of construction in later sections.

We now have a proposition which will be of importance in later sections.

Proposition 3.2.2
If V is a locally convex space, then

min V' = lim{minV, : p € N(V)}
and

max V = lim{maxV, : p € N(V)}.
Indeed, we can replace M(V') with any generating family which is directed by <.
Proof :

Tt suffices that if p € N(V) then
Vs = max 'V,
and
Vs =minV,

by the definition of min V' and max V. The second we observe follows since the adjoint of the quotient map
7, maps the unit ball of Vp* onto the polar (B?)° of the unit set of p, so that we have for any v € M, (V)

pal0) = supdlir, Wl w € (BO)°)

sup{[[{((mp)n (v), 2Dl -2 € V,", |2l < 1}

[1(7 ) (0) | min

But we also have that the quotient mapping 7, inflates to a quotient mapping (7,), : Mp(V) = M, (V,

and so we have the adjoint at the nth level mapping the unit ball of M, (Vp*) B(V,, M,,) onto (B*)®.
Hence we can say that

pm = sup{||{{v,w))|| - w € B*)?, n € N}
sup{[[{{(mo)n (v), 2| : 2 € B(Vp, M), [|z]| < 1}
() ()| max

as in Example 2.2.2. O
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Example 3.2.1
Consider Example 3.1.3 of a ie group (G acting on an operator space V' via o. We observed that the matrix

seminorms 4% are an ordered family which generate the matrix topology on V.. So we have that

where V¥ is the operator space of elements of V' which are k-times differentiable (ie. D exists for all
|u| < k), with the matrix norm 4*|yx  that this is a matrix norm follows since v* > (|| - ||.)-

If V is instead a local operator space V = lim V,, where the p € R are ordered and generate the matrix
topology, then

SO
PER ek
p'<p

for p € R, and so
o _ 11 _ 1 k
VU = !lm V,Yp,k. = !lm Vp
PERKEN PERKEN
where we consider G acting on V), via the natural action induced by 7,.
Example 3.2.2
N.C. Phillips introduced pro-C*-algebras in [29]. They are defined to be projective limits of C*-algebras

A, where the connecting maps m,, are *homomorphisms. Since *-homomorphisms of C*-algebras are
automatically completely bounded, we get immediately that a pro-C*-algebra A is a local operator space,

A :@Ap.

and that 1t can be written as

Example 3.2.3
Looking more closely at Example 3.1.4, we see that what we have done is to express S(IN) as a projective
limit in two ways:

S(NY) = lim ¢
where the projection maps act via

T = (vn) = ((d + |n))*vn),
and
S(N?) = lim (>
where the projection maps act via
Or < (vn) = ((d + )/ %v,).
Then the quantizations discussed in the example are just S(N9) = @f(’o with the same connecting maps,
regarding £ as a C*-algebra, and hence an operator space; and S(N?) = @/2 with the same connecting

maps. Clearly this second quantization opens other possibilities, for example S(IN%) = lim /2 or S(INY) =
@()(ﬁ) where O(H) for H a Hilbert space is Pisier’s operator Hilbert space.

Example 3.2.4
Given an O-family A acting on a Hilbert space H with domain D, and assume that A is partially ordered
by the ordering of the matrix norms || - ||,. Then we let

AN =fae A1 < lla}-

and observe that A(T) is ordered by the ordering of the matrix norms. We note that for a € A(T), D(a) is
a Hilbert space with inner product
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We will denote this Hilbert space as H,. Since if a < b, H, C H,, we get a projective system and can
consider
Da=1limamnH,

where the connecting maps are the embeddings. If D was maximal in the sense that

D= () D(a)

ac A

then D4 = D4 and the topologies agree ([36], Chapter 2).
So assume that D is maximal in this sense, then we can extend this result to say that the Dy . of
Example 3.1.5 is a projective limit of Hilbert column spaces

DA,(: = @(Ha)(’

since the inclusions are bounded maps H, — H,, and so are in CB((Hb)e, (Ha)e)-

3.3 Tensor Products

The two tensor products of primary interest, in the theory of locally convex spaces are the projective and
injective tensor products, which we will denote V& W and V & W respectively for V| W locally convex
spaces. We have that if V = h@ Vo, W = liénW}, (assuming the V, and W, are Banach spaces), then we
get the incomplete projective and injective tensor products

VW= mvpﬁ Weo
VoW =1limV,oW,.
These products are usually denoted V @, W and V ®@. W respectively in the literature on locally convex
spaces. We will use this non-standard notation to highlight the similarities with the Banach space and
operator space tensor products. The complete projective and injective products are simply the completions
of V@ W and V @ W respectively.
Tt is well-known that there are analogues of the projective and injective tensor products in the category

of operator spaces. Recall that if V and W are operator spaces, then we define the projective or maximal
tensor product of V' and W to be the vector space V @ W with the matrix norm given by

ulln = int{llollellolllolly 5 = o pxq (0 8 ),
vE My(V), we My(W), o€ CB(Myxq, M)}

for any u € M,,(V @ W); and the injective of minimal tensor product to be V'@ W with the matrix norm

llullv = sup{ll(¢ @ L)n (u)ll : o € Mp(V7™), & € Mg(W7), [lel], [l4]] < 1}

for any u € M,,(V @ W). We denote these spaces and their completions respectively as V Qop W, V Qop W,
1% @()p W and V Zéop W.

This tells us immediately by analogy what the “correct” definition of the tensor products must be for
local operator spaces.

Definition 3.3.1

Let V = @Vp and W = @VVU be local operator spaces (where the V, and W, are operator spaces).
Then we define the incomplete projective (or maximal) and injective (or minimal) tensor products of V
and W to be the matrix topologies on V@ W given by

V Qop W = @ 7 ®OP Wo
V@op W = @Vp @np W
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We define the complete projective (or maximal) and injective (or minimal) tensor products of V and W to
be the completions of V @, W and V @., W respectively and denote them V @,, W V Bop W.

Alternatively, we can construct these spaces by giving V ® W the matrix topology coming from the
matrix seminorms

0 Bep (1) = int{ll0 by (1)rg (1)
U=0pyg (VO W), v € M(V), we My(W), o€ CB(Myxq, Mn)}
and
p&}np o(u) =sup{||(pom, @ oms)a(u) :
¢ € Mp(V)), v € Mg(W7), [leell, [l < 1}

respectively, for p € 9Y(V) and & € DY(W).
Furthermore, these tensor products have the properties that you would expect from consideration of the
classical and operator space tensor products: they are symmetric, associative and functorial.

Lemma 3.3.1

Let V and W be local operator spaces. Then

(3.9 V G0 W 1 20y V
VOpW=EWQepV

l

and if X is also a local operator space, then

(3.5) % RQop W) Dop X = V@OP(WQOP X)
(3.6) (V @op W) @op X =V @ap(W @op X).

If o € CC(X,V) and ¢y € CC(Y, W), then
@Y ECC(X Qop Y,V Qop W)
@Y €CC(X Qop Y,V Qop W).

Proof :
These all follow immediately from the corresponding statements for operator spaces. If we have V =

@Vp, W = @W},, X = @Xw and Y = @Y(g, then since
Vo Qop Wo = W5 Qap Vy
VP @np VVG VVU @013 VP

Il

we immediately get (3.3) and (3.4); since

(Vo Qop Wo ) Qop Xy = V) Qap(Wo Qop X5)
(Ve @ap Wor) @op X = Vy Qap(Wa Qop X5)

we immediately get (3.5) and (3.6). Finally, given any p and o, we can find «, 4 and k > 0 so that

Y(p,(v)) < kp(v)

and

8(tp, (w)) < ka(w)



32 CHAPTER 3. LOCAL OPERATOR SPACES

and then we have that
(7 @op 8) (¢ @ P)(2)) < k(pBop 7)(2)
and
(4 Fop (9 © $)(2)) < k(0 Fop @) (2)
from the operator space results and so we get matrix continuity for both projective and injective tensor
products. (|

The last part of this lemma immediately implies that the matrix topologies given by the constructions
do not depend upon the choice of generating family used in the projective limits.
We also expect the projective and injective tensor products to be injective and projective.

Lemma 3.3.2
Let V, W and X and Y be local operator spaces. If ¢ : V — X and ¢y : W — Y are matrix quotient
mappings, then

PRY VQepW = XQup Y

Is a matrix quotient mapping. If, on the other hand, ¢ and 1 are inclusions of local operator spaces, then
RV :VQ@pW = XQupY
is an inclusion of local operator spaces.

The proof of this lemma is the same as the proof of Lemma 3.3.1: we simply lift the result from the
corresponding result for operator spaces.

We can identify the operator space tensor products with certain mapping spaces. At present we do not
have any natural topologies to apply to mapping spaces of local operator spaces, never the less we can make
the following identification of vector spaces.

Lemma 3.3.3
Let V, W and X be local operator spaces. We say that a bilinear map ¢ : V x W — X is matrix continuous
if for every matrix seminorm v € 9Y(X) we have matrix seminorms p € 9(V) and o € DY(W) such that

Yrxm (@i (v, 0)) < p (v)Tm (w)

for any n, m e N, v € M,,(V), w € M,,(W). We denote the space of all such maps by CC(V x W, X).
Then CC(V @4, W, X) 2 CC(V x W, X) as vector spaces, via

Unxm (V@ W) € Up.m (v, w).

Proof :
If ¢y € CC(V x W, X), then given v € DU(X), ¢ induces a contractive map

bV x Wa = Xy

and so ¢ € CB(V), Rop Wa, X5) and so ¢ € CC(V Qop W, X).
Conversely, if ¢ € CC(V @op W, X), then for every v € 9(X), ¢ induces a contraction

UV Bop We — Xy
for some p € N(V) and o € DYW) and so ¢ € CB(V, x W, X,). But this implies that
T (P (0,0)) < i (0)7 (1)
forany n,m e N, v € M, (V), w € M, (W). O
Finally, we have that for V' and W operator spaces, the identity map extends to a complete contraction

VSop W =V Sop W.
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Lemma 3.3.4
Let V and W be local operator spaces. Then the identity map

VQopW =V Qp W
1s matrix continuous.

Proof :
We simply note that given p € 9t(V) and ¢ € (W), we have that for any z € M,,(V @ W)

p@Op ”(T) S p@op ”(T)
O

The theory of operator spaces has an additional, novel and natural tensor product, the Haagerup tensor
product. To define the Haagerup tensor product we introduce a new operation @ where

q
1O W= [Z vk @ Wi ]

k=1

where v € My, ((V), w € My, (V) and v ©w € M, (V@ W) (V and W are arbitrary vector spaces at this
point). Tn other words the operator @ is a combination of matrix multiplication and tensor product. We
define the (incomplete) Haagerup tensor product of two operator spaces V and W to be the V @ W with
the matrix norm

[|||n = inf{||v||||w]] : v =v O w,v € My, (V),w & M, (W)}

for any u € M, (V @ W). We denote this space to be V @, W, and the completion to be V @&" W. The
Haagerup tensor product is associative and functorial, but is not symmetric. Tt lies between the injective
and projective tensor products in the sense that we have complete contractions

VBpW V"W s VE,W

induced by the identity map on V @ W. Tt also has the property that it linearizes certain multilinear
mappings: if
p:VixVox...xV, =W

is a multiplicatively bounded multilinear map, that is to say

el = supflle(or, o)l = flnall < 1}

where v; € My, ,.(Vi), pi € N, then ¢ extends to a completely bounded linear map (also called ¢ by
abusing notation slightly)
e VidpVa®p...0nV, = W.

The converse statement is also the case. These fact will be key later on, since it in particular implies that
if A is an operator algebra, then the multiplication map is a completely bounded map from A®;, A — A.

The Haagerup tensor product naturally extends to the category of local operator spaces via projective
limits.

Definition 3.3.2
Let V.= WmV, and W = UimW, be local operator spaces (where the V, and W, are operator spaces).
Then we define the incomplete Haagerup tensor product of V. and W to be V@ W with the matrix topology
given by

Ve W=1mV, @, W,

We define the complete Haagerup tensor product of V and W to be the completion V @" W of V @, W.
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The Haagerup tensor product of local operator spaces is associative and functorial.

Lemma 3.3.5
IfV, W, X and Y are local operator spaces, then

(V@h W) Qp X = V@h(W‘L;’Oh X)
and if o € CB(X, V), ¢ € CB(Y,W), then p @ ¢ € CB(X @, Y,V @, W).

Tt also lies between the injective and projective tensor products.

Lemma 3.3.6
If V and W are local operator spaces, then we have that the identity is a completely continuous map

V@ W = Ve, W

and
VarW =2V W

The proof of these lemmas is identical to the appropriate parts of Lemma 3.3.1 and Lemma 3.3.4, and
so are omitted. Once again we get as an immediate corollary that the Haagerup tensor product does not
depend upon the way that we chose to write V' and W as projective limits of operator spaces. The Haagerup
tensor product is not symmetric.

The Haagerup tensor product also inherits the property of linearizing multiplicatively multilinear maps.
IfVi,...,V, and W are local operator spaces, then a multilinear map

p:Vix...xV,>W

is multiplicatively continuous if for every a € 9Y(W), there exist p; € 9t(V;) such that

(@1, 1)) < pi(01) . Pu(vn)
for v; € My, _, p,(Vi).
Lemma 3.3.7
Ifo:Vy x...xV, = W is multiplicatively continuous, then it extends to a matrix contimious map (which

we will also call ¢) from Vi @p, ... @4 Vi, to W.

Again, this result follows by lifting the corresponding result up from the operator space case.

Example 3.3.1
et A be a C*-algebra with a strongly continuous action & of a Lie group (G. Then we have a local operator

space structure A% on the C*® vectors in A as in Example 3.1.3. Consider seminorms of the form v* given

by
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where p! = pilpal .. pg!l. For any a € M, (A @5 AY), and any expression of a = u ® v, we have

DE [ Wi 1V
=S AP Al

7/’1)

|ul<k w

Z 1> P “71”17)”

[u|<k
- ||[Zz,yguO(M»V)D”(W,I)D‘“”(W,j)]ll
o !

Liul<k w

[ (2 )]l I[P “77 1l

<0 T

L \lvi<k Inl<k

< A ()77 ()

since multiplication is completely contractive from A ®" A — A, and where

u!

(7(/1,1/) = 0(//‘171/1)(7(“2”/2) - '(7(//‘77.71/”‘) = m

and so taking infima of both sides we get
~*(m(a)) < +* 2" ~"(a)
and so the multiplication map is matrix continuous as a map
m: AY @p Ay — AY.
This result still holds if we replace A by an abstract operator algebra.

Example 3.3.2
Continuing Example 3.1.6, we have that the space of physical states is given by

T=WaWw
and is the dual of the algebra of observables [6]. The action of 7" on A is implemented by
(v @ w,a) = (Jv,aw)

where we are using the physicist’s inner product (ie. antilinear in the first position) and J : H — H is the
standard antilinear involution induced by the isomorphism of H with its conjugate Hilbert space H.
Given that W, in fact fits Example 3.2.4, we have that

W, = Lim(H

and that what we are in fact doing is considering the first W in the tensor product as row vectors, it makes

W, = Lim(H

We also observe that what we are doing is analogous to the operator space fact that 7(K) = K, @" K, is

sense to consider

the dual of K(K) = K.®" K,. So a natural local operator space version of T, the physical matriz states, is

W, @" W..
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3.4 Complete Boundedness and Mapping Spaces

If V, W are locally convex spaces, then the space of continuous linear maps C(V, W) is clearly a vector
space, but it is not immediately clear what topology we should put on it, or even if there is one. We say
that a set X € V is bounded if for every seminorm p € 9(V), there is a A > 0 such that AX C Bf. If
¢ : V. — W is a linear map, we say that ¢ is bounded and write ¢ € B(V, W) if ¢ maps bounded sets in V
to bounded sets in W. If X is bounded, closed and convex we have an associated gauge p = 4% which we
call a bounded gauge. We observe that p is faithful, and so ,V is a normed vector space.

Letting & be a family of bounded gauges such that there is no v € V with p(v) = 0 for all p € &, we
define a topology on C(V, W),

C(V, W)e = [im{(BGV, W,), my.,) : p € 6, p € R(OW)}
where m, , is the map which takes ¢ € C(V, W) to the map obtained by the composition
VoV S W S w,.
Classically there are a number of standard choices for &.

e & contains only the Minkowski seminorms of closed convex hulls of finite sets. Then we get the
topology of pointwise convergence.

e & contains only the Minkowski seminorms of convex, compact sets.
e & contains all bounded seminorms.

As the reader would expect by this stage, the above discussion generalizes to the case of local operator
spaces.

Definition 3.4.1
Let X = (X,) be a matrix subset of a local operator space V. We say that X is completely bounded if for
every matrix seminorm p € 9Y(V') there is a A > 0 such that AX C B”.

Given a linear map ¢ : V — W, we say that it is completely bounded and write ¢ € CB(V, W) if ¢ maps
completely bounded matrix sets in V' to completely bounded matrix sets in W. If X is matrix convex and
closed, it has an associated Minkowski matrix gauge pX, which is faithful, so pxV is an operator space.
We call such matrix gauges whose matrix unit sets are completely bounded, completely bounded.

Definition 3.4.2

Let V., W be local operator spaces. (Given a family & of completely bounded matrix gauges on V such that
there is no v € V with py(v) = 0 for all p € &, we define the & matrix topology on CC(V, W) to be given
by

CC(V,W)s = Bm{(CB(,V, W,), mp,) : p € &, p € N(W)}

where the maps mp, , are the maps which take ¢ € C(V, W) to the map obtained by the composition
VoV S W oW,

Example 3.4.1

If & is the collection of all the completely bounded matrix gauges B(V) on V, then we call this matrix
topology the completely bounded matrix topology. Tn the special case where W = C, this is the strong matriz
topology.
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Example 3.4.2

Tf we look at matrix sets which are the closed (absolutely) matrix convex hulls of points X, where (X,,),,, = &
if n £ m and (X,), = {v}, and consider their Minkowski matrix gauges p”, then this family of bounded
matrix gauges QB (V) gives what we will call the matriz pointwise topology. Tn the special case where W = C,
this is the weak matriz topology.

Clearly the matrix pointwise topology is weaker than the completely bounded matrix topology, since
the identity map

id : CC(V,W)g(v) = CC(V, W )ag(v)

is clearly matrix continuous. TIndeed if & determines a matrix topology on CC(V, W), then it is always
weaker than the completely bounded matrix topology, since & C B(V). Tt is also always stronger than the
matrix pointwise topology, since if v € M, (V), then there is a p € & with k = p,,(v) > 0 and moreover the
matrix convex hull of » must be contained in kB?, and so for any w € V,

p(w) < k7 'p”(w).

We would like to construct a matrix version of the second of the standard topologies. The difficulty
is that exactly we mean by a “compact” matrix set is problematical, as we will see in the next chapter.
However in this context we will say that a matrix convex set X C V is matriz compact if each of the X,
is compact in M, (V).

Example 3.4.3
Let W be the space of wave functions. Dubin and Hennings [6] identify the algebra of observables A with
LT (W, W), the space of unbounded closable operators on H, with domain W and range contained in W,
and with the property that the domains of the adjoints a® contain W. Hence the restrictions of the adjoints
a* = at|w are in LT(W,W). Also LT (W, W) is clearly a *-algebra under composition, indeed it is a
prototypical O*-algebra. They topologize A by identifying it with a subspace of Cg(W, Wg) in the obvious
way.

Considering W,., we can instead regard the algebra of observables as A = CC(W,, W,) sitting inside
CCxs(W., (W/!)s). Unwinding all this notation, the matrix topology we get on A is that generated by the
matrix seminorms

pro(laii) = sup IO aikéeim )l

EEPL NEQN &

where P and @Q are completely bounded subsets of W.,.

3.5 The Uniform Complete Boundedness Principle

We now move in the direction of proving a uniform boundedness principle for local operator spaces. Classi-
cally, the uniform boundedness principle holds if and only if the locally convex space is barrelled; a condition
which says that every closed, (absolutely) convex, absorbent set is a neighborhood.

Definition 3.5.1
A matrix subset X of a vector space V is completely absorbent if for every v € M, (V), there isa XA > 0
such that v € aX 3 for all @« € M, ,, 8 € My, with ||a]|[|5]] > A.

A matrix subset X of a local operator space V' is called a matrix barrel if it is absoliutely matrix convex,
completely absorbent, and closed.

V' is a matrix barrelled local operator space if every barrel is a matrix neighborhood of 0, that is it is a
matrix set containing the matrix unit set of a continuous matrix seminorm.
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Notice that if X is matrix convex then X is completely absorbent if and only if for every v € M, (V)
there is a A > 0 such that v € uX for all g > A, that is it is absorbent at each level. To see this we simply
observe that if v = az3 for some 2z € X and p = ||a]|||3|] > A, then

' =azxf/peX

by matrix convexity and v — uz’. The converse is trivial: we take @ — 7, 3 = I to find the = we need.
Given this fact the fact that matrix barrelled spaces are barrelled locally convex spaces is trivial. In the
other direction we observe that if V' is barrelled and we have a matrix barrel in max V| then it contains
some unit set of a continuous seminorm at the first level, and so it contains the minimal quantization of
that set and so contains a matrix unit set of maxV.
However if V 1s any distinct quantization other than max V| we have that there must be some continuous
matrix seminorm p on max V' such that for all & € 9t(V') we have at some point v, € M, (V)

pPve) > o(vs).

Hence the unit set of p 1s a matrix barrel, but does not contain any matrix unit set of V', and so is not a
neighborhood.

Due to the highly restricted nature of the spaces which are matrix barrelled, it is not clear if this is the
“correct” definition. Nevertheless, in the case of operator nuclear spaces, where all quantizations are the
same, we will see that this definition of a barrelled space is what we need. The other cue that this definition
is good, is that it does allow us to prove an analogue of the uniform boundedness principle.

Recall that the classical principle of uniform boundedness says that if we have a barrelled space V' and a
locally convex space W, then a set of continuous linear mappings from V to W which is pointwise bounded
is equicontinuous.

Let X be a matrix subset of CC(V, W). We will say that X is matriz pointwise bounded if the matrix
set. X (v) where

X(W)n ={pk(v) 1 p € X, })

is a completely bounded subset of M, (W) for every v € M,, (V). We will say X is matrir equicontinuous if
given any continuous matrix seminorm & on W, there is a continuous matrix seminorm p on V such that

Tmn, (Qon (7))) S Pn (”)

for all m, ¢ € X, and v € M, (V). For our purposes it will help to rephrase this in terms of matrix unit
sets: if U is a matrix unit set in W, then we can find a matrix unit set Z of V such that o(Z) CU. As
is ideal in the theory of operator spaces, we have set things up so that we can prove the following result in
an entirely straightforward manner.

Theorem 3.5.1 (Principle of Uniform Complete Boundedness)
Let V be a matrix barrelled space, W a local operator space. If X is a matrix subset, of CC(V, W) which is
matrix pointwise bounded, then is matrix equicontinuous.

Proof :
Choose a closed matrix unit set, U, of a continuous matrix seminorm on W. Let B = (B,,) where

B, ={v € M,(V) : n(v) € Unn for some m and ¢ € X,, }.

Now we see immediately that B is closed and matrix convex. We would like to show it is a matrix barrel,
for if it is then it is a matrix neighborhood since V' is matrix barrelled, and so we can find some continuous
matrix seminorm whose matrix unit set lies inside B, as then

p(Z)CU

for every ¢ € X.
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Given v € M, (V), we have that X (v) is completely bounded, and so there is a A > 0 such that
X (v) C AU. Moreover, since U is matrix convex, X (v) C pU for any p > A. But what this is saying is
that there is a ¢ € X such that ¢, (u~'v) € U, so v € uB,, and so B is completely absorbent. O

Example 3.5.1
This gives us a limited analogue of the uniform boundedness principle in the context of operator spaces.

Corollary 3.5.2
Let V be a Banach space, W an operator space and X a matrix subset of CB(max V|, W) such that

aup [l (D] < oo
peX
for alln € N and all v € M,,(V'), then

sup [|]les < oo
peX

3.6 Locally M, -Convex Spaces

Recall that we discussed the relationship between matrix convexity and M., convexity in Section 2.4. An
obvious question to ask is what notion corresponds to a local operator space in the My, language? And
does this viewpoint give us any extra insight?

The correspondence between matrix seminorms and M,,-module seminorms means that local operator
space structures on a vector space V have a one-to-one correspondence with locally M,-convex topologies on
Mo (V) (ie. topological vector space structures on Mo, (V) which have a neighborhood base at 0 consisting
of Mq,-convex sets, or equivalently, the topology is determined by M. -module seminorms). We will call
such a space a locally Mo, -conver (topological vector) space.

Tn this point of view ¢ € CC(V,W) if and only if oo € C(Mu(V), M (W)). Similarly, if V =
@(Vwﬂ'w), then My, (V) = m(Mm(%), (7)o ) as a locally convex space. Tnclusions and quotients also
work just as you would expect: ¢ : V < W as local operator spaces if and only if ¢, : Moo (V) = My (W)
as locally convex spaces; ¢ : V. — W is a complete quotient map if and only if o, : V — W is a quotient,
map.

One advantage of looking at the theory in this way is that it gives us access to classical results for
locally convex spaces in a way which is useful for proving local operator space results. We will use this in
Section 3.7 when we discuss bornology. The disadvantage is that we lose access to the large body of results
available from operator space theory. For example, the properties of the various tensor products would be
tedious to prove using M., methods.

The one other piece of insight that these methods give is that they, somewhat surprisingly, give us
information about minimal and maximal quantizations of locally convex spaces. We will use this when we
discuss operator nuclear spaces in Section 3.9.

Let V' be a Banach space. Tt is well known (see Effros and Ruan [7], Section 3.4) that

M,(minV) =M, & V.
Since My, is finite dimensional and V is complete, we in fact have that
M,(minV) =M, V.

and so

Mo (minV) =M, @V

as normed spaces. On the other hand we have that

M, (maxV) =M, @V
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as vector spaces, and the norm on M, (V) is a cross norm, since if we have a € M,, and v € V|

[l ® v]

maz = supd[|((a @ v, Wl < ¢ € BV, My),llell < 1,p € N}
— sup{[l(id @p) (o @ )| ¢ € BV, My),llgll < 1,p € N}
— sup{llo @ @()ll : £ € BV, M, ), 7] < 1,p € I}
= sup{llalllle()ll - £ € BV, M,), Il < 1,p € IV}

= [lellvll-

So there is a contraction
M, @V — M,(maxV)

and the standard map 0 : M, — M, : & — p,xp, is a contraction, so for any element 2 € My, ® V we can
factor the map
Mo @ V = My (max V)

through the diagram
M,V —— M,(maxV)

I l

M@V —— My (maxV)

for n sufficiently large, and so it is a contraction.
If we have that V = m V, is now a locally convex space, then

(3.7) Moo (minV) :mMm(min V,) :MMm@Vp: My @ V.
Also, the map
(3.8) My @V — My (max V)
must be continuous, since for any p, the map
My @V, = Moo (max V)

is a contraction.

3.7 Injective Limits and Matrix Bornology

Given the importance of projective limits in the material so far, a natural question would be to ask what
we can say about injective limits of local operator spaces. Classically, if we are given a vector space V
and a family of locally convex spaces V, together with mappings v, : V, = V, the injective or direct limat
topology on V is the finest locally convex topology for which all the ¢, are continuous. We write

V= ling V, = lim{ (V5 &)}

to denote V' with this topology. V is a projective limit of such V, if and only if the following is true: for
any W a locally convex space, ¢ : V — W is continuous if and only if ¢ o 1), is continuous for every ~.

If instead we consider local operator spaces V,, and maps 7, : V, = V, then we say that the injective
or direct limit matrixz topology is the finest such that all the 1), are matrix continuous. By the finest matrix
topology, we mean the one for which

NV)Y={p:V v, o € DN(V,) 3 k, such that p(py(v)) < koo (v)}.
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We denote V' with this matrix topology by

4 :1i_In)V :M{(Vm ) }-

This is equivalent to saying that the matrix topology on V corresponds to the injective limit locally
convex topology on Mq, (V) determined by Mo (V4) and 9o : Moo (V4) = Moo (V).

Again, we can characterize this as saying that V' is the matrix injective limit of the V, if and only if the
following is true: for any W a local operator space, ¢ : V — W is matrix continuous if and only if p 0 2, is
matrix continuous for every +.

Direct limits are not as useful as projective limits, however they do appear in the classical theory of
bornology. We say that a set X in a locally convex space V is bornivorous if it absorbs arbitrary bounded
sets, that is given any bounded set B, we can find a A > 0 such that AB C X. The unit sets of continuous
seminorms are bornivorous, by the definition of boundedness. If, conversely, every closed convex bornivorous
set 1s the unit set of continuous seminorm, then we say that the space V' is bornological.

Proposition 3.7.1
If V is a locally convex space, then the following are equivalent:

i. V is bornological,
ii. for any W locally convex, B(V,W) = C(V, W),
i, V =1ling{,V :p e B(V)}.

We say that a matrix set X in a local operator space V is completely bornivorous if it absorbs arbitrary
completely bounded matrix sets, that is given any completely bounded matrix set B we can find A > 0 so
that AB C X. Clearly matrix unit sets of continuous matrix seminorms are completely bornivorous. If the
converse 1s true, that is if close matrix convex sets which are completely bornivorous are matrix unit sets
of continuous matrix seminorms, then we say that V is completely bornological.

We note that we only need to check that X absorbs all matrix convex bounded sets to check if X is
bornivorous, since if B is bounded then so is 1ts matrix convex hull. We see that a closed matrix convex set
X is completely bornivorous if and only if the corresponding set. X C M, (V') absorbs bounded M,-convex
sets, since matrix convex bounded sets in V correspond to M, -convex bounded sets M, (V). But X will
absorb all bounded M, -convex sets if and only if it absorbs all bounded sets in My, (V'), since boundedness
is preserved by taking M, -convex hulls.

In particular this all implies that V is completely bornological if and only if M., (V) is bornological.

Proposition 3.7.2
Let V' be a local operator space. The following are equivalent:

1. V is completely bornological,

ii. for any W a local operator space, CB(V, W) = CC(V, W),

i, V =lim{,V :p e B(V)}

Proof :

This (i) <= (ii): follows immediately from Proposition 3.7.1 once we switch to the My, viewpoint. We
have already seen that V' is completely bornological if and only if My, (V) is bornological. Tt only remains
to observe that if ¢ 1s completely bounded, then ¢, 1s matrix bounded, which follows since matrix convex
bounded sets are mapped to matrix convex bounded sets by ¢ if and only if M,,-bounded sets are mapped
to Myo-bounded sets by ¢q -

(il) <= (iii): By definition V :MP(V) if and only if for any map ¢ : V — W is matrix continuous
exactly when the composition of the maps

pV =V W
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is matrix continuous for any Minkowski matrix gauge p of a completely bounded set. But this composition
is matrix continuous for such a p if and only if for any seminorm & on W, there is a lambda such that
o(p(v)) < Ap(v), that is if and only if the image of the unit set of p is bounded. Hence V = MIP(V) if
and only if for any map ¢ : V — W is matrix continuous exactly when ¢ is completely bounded. O

3.8 Duality

Our immediate concern in this section is to consider the following problem: if we have a local operator
space V and its matrix continuous dual V' = CC(V, C), for what other matrix topologies on V' do we still
have V' as its matrix continuous dual.

Classically this question is answered by the Arens-Mackey theorem. If V is a Hausdorff locally convex
space and V' its continuous dual then a topology 7 has V' as its continuous dual if and only if it has a
neighborhood base at 0 consisting of the polars of a family of weakly compact convex sets in V/. The
weakest of these topologies 1s the weak topology, the strongest is the Mackey topology consisting of the
polars of all weakly compact convex sets in V'.

Let V be a Hausdorff local operator space (by which we mean that the topology on V' is Hausdorff) and
V' its continuous dual, then we notice that V' and V' are paired as vector spaces. So for the time being
we will deal with the more general situation where we simply have two paired local operator spaces V and
W. If & is a family of completely bounded matrix gauges of W, then we can define a matrix topology on
V by using the generating seminorms p® for p € &. This follows since we know that the matrix gauges of
completely bounded sets are faithful, and so their dual ganges must be matrix seminorms since p®(v) = o
if and only if there is a w € W, w # 0 such that p(Aw) < 1 for all X € [0, 00], ie. p(w) = 0.

The two obvious choices are to take & to bhe all completely bounded sets, which we denote SB(V, W),
to be all sets containing the matrix convex hulls of single matrix points, which we denote 28(V, W), just as

or

in Section 3.4. We will look at this second case first. Clearly here the matrix topology on W is irrelevant,
as is the matrix topology on V| since we have been given W. So we have

Lemma 3.8.1
IfV and W are two paired vector spaces and we give V the matrix topology 28(V, W), then CC(V,C) = W.

Proof :

Clearly every w in W is matrix continuous on V with the weak topology.

If ¢ € CC(V,C), then there is some w € M, (W) so that if p,, is the Minkowski gauge of the matrix
polar of the matrix set containing just w, then

(@)l < pu (v)-

We claim that either ¢ = o -, w for some & € T, or there is a v € V such that o(v) = 1, but (w,v) = 0.
The second alternative of the claim leads to an immediate contradiction, since clearly v is in the matrix
| > pm(”)-

Since ¢ = o -, w if and only if ¢ € span(w; ;), which is a finite dimensional subspace of W, the claim

polar of w, but ||¢(v)

follows from a classical vector space lemma (see [33], Chapter TT, Lemma 5, for example).
Now all we need to note is that ¢ -, w € W. O

Corollary 3.8.2
Let V be a Hausdorfl local operator space and V' its continuous dual, then V with the matrix topology
QB (V, V') has V' as its matrix dual.

Looking more closely at what we are trying to do, we note that we are only trying to find things which
agree with W as a vector space. The only matrix topology that we might expect to be of any relevance is
the 28(1WW, V) matrix topology, since this is where we will hope to find our weakly matrix compact convex
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sets. So we will be looking at a local operator space V paired with a vector space W which we will turn
into a local operator space with the 28(W, V) matrix topology. We also note that Lemma 3.8.1 implies that
with these assumptions V and W are in weak duality if we give V' the 2B(V, W) topology, and so we can
use the matricial bipolar theorem.

We firstly note that every topology of V' i1s a matrix polar topology.

Proposition 3.8.3

Let V and W are two paired vector spaces and V is a local operator space. Then the matrix topology of V
is the dual matrix topology generated by the set of matrix polars of some 28(W, V) closed matrix convex
sets in W.

Proof :
Tf X is a matrix unit set for some p € 9t(V), then X9 = X since if X is closed in V, then each level
is weakly closed, and certainly X is matrix convex, so the result follows from the matricial bipolar theorem.
Hence the topology on V is generated by the matrix polars of the family

{X® : X the closed unit set of p € 9(V)}
of matrix subsets of W. O

We also note that the sets we are taking polars of are have certain compactness properties. If V¢ is the
algebraic dual of V| then we have an canonical inclusion of vector spaces + : W — V° given by

w o (-, w)

Moreover this inclusion 1s matrix continuous when we give these two spaces the appropriate weak matrix
topologies, since for any v € M, (V), w € M, (W) lies in the matrix polar (in W) of X,, if and only if +(w)
lies in the matrix polar of X, (in V°).

Theorem 3.8.4
Let V and W be two paired vector spaces, and V be a local operator space. If X is a matrix unit set in V,
then X© is matrix 2QB8(W, V)-compact.

Proof :

We note immediately that X© is completely bounded in the algebraic dual V° of V with the weak
matrix topology 28(V°, V), since X is completely absorbent and so given any v € V| there isa A > 0 so
that v = Az € AX and so for any ¢ € V°,

po(9) = lle()]| = llp(Aa)]| < X

Now V' is complete in the weak matrix topology since it is complete in the weak topology, and X © is closed
in the weak matrix topology. Hence X @ is closed and weakly bounded at each level, and so is compact at.
each level. So X is weakly compact in VV°. Hence X© is weakly compact in W, since the inverse images
of these compact sets under 1+ is compact. |

Corollary 3.8.5
If V is a Hausdorff local operator space, then the matrix polar of the matrix unit ball of any continuous
seminorm is matrix compact in V' with the weak matrix topology.

Corollary 3.8.6
If V is an operator space, then the dual matrix unit ball is weakly matrix compact.
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This last corollary is obviously an operator space version of Alaoglu’s theorem, and once you unravel
the definitions, it was observed by Weaver [40].

So at this point we have proved half of the Arens-Mackey result for local operator spaces we have
shown that the matrix topology on V is generated by the polars of weakly matrix compact convex sets in
the dual. We want to show that every such matrix topology gives you the dual back

Theorem 3.8.7

Let V and W be paired vector spaces and V' be a local operator space. Then W is the continnous dual of V
for some matrix topology if and only if this matrix topology is generated by the matrix polars of a family
of MW(W, V) matrix compact convex sets in W.

Proof :

We observed in Proposition 3.8.3 that the new matrix topology of V' is the topology generated by the
matrix polars of matrix unit balls, and that these matrix polars are matrix 28(W, V)-compact convex sets
in W by Theorem 3.8.4.

Conversely if the new matrix topology on V is the dual topology generated by a family of 28(V)-
compact convex sets in W, then the continuous dual V’ of the new V sits inside VV° however ¢ € V° is
matrix continuous if and only if it lies in the matrix polar of a matrix unit ball of V', but if we embed W
in V¢ then by the matrix bipolar theorem, every such element lies in the image of W and every element of
W is such an element. So V' = W as vector spaces. (|

We will call the topology of on V generated by all the weakly matrix compact convex subsets of V' the
Mackey matrix topology.

3.9 Operator Nuclearity

In classical real and functional analysis, many important and useful locally convex spaces come from a class
known as nuclear spaces. These include the Schwartz spaces, spaces of tempered distributions and C'* (M)
for M a compact manifold.

Given Banach spaces V and W, we say that a linear ¢ : V — W is nuclear if it lies in the image of the
canonical map

S VEW VW =B(V,W).

The space N (V, W) of all nuclear maps from V to W is the image of this map with the quotient norm
| - |lnue coming from
Ve w
ker®
A map @ is in N(V, W) with ||¢||nuc if and only if it factors through a commutative diagram

N(V, W)

12

( —2 0,

UT J'T

vV S W
where the vertical maps o and 7 are contractions, and f is multiplication by some A € £ with ||A|] < 1.
We can in fact replace £°° by ¢ in the above definition, if needs be.

We say that a locally convex space V is nuclear if for every p € (V) there is a 0 € M(V) with ¢ > p
so that the connecting map 7, , : V,, = V, is nuclear.

Theorem 3.9.1
Let V' be a locally convex space. Then the following are equivalent:
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i. V is nuclear,
ii. for all locally convex spaces W we have that VQ W =V @ W.

The analogue of nuclear maps for operator spaces were studied by Effros and Ruan in [13]. We say that
a map 1s operator or matrir nuclear if it lies in the range of the map

SV Doy W= VS0, W CCB(V,W).
We let CA(V, W) be this image with the quotient matrix norm || - [|opnuc from

V* Bop W

CN (V. W) ker ®

1

We have that ¢ € CN(V, W) with operator nuclear norm < 1 if and only if we can factor ¢ through a

commutative diagram

Bty T

T

®

where o and 7 are complete contractions and 8, ; is the map
Oop(x) = axh

where a and b € HS with Hilbert-Schmidt norm strictly less than 1. Tn fact we can replace B with K in the
above factorization, to get

LN o

o T

Vv — W
©

and this fact will be important in our analysis, as K is much better behaved with respect to tensor products.

The equivalence of these notions is seen by careful inspection of the operator norms. Given u €
M,(V*@ W) with [Ju|lr, < 1, we can write it as u = a(é @ w)B for some & = [ ;] € K(V*), w =
[wi] € K(W), and a = [ay x)] € B(™ @ £2,C), 8 = [B¢1,ul € B(CP, £ @ £°) each with norm < 1
(Proposition 3.1 of [9]). That is

w= 13" ax b ©we B
ikl

We can regard B({® @ £, CP) as M, 1 (HS") and B(CP, £* @ £>°) as My ,(HS). Letting a € M, 1(HS) be
such that ax 1 = [ox (k,4)], and b = 3 we have

u= Z(U,Eb)k’, @ wg 1.
k.

Now if ¢ = ®,(u) € M,(CB(V*,W)), then

o(v) = Z(af(v)b)kJ ® wg g

kL
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and noting that 6, ,(£(v)) € M,(T), we have

p= Z(fga.,b 0 &)k ® Wy .

k.l

)

But as operator spaces we have complete isometries K(V*) — CB(V,K) and K(W) — CB(T, W), so if we
let & be the complete contraction corresponding to & and 7 be the complete contraction corresponding to
w, we have

p=T,0f,p00.

So ||¢llear,p < 1 implies that ¢ factors as in (3.9).

If ¢ factors through K, then it trivially factors through B. Completing the third direction, if ¢ factors
through B and 7 then we have a complete isometry CB(7T, W) — B(W), where B(W) is the space of infinite
matrices w = [w; ;] with entries w; ; € W and sup ||w; ;|| < co. The norm on B(W) is

o] = sup i .

Similarly, we have a complete isometry CB(V*,B) — B(V*), and reversing the above argument, we can
write

o =®,(u)

where

u=ca(®w)ps

for some § = [ ;] € K(V*), w = [wi ] € K(W), and o = [ay i x)] € BU™® @ £°,C), B = [Bn.ul €
B(CP, £ @ £°) each with norm < 1. But by Proposition 3.1 of [9], this implies ||ul|a, < 1.

Since we have that @Op and @Op define cross norms on V* @ W, we have the following diagram

VAW —— VBopW —— VB W —— V*EW

l l l l

N(V,W) —— CN(V,W) —— CB(V,W) —— B(V, W)

and so we see that if ¢ : V' — W is nuclear it is automatically operator nuclear. This fact can be seen much
more concretely by simply embedding £°° and £ along the diagonals of B and T respectively, and letting a
and b be the operators taking the standard basis element e to \/Arex.

We will need the following two propositions about tensor products and operator nuclear maps when we
look at tensor products of the analogues of nuclear locally convex spaces.

Proposition 3.9.2
Let V and W be operator spaces. If ¢ : V — W is an operator nuclear mapping with ||¢||car < 1, then for
any operator space X, the map

eRid:V@p X 2 WRep X

is a complete contraction, and so extends to a complete contraction
e @id 1V @op X = W Dgp X.

Proposition 3.9.3
IfV, W, X, and Y are operator spaces, and ¢ : V. — W and ¢ : X — Y are operator nuclear maps, then

PRV VBp X 5> WY

is operator nuclear.
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Proof :
Assume that we have ¢ factoring as in (3.9), and ¢ factoring as

LN

(3.10) pT vl

Then by the functoriality of @, we have

—_

9(1, C L
M, 7‘(£2®£2) ~ 7‘@@7

IC@WIC =~ K@ ?)
TR p TRy

V @op X W Rap Y
Pop e Pop

where o ® p and 7 ® v are complete contractions and @ ® ¢ and b ® d are in ’HS(K2 ® KQ). Tt only remains
to note that £2 ® £2 = ¢2 as Hilbert spaces, so ¢ @ ¢ is operator nuclear. 0

We are now ready to define exactly what we mean by a matrix nuclear local operator space, although
this definition should come as no surprise.

Definition 3.9.1
We say that a local operator space is matrix nuclear if for any continuous operator seminorm p € Dt(V),
there is a o € (V') with & > p such that the connecting map

Tpeo Vo=V,
is operator nuclear.

Theorem 3.9.4
Let V' be a local operator space. Then V' is a matrix nuclear local operator space if and only if it is a nuclear
locally convex space.

Proof :

If V is a nuclear locally convex space, then given p € 9t(V), we can find a ¢ € 9(V) such that the
Banach space map V,, — V,, is nuclear. But since the matrix seminorms on V' are assumed to generate the
locally convex topology of V| we can find 7 € 9t(V) so that 7 > & and so the composition map Vr = V),
is a nuclear map between operator spaces. Hence it is operator nuclear, and so V' 1s a matrix nuclear local
operator space.

Conversely, if V' is a matrix nuclear local operator space, then for any p € 9Y(V') we can find & and
T € N(V) with 7 > o > p so that the maps

Vo =V,

and

Ve, =V,

are operator nuclear. But any operator nuclear map can be factored through both a Hilbert row space and
a Hilbert column space, so we get the following diagram of complete contractions:
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NSO\

where H and K are Hilbert spaces, and the top row is simply the composition of the maps H. —» V, — K,.
However a completely contractive map from H. — K, lies in HS(H, K) (see Effros and Ruan [10], Corollary
4.5). We can find a X € 9t(V) X > 71 so that the connecting maps factor like so

G, F. He Ky
W Ve, Vp

where again the map (G, — H. is just the composition of the maps through V. Since the chain of maps
from F though to K contains two Hilbert-Schmidt maps, the composition must be trace class. But 7(F, K)
are exactly the nuclear maps from F' to K| and since the maps V) — F and K — V, are contractions, the
factorization we have for the trace class map through £%° and £' extends to a factorization for the connecting
map from Vy to V,. Hence V is a nuclear locally convex space. 0

This result might appear problematical, if it were not for the following surprising fact.

Theorem 3.9.5
If V is a nuclear locally convex space, then it has precisely one quantization.

Proof :

We need only show that min V' = max V. We observe that, since VV is nuclear Mo, @ V = M, @ V. Also
we have that the identity map M, (maxV) — My (minV) is continuous, since the map of (3.1) is matrix
continuous. Finally (3.7) and (3.8) allow us to factor the identity map as a sequence of continuous maps

Moe(minV) = M@V = Mo @V = My (maxV) = My, (minV).

Hence My, (min V) = My, (max V) as locally convex spaces, and so min V' = max V as local operator spaces.

O

The equivalent statement in the operator space case (up to isomorphism) is true only for finite dimen-
sional operator spaces. Indeed, finite dimensional spaces are the only nuclear Banach spaces, and so are the
only matrix nuclear operator spaces.

An obvious question is whether there is a result parallel to Theorem 3.9.1. One direction of the classical
equivalence is easy to show for local operator spaces.

Theorem 3.9.6
If V is a matrix nuclear local operator space, then for any local operator space W we have that

V @op W =V @op W.

Proof :
We know that the extension @ of the identity map is matrix continuous from V @,, W to V @q, W.
In the other direction, we have that for any p € 9t(V) and & € DY(W), we can find a (7) € DYV) with
T > p and the connecting map operator nuclear. So by Proposition 3.9.3, the we have that the identity
map induces a complete contraction
Vi @op We = Vp Bop Wer
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and so the identity map is matrix continuous from
V@ap W =V Qap W.
O

The other direction is more problematical, and we need to introduce some new ideas to explain what is
going on. One of the key differences between the theory of operator spaces and the theory of Banach spaces,
is that while all Banach spaces are locally reflexive the analogous condition is not always true for operator
spaces. More precisely, a Banach space V' is locally reflexive if for each finite dimensional Banach space W
we have that any contraction W — V** can be approximated in the point-norm topology by contractions
W —=V.

For an operator space V', we say that it is locally operator reflexive if for every finite dimensional operator
space W, any complete contraction W — V** can be approximated in the point-norm topology by complete
contractions W — V. As we will see, this is the missing ingredient that will allow us to formulate a version
of Theorem 3.9.1. Effros and Ruan showed in [13], Theorem 3.6, that local operator reflexivity of V is
equivalent to the condition that for all operator spaces W,

CT(W,V*) = (V Bp W)*

is a completely isometric bijection, where CZ(X,Y) are the operator integral maps from X to Y. A map
¢ : X — Y is operator integral if there is a diagram

B T

X — Y
©

which approximately commutes (in the point-norm topology). As one might expect, this is the operator
version of a classical family of maps. The similarity between this diagram and (3.9) should hint that the two
notions are connected: clearly all operator nuclear maps are operator integral; what is less clear is that the
composition of two integral maps i1s nuclear. This second claim stems from the fact that operator integral
maps are also Hilbert row and column factorable, and that all completely bounded maps from H. to H,
are operator nuclear (see [12]).

In particular, this means that a local operator space 1s matrix nuclear if and only if for every continuous
matrix seminorm p, there is a & > p such that the connecting map is operator integral (indeed, we could
replace operator integral here by absolute matrix summing, or simply that the map be both Hilbert row
and column factorable).

Theorem 3.9.7
A local operator space V' is matrix nuclear if and only if we have

1. for some generating family of continuous matrix seminorms 2R, the operator spaces V,; are locally
reflexive for all p € R,

.V Q@op W =V Qop W for all operator spaces W.

Proof :

We have already shown that a matrix nuclear space satisfies (ii). V satisfies (i), since it can be written
as a projective limit of Hilbert row spaces: given any continuous matrix seminorm p, we find & > p so that
Tp,o 18 Nuclear. Then we can factor 7, , = 7 o v through a Hilbert row space H,, and get a continuous

p(v) = [y (7o (o))l

matrix seminorm
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The set R = {p} is a generating family for the matrix topology of V. All that is required is to observe that
Hilbert row spaces are reflexive, and hence locally reflexive.
Conversely, suppose we are given p € 9Y(V). Then the map 7, : V. — V), gives us an element ¢ €
(V 20p Vi)' by
o0 ® 9) = B{mp(v).

(ii) tells us that in fact ¢ € (V @op V,y)'. Now we have that
V Qop V,: = @Vv éﬁp Vo
and so there 1s some & such that the induced map
¢ Vs éop V; —C

such that
o0 © ) = p(m,(1) & 0)

is completely bounded, ie. © € (V, ®op, V*)*. By choosing a sufficiently large, we can assume that o >
pletely e @ oV, y g y large, >p

and that V} is locally reflexive, by (i). That is we can assume that
(Ver Dop V) =CI(Vy, V")

So now we have that

So T4 p is exactly ¢ regarded as a map from V, to p**, so 75, € CZ(Vs, V;*). But in fact 7, , maps into

Vo C V", however we have a natural inclusion
CI(Vy,Vp) = CL(Vy, V;*)

and it is a complete isometry ([13], Proposition 3.3). So we have shown that for any p we can find ana > p
such that the connecting map is operator integral. Hence by the preamble to the statement of the theorem
V' is in fact operator nuclear. 0

We conclude this section with another result on tensor products.

Proposition 3.9.8
IfV and W are both matrix nuclear local operator spaces, then so is V Q,, W.

Proof :
This follows immediately from Proposition 3.9.3: given p € 9t(V) and o € DY(W) we find p’ > p and
o’ > a so that the respective connecting maps are matrix nuclear, but then the map

Tpp! QT Vp/ Rop Wt =V Qap We
1s a matrix nuclear. O

This of course implies that V @, W and V ®, W are also operator nuclear, since they are both com-
pletely isomorphic to V @4, W.
Example 3.9.1
We note that Theorem 3.9.4 implies that the local operator spaces of Examples 3.1.4 and 3.2.3 are all matrix
nuclear, and Theorem 3.9.5 implies that they are all the same.
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Example 3.9.2

The spaces W, and W,. of Example 3.1.6 are nuclear, and hence matrix nuclear. Indeed, they are completely
isomorphic. Proposition 3.9.8 implied that the space T of physical matrix state space 1s also matrix nuclear,
and must be the unique quantization of the physical state space. The algebra of observables A is also
nuclear [6], and since the local operator structure we have constructed over it is a quantization of its usual
topology, we have that our version is matrix nuclear.

3.10 The Kernel Theorem

The classical kernel theorem is a result which tells you what bilinear maps on countably generated nuclear
spaces look like. Since most nuclear spaces of classical interest, such as the Schwartz spaces and the various
spaces of distributions, are countably generated, this result has particular applications in allowing one to
perform calculations with these bilinear maps.

The first step to proving the kernel theorem is a lemma which is a corollary of the uniform complete
boundedness principle. We say that a bilinear form ¢ : V x W — X 1s separately matriz continuous if for
every n and each v € M, (V), @na(v,-) : W — M, (X) is matrix continuous, and for each w € M, (W),
O1m(,w) : V= M, (X) is matrix continuous.

Lemma 3.10.1
Let V and W be countably generated local operator spaces, X an operator space. Let ¢ : V x W — X a
separately matrix continuous bilinear form. If W is matrix barrelled, then ¢ is (jointly) matrix continuous.

Proof :
We firstly note that ¢ is matrix continuous if and only if

Gooioo : Moo (V) X Moo (W) = Moo oo (X)

is continuous. Moreover since the matrix topologies are countably generated, the topologies on M, (V') and
Mo (W) are countably generated, and 80 @eo.00 18 continuous if and only if given any sequences v, — 0 and
wy, — 0in My (V) and My, (W) respectively, we have that

Pooio0 (U, Wn) — 0

as n — 0o. In other words, ¢ is matrix continuous if and only if

1rmi5m (vn, wn)l| =0

as n — 00.
Now for each v, let ¢, (w) = @, (v,,w) € M, (CC(W,C)). Now since z, — 0 and (-, w) € CC(V, M},)
we have that the matrix set with levels

Xi(w) = {tpp(w) : 7, = k}

is completely bounded for every w € M; (W), and I € N. Hence the matrix set of maps whose elements
are the ¢, is pointwise completely bounded. Now since W 1s barrelled, this matrix set is also matrix
equicontinuous, that is, given v € 9t(V), we can find a matrix seminorm p € 9(W) such that

¥ (thn(w)) < p(w)

for all w.
But then

Y(@(vn,wn)) = ¥(Pn(wn)) < p(w,) =0
as n — 0o. O

The proof of the kernel theorem for local operator spaces is now easy, as we have done most of the hard
work.
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Theorem 3.10.2 (Kernel Theorem)
Let V be a matrix Frechet nuclear space, W be a countably generated local operator space, and X a local
operator space. If ¢ : V x W — X is separately matrix continuous in each argument, then

e(v,w) =P (v @ w).
for some i € CC(V Qop W, X) = CC(V Qqp W, X).

Proof :

We first note that V' is matrix barrelled, since it is the maximal quantization of a Frechet space, and
Frechet spaces are barrelled.

This implies by Lemma 3.10.1 that ¢ is matrix continuous. But we also know that by LLemma 3.3.3, the
space of matrix continuous bilinear forms is isomorphic to CC(V @qp W, X) and so we are done. O

We note that we could weaken the hypotheses to having IV matrix barrelled and matrix nuclear, however
we state it this way to highlight the similarities with classical formulations. The converse is somewhat
trivially true due to Lemma 3.3.3, it holds for general spaces and implies joint matrix continuity.

Corollary 3.10.3
Let ¢ : S(R™) x S(R™) — T be separately matrix continuous. Then there is a unique ¢y € S(R™*™) such
that

e(v,w) =P (v @ w).

Corollary 3.10.4
Let @ : C®(R™) x C>(R™) — C be separately matrix continuous. Then there is a unique ¢ € C° (R™+™)’
such that

p(v,w) =P (v @ w).



Chapter 4

Analogues of Compactness in
Operator Spaces

In this chapter we are concerned with exactly what it means for a matrix set to be “compact”. There
are a number of ways that compact sets can be characterized in the classical theory of Banach spaces, the
most familiar of these being that compact sets are the closed and totally bounded sets. They can also be
characterized as being closed subsets of the closed convex hulls of sequences converging to zero. We will
show that these two notions are distinct in the theory of operator spaces, and that the reasons are very
deep. In particular they are intimately connected with the approximation properties for operator spaces
and the relationship between these and exactness.

This line of research developed out of the search for an appropriate definition of a compact set for use
in the Arens-Mackey duality theory of Section 3.8. The above two notions appear to be special cases of the
definition of compactness that is used in that section and in Webster and Winkler [41], a definition which
seems much better adapted to notions of duality.

Perhaps even more so than the previous chapters, the bimodule approach is critical in the theory pre-
sented 1n this chapter, allowing us to use classical techniques in the operator setting. The primary difference
is that since we are concentrating on operator spaces, we can use completions more freely, and so we use
K-bimodules and -convexity rather than M., as in the previous section.

4.1 Definitions of Matrix Compactness

If V is a Banach space, compact sets can be characterized as being closed subsets of the closed convex hulls
of sequences which converge to zero in V' (see [24], Proposition 1.e.2). Without loss of generality, we can
take the absolutely convex hulls, instead of convex hulls. We can think of sequences which converge to 0 as
being elements of ¢q(V) = ¢ ® V, and given an = € ¢q ® V, we can define

cox={v eV :v=(r@id)(z),7 € c.,||7||s < 1}.
So we are saying that K is compact if there is some x € ¢ @ V such that
K Crcox.

We have seen that by substituting K for ¢q at strategic places in a definition for Banach spaces, we
can often find the correct definition of a concept for operator spaces. et V be an operator space and let
z € K(V) =K Qop V, then we define the absolutely matriz convexr hull of 2 to be coz where

cozg ={v e M (V):v=(c®id)(z),0 € My(Mx),||o||r < 1}.

53
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We note that this is an absolutely convex set, since if v € coxzg, w € cozg, then v = (¢ ® id)(z),
w = (7 ®@id)(z) and

vdw=(c®rid)(z)
where 0 & 7 € Mg 4;(My) and the unit ball of 7 is absolutely convex. Similarly

avf = (acf @ id)(z)

and acff € M;(My) and again, the unit ball of 7 is absolutely convex.
We also note that if o € M (K), then (¢ @ id)(z) € co(z), since if we let ,(v) = o(p,vps), then
PnUPn — v as n— oo and so (o, @ id)(z) = (¢ @ id)(z) as n — oo.

Definition 4.1.1
If K is a matrix subset of an operator space V', then we say that K is operator compact if K is closed and
there is some x € K(V) such that K C coz.

Example 4.1.1
Consider the matrix unit ball of 7,,. Let 7 € M,,(T,) = CB(M,,, M,,) be the identity map, or equivalently

T T n
r=| =) w0,
7,7=1
Tn.,1 o Tn.,n &

where 7; ;(a) = a; ;. Then given any o in the matrix unit ball of 7,,, we have that

.

a(a) = o(r(a)) = (e @id)(Y_ ei; @7 ;)(a)

i,5=1
and so ¢ € co(7). Hence the matrix unit ball here is operator compact.

Defining an analogue of total boundedness for operator spaces runs into immediate difficulties, since we
only really know what balls centered at the origin look like. However we can avoid this by noting that a set
K is totally bounded if K is bounded and if for every € > 0 there is a finite dimensional subspace V. such
that every point of K lies within € of a point in V.

This implies total boundedness: given any € > 0, we can find a finite dimensional subspace V3 so that
for every z € K there is a point v € V3 such that ||z — || < €/3. Since V3 is finite dimensional and K
is closed and bounded, we can cover

S={veV,yz:d(K,v) <e/3}

by finitely many ¢/3 balls, centered at v1,..., v, € S. But then for any z € K, we can find a v € S so that
[|z — v|] < ¢/3 and there is an i so that v; lies within £/3 of u, and hence 2 lies within ¢ of one of the v;,
and so K is totally bounded.
Conversely, if K 1s totally bounded, for any € > 0, choose vy, ..., v, be the centers of e-balls which cover
K. Then
Ve = span{vy,..., v, }

is a finite dimensional subspace which meets our criterion.
Hans Saar, a student of Wittstock, in his thesis [35] implicitly noticed this. He worked with compact
maps, but if you look at his conditions on the maps, they imply the following about the images of unit balls.

Definition 4.1.2
A matrix point v = (v,) in a vector space V is a sequence of points v; € M, (V) fori € N.

A matrix set K in an operator space V is said to be strongly operator compact if K is closed, completely
bounded and if for all € > 0, there exists a finite dimensional subspace V. of V such that for every matrix
point (z,) € K we have a matrix point (v,) € Vg, such that ||z, — v,||n < € for all n.
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I would like to thank Zhong-Jin Ruan for bringing Saar’s work to my attention and for providing this
definition. We note that, as we will soon see, strong operator compactness is a weaker condition than
operator compactness. The terminology was chosen to highlight the association between this definition and
the strong operator approximation property, which is stronger than the operator approximation property.
For those who find this terminology philosophically unpalatable, we suggest that completely compact may
be an acceptable substitute, and is in harmony with Saar’s work.

In Section 3.4 we put forward the idea that a matrix set should be compact if it is compact at each level.
We used this substantially in Section 3.8 to develop the Arens-Mackey theory for local operator spaces.
This is also the definition that was used in [41] to prove a version of the Krein-Milman theorem. We will
call this condition matriz compactness.

The immediate and obvious question is: given these definitions do they agree, or under what conditions
on V do they agree?

A matrix set which is operator compact is automatically strongly operator compact. First we note that

co(z) is strongly operator compact, since for any € > 0, we choose n sufficiently large that ||z — pyzp,|| < ¢
(we can do this since K(V) is the completion of My, (V)) and let V. be the subspace spanned by the entries
of pnzp,. Then given any matrix point (vy,v9,...) in co(z) we let v; = (o7 ® id)(2) and so if we let
v = (07 ® id)(pnzpn), we have

1 vall = (s @) (parps — 2| < [(pazpn — 2] <.

Taking closures we get that any point in co(z) must lie within € of V.. We extend this to arbitrary operator
compact sets K C coz by using the V. that you use for coxz. The converse is false in general, but the
proof is highly non-trivial and we must wait until Lemma 4.4.3 in Section 4.4 before we can prove it. We
will investigate conditions under which the two definitions agree in Section 4.5.

Strong operator compactness implies matrix compactness, since for each level K,, of a strongly operator
compact set K, and for every € > 0, we have that every element of K, lies within € of the finite dimensional
subspace M, (V:), and so K, is closed and totally bounded.

The converse is not true in general. If we take V = £?(N),, with standard basis {ex} and let X, be the
unit. ball of M, (span{ey,...,e,}). Then this set is matrix compact, but is not strongly matrix compact,
since given any finite dimensional subspace of V', we can find an e,, such that d(e,,, V) > 1 — . A natural
question, to which the answer is unknown, would be whether the converse is true when we consider only
matrix compact convex sets.

To summarize:
(4.1) operator compact = strongly operator compact = matrix compact.

One direction that we wish to head with compactness is to look at the analogues of compact maps. As
we mentioned, this is the area of theory which Saar was looking at, and one question that we will hope to
explore is the relationship between the operator approximation property and approximations of compact
maps.

Definition 4.1.3
If V, W are operator spaces and ¢ € CB(V, W), then we say that if ¢ maps the matrix unit ball of V into

I. an operator compact set, then ¢ is operator compact,
1. a strongly operator compact set, then ¢ is strongly operator compact,
1. a matrix compact set, then ¢ is matrix compact.

We immediately notice that if ¢ i1s matrix compact then ¢ is clearly a compact map.
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By (4.1) and the above comment, we have that we have the following implications for a mapin CB(V, W):

strongly
operator compact — operator — matrix compact — compact
compact

We notice that operator compactness is stable under composition from both the left and the right, since

if o € CB(V,W), ¢ € CB(W, X), then if gp(BV) C cow, we have

U(@(BY)) C co e (w),

and if 1/)(BW) C coz then
¥(e(BY)) C collgl|a.

This means that in particular the operator compact maps in C' B(V, V) form a two-sided ideal. Tt is an open
question as to whether the space of operator compact maps must be closed in the ch-norm topology.
Similarly, matrix compact maps satisfy the above conditions in CB(V, W).
Saar showed in [35] that for strongly operator compact maps, all the above statements hold, and that
they form a cb-norm closed subspace of CB(V, W).

4.2 C*-Operator Spaces

Just as looking at M,-convexity and M,,-bimodules was a useful tool in the last two chapters, B. Johnson’s
C*-operator spaces will help us get a handle of some of the aspects of operator compactness. In particular,
they will be crucial in our analysis of the operator approximation property.

If A is a C*-algebra then Johnson, in [20], defines an A-operator space V to be an essential A-bimodule
with a norm which is absolutely A-convex, i.e. if v1, v lie in the unit ball of V then so does

(4.2) v = a9 B + agva By

where [|ajaf 4+ asad|| < Tand ||575 + 875 < 1.

The natural morphisms are the continuous bi- A-linear maps, 1.e. continuous maps ¢ : ¥V — W such that
p(auB) = ap(v)p forallv e V, o, § € A.

For the purposes of this paper, we will only be using K-operator spaces. In this special case we can
rephrase our convexity axiom in much more familiar language. A set X in a K-operator space is K-convex
if and only if it satisfies

(AKCT) v+we X for all orthogonal v, w € X,

(AKC2) avBe X forallv e X, a, B K, ||« |18 < 1.

We extend the definition of orthogonal in this context to: vy,...,v, € V are orthogonal if there exist
orthogonal projections ey, ..., e, € K such that e;v;e; = v;. A K-norm is a norm || - || which satisfies
(AKNT) [|v 4+ w|| = max{]||v]|, ||w||} for all orthogonal v, w € X,

(AKN2) [laewB|| < |le|llv||I] Al forallve X, a, K.

Clearly the unit balls of K-norms are K-convex.
A norm which satisfies (4.2) is clearly K-convex: if v and w are orthogonal and sit in the unit ball, then

v+ w = ejver + equey
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and
e + eaesl] = licier + ezeal) <

so v + w lies in the unit ball; and if o, v, 3 are as in (AKC2) then [ao*|| = ||o||> < 1 and similarly
[|5*8]] < 1, so avf lies in the unit ball.

Conversely assume we have a K-convex norm, and v, vg in its unit ball, and a4, aq, 51, B2 such that
it + aza3]| < 1 and ||B7 81 + B 31]| < 1. Then if we choose two isometries a and b : £2 — (% with
orthogonal ranges H1 and Hy, then we have

v =11 B + aav9 0y = arja*avia®aB + asb*buab* b3y
. N L1 |avia® 0 afh
= [onam oob] [ 0 Iw?b*] [w?]

_ |avia® 0
T 0 bugh

But
] EK(Hy® HyyHi® Hy)) CK

and then we see that v = avia® + busb*, and these are orthogonal, so v lies inside the unit ball. Similarly
Q:[Q1(I* (12])*] EIC(H1(:BH2,/2)QIC

and

3= [Zg;] cK(©2, H & Hy)CK

and we note that

1/2

ol = [laa®['/? = flaa3 + ago3]l < 1

and similarly for 3, so we have that v = av3 lies in the unit ball.
If V' is an operator space, we note that K(V) = ICE’%OP V', is a K-operator space where K acts via

avfl = [Z a; %5k Bk 1)in
gk

or alternatively
ala®@v)f = aaf @ v.

That the norm is in fact a K-norm follows from the fact that (V) is the completion of M, (V), and
so (AKNT) and (AKN2) follow immediately from (AMyG1) and (AMy G2), respectively. Moreover, if
¢V — W is completely bounded, then

Yoo  K(V) = K(W)

is bounded, since we know it is bounded from My, (V) — My (W), and so it must extend to K(V).
Hence K : V — K(V) takes operator spaces to K-operator spaces, and K : ¢ — @4, takes completely
bounded maps to continuous bi-K-linear maps. In other words K is a functor.
We define
FV)={er1 1ve11 v €V}

Then V = F(V) is an operator space when we identify M, (V') with

{pnvpn 1 v €V}

via the map
n
T o (i 5] =

()

€i Vi 561,45,
=1
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and give it the norm inherited from V. That this is in fact an operator space norm follows immediately

from (AKN1) and (AKN2). Tf
p: VW

is a continuous bi-K-linear then ¢|y is a completely bounded map from V to W = F(W), since

(elv)n([vi3]) = @lp.vp. (1a([vi5]))-
Hence F 1s a functor from K-operator spaces to operator spaces.
Proposition 4.2.1

The functors K and F implement an equivalence of categories between the category of operator spaces with
completely bounded maps and the category of K-operator spaces with continunous bi-K-linear maps.

Proof :
We have an isomorphism of operator spaces vy : F(K(V)) = V given by [v; ;] = v11 (noting that all
other entries are 0): this is clearly an isomorphism of vector spaces, and if v = [vg ;] € M, (F(K(V))), then

v n(0)[ln = llev ([ve D = [[[Toe,d1 1]
but,
vlln = vk i 1]l = sup lvw v, llm = N Tvw 1 1]l

and so .y is a completely isometric isomorphism. Furthermore it is a natural transformation, since if

¢ € CB(V, W), then we have that
ww (F(K (@) ([vi 1)) = e(v1,1) = (F(K(@)) (ev ([vi 5])

So we have a natural equivalence F o K = id.
Similarly we have an isomorphism of K-operator spaces 7 : K(F(V)) = V given by (v; ;) = > e;1v; je1 4,
which again is bijective, is bi-K-linear, since if v = (v; ;) € K(F(V)), then

7'(””)5) = Z 9i,10/i,k7)k,lﬂl,je1,j = Z(ﬂem)“w(ﬁ,lﬁ) = WT(“W,
gkl k|l

and is an isometric isomorphism since

n
@) =1 eiavigensll = supllpa (Y eivieri)pall = sup || > eivijen sl
i " i "=t

= [v]-

Again, this is a natural transformation, and so we have a natural equivalence K o F =2 id.
Hence the two categories are equivalent. |

Note that there are many possible ways of implementing this equivalence.

The point of proving such a formal result, is that we can quickly transfer results from the theory of
operator spaces to K-operator spaces and vice-versa. In particular, it allow us to quickly prove a Hahn-
Banach theorem for K-operator spaces.

Proposition 4.2.2
If V, W are K-operator spaces such that V is a bi-K-invariant subspace of W, then given any continuous
bi-K-linear functional

p: V=K

then there is a continuous bi-K-linear functional
v:W-=>K
such that ¢l = o and [|¢] = [le].
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Proof :

We have shown that we can find ¢ = F(¢) which is a completely bounded linear functional on V = F(V).
The bi-K-invariance of ¥V in W implies that V' is a subspace of W = F(W), and so we get by the Hahn-
Banach theorem for absolute gauges (Theorem 2.3.1) that there is a completely bounded linear functional
1 on W extending ¢. We then push this back to the original category to get a bi-K-linear functional ¢
which extends . Tt remains only to note that the norms are preserved by the functors. O

This correspondence of categories is preserves the appropriate sense of convexity. If V' is a vector space
and X C V is a matrix convex set, let xV be V with the operator Minkowski seminorm of X . Then the
unit ball of K(x V) with the corresponding K-seminorm determines a K-convex set X. Conversely, given a
K-convex set we can get a corresponding matrix convex set. More concretely, the correspondence is given

by

(4.3) X={veklV):m(v) € X,, Vn € N}
and
(4.4) X = (7 (X))

where m,(2) = ppap, € M, (V)

Our immediate concern is with operator compact sets. We would like to find a K version of the sequence
version of compactness, in particular.

If V is a K-operator space, then we define the absolutely K-conver hull, cox X, of a set X CV to be

(veViv=> mxfir € X, 0,0 €K, afeull,[ID B Al <1},

i=1 i=1 i=1

or, equivalently, the smallest K-convex set containing X.

Definition 4.2.1
Let V be a K-operator space. We say that a set X C V is K-compact if there is a sequence {x;} C V which

converges to 0, such that X is closed and X C cox {z;}.

If we restrict our attention to matrix convex and K-convex sets, we can compare K-compactness with
the other definitions. In particular, we have that K-compactness of a K-convex set X implies operator
compactness in the corresponding matrix convex set X . To see this, we assume that

X Ccox({z1,2a,...}).
Then we let A be an isomorphism of K & K with K, where, for simplicity’s sake, we will assume X is induced
by a bijection p: N x N — N via
AeGig).(6.0) = €ulig).u(k0)
and let
z = Mdiag(z, z9,...)).

Then if v € 7, (cox ({21, 22,...)) C M, (V) is given by

k
U= Pn Z ”kaﬂkPn

i=1
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we consider the map ¢ : K& K — M,, given hy

_ﬂ1 pn._
ﬂ?pn.

w — [p,,a1 Png - ppag 0 ] w ﬁkhpn

0

so that v = ¢(diag(z1,22,...)) = ¢(A "' (x)). We note that But phio A~' : K — M,, is given by
w = [a; j]wb; ;]

where

ajj, ifi=1,7<n s<k
a0 s — -
ui.a)u(n.t) 0, otherwise,

and

0, otherwise,

a;;, ifs=11<n 1<k
bugii)u(st) =

and m = maxu(1,{1,...,n}). So ¢ o A~ is an element of CB(K, M,,) or, rewriting, an element of M,,(T),
and ||¢ o A7'||[7r < 1. So the image of cog ({1, z2,...}) sits inside co(z). But m, is continuous, so if
vy, € cog ({#1, 24, ...}) converges to

v € cog({z1,29,...})

then m,(v,) = m,(v) € co(z). Hence X C co(z).
So we have that across the identification of categories

K-compactness = operator compactness

Turning to look at mappings, if V, W are K-operator spaces, and ¢ € KB(V, W) maps the unit ball of
V into a K-compact set in W, then we say that ¢ is K-compact.

Given that K-compact convex sets give rise to matrix convex sets, and the fact that the images of
unit balls will be convex in the appropriate sense, then it is clear that under the equivalence of categories
K-compact mappings become operator compact mappings. Furthermore, since operator compact sets are
strongly operator compact, any strongly operator compact operator is operator compact.

4.3 Approximation Properties

In their article on operator approximation properties [9], Effros and Ruan observed that classically the
following notions of convergence all agree. et V' and W be Banach spaces, and let ¢, a bounded net of
maps in B(V, W), and ¢ in B(V,W). The following are equivalent:

1. ¢, converges to ¢ uniformly on compact sets in V|

. @, ®1d : V&eg—= W3R eq converges point-norm to ¢ ®1d,
. ¢, ®id : VEX oW X converges point-norm to ¢ ® id, for any Banach space X,
v. ¢, ®id : V& e (S) =W & £ (S) converges point-norm to ¢ ® id for any set S.

They then noted that in the category of operator spaces there were the following analogues to the above.
Let ¥V and W be operator spaces, and let ¢, a bounded net of maps in CB(V, W), and ¢ in CB(V, W).
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. @, ®1id : V@np co — W @np cg converges point-norm to ¢ ® id,
. ¢, ®1id : Véﬂp X ->W @Op X converges point-norm to ¢ ® id, for any operator space X,
iv. ¢, ®id : Véﬂp B(H) — W@OD B(H) converges point-norm to ¢ ® id for any Hilbert space H.

Unlike the Banach space case, these are not all equivalent. That (iii) and (iv) are equivalent and imply (ii)
was recognized by Effros and Ruan. That (ii) does not imply (iii) or (iv) is due to some deep results of

Kirchberg (see Section 4.4 for a more detailed discussion). There was no obvious operator space analogue
of (i) and they wrote [9]:

Tt would be of considerable interest to find an analogue of (i) for operator spaces. A related
problem is to formulate an operator space version of Grothendieck’s result that a Banach space
V has the approximation property if and only if any compact operator K : W — V is a uniform
limit of finite rank operators.

The objective of this section is to solve these two problems.

We begin by postulating the operator space analogue of (i), since we now have a number of candidates
for compact sets. The correct choice for our convergence result is operator compactness. We will discuss
what happens if you replace operator compact sets by strongly operator compact sets in Section 4.4.

Definition 4.3.1
Let V, W be operator spaces, ¢,, ¢ € CB(V,W). We say that the net ¢, converges to ¢ completely

uniformly on operator compact sets if for all operator compact sets X C V and € > 0 there is an N such
that

p{ (0 )n () — Ga(@)lln 5 € X, n €N} <z,
forallv > N.
Our aim is to show that this topology is the same as the topology (ii), which we call the stable point-norm

topology. This above choice does in fact give us the result we expect. In fact we get associated results for
convergence on K-compact sets in K-operator algebras.

Proposition 4.3.1
Let V, W be operator spaces, ¢,, ¢ € CB(V, W). Then the following are equivalent:

i. ¢, — ¢ in the stable point norm topology on CB(V,W).

1. ¢, — @ completely uniformly on operator compact sets of V.
1. 1d @ (¢, )oo = 1d @9 point-norm on By (co(K(V)), eq (K(V))).
V. (¢u)oo — Yoo uniformly on the compact sets of K (V).

V. (¢u)oo —> Yoo uniformly on the K-compact sets of K(V).

However to prove this, we will need the following lemma about tensor products of commutative C*-
algebras with operator spaces.

Lemma 4.3.2

If V is an operator space, and X is a locally compact Hausdorff space, then C(X)® V = Cy(X) @np V' as
Banach spaces.
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Proof (Lemma 4.3.2):

Recall that there exists a C*-algebra A such that V embeds completely isometrically in A, and that
Co(X)® A = Co(X)Bop A as Banach spaces. However, the minimal tensor products respect inclusion,
and so Co(X) @V and Co(X) Qop V' are isometrically isomorphic as normed vector spaces, and so their
completions agree. O

Proof (Proposition 4.3.1):
(i = 1i): Given X operator compact and &€ > 0, let 2 € K(V) such that X C coz. Then for any v
such that
. . 9
ligw @ id)(z) — (o @i < S

|l

we have

sup{||ew (v) — @(v)||n : Vn,v € cox, }

— uplll(e)al(o @ A)(E)) — pu((0® i@l 7 € Ma(F), lollrn < 1}
= suplll(r ® (£ )n (7))~ pn(E)lle 0 € Ma(F), ol < 1}

lou@) — o)l

g @ id)(z) — (o @ id) ()]

9

IA

A

and so by a simple continuity argument, for v sufficiently large we have

sup [|ow(v) — (V)| < e
veX

(it = i): Given 2z € K(V) we notice that m,(z) € coz for all n, that coz is operator compact, and
that

1w @id)(z) — (e @id)(@)| = suplimn(ew(z) = @(2))lln

= 81717‘p||l,0,,(7rn(f17))*‘P(”n(m))nm
< €

for v sufficiently large.

(i = 1iii): We observe that
K(V)2 K Bop V= K Bop K Bop V D e Bop K Top V = 09 B (K Fopp V)
as Banach spaces by LLemma 4.3.2. So if ¢, — ¢ in the stable point norm topology, then
id®id ®p, —id®id Q¢
in the point-norm topology on ¢q & K (V).

(il <= iv): This is the classical result, since K(V), K(W) are Banach spaces.

(iv. = i): Follows since points are compact.
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(il = v): If X is any K-compact set, X C cox {z;}, then

sup  [[(@w)oo () — oo ()|

vEcox {ri}

p 1100 )oo (3 ai2i65) — 9o (3 i)

<
i=1 i=1
1> eoull, 11> 8:870 < 1,m € N}
i=1 i=1
< sup{ll 2 (9 )oo (21) — oo ()i -

i=1

1Y " ofaill, 1> 8:687] < 1,m € N}

i=1 i=1

< sup{||(@w ) oo (i) — Poo ()|}

since balls are K-convex. Again a simple continuity argument then gives the result.
(v. = iii): Follows since sequences converging to 0 are K-compact. a

So we have answered the first part of the question.

Recall that a Banach space X has the approzimation property if the identity map id : X — X can be
approximated uniformly on compact sets by finite rank maps.

Theorem 4.3.3
Let X be a Banach space. The following are equivalent:

i. X has the approximation property,

ii. For all Banach spaces Y, the finite rank maps are dense in B(Y,X) with the topology of uniform
convergence on compact sets,

iii. For all Banach spaces Y, the finite rank maps are dense in B(X,Y) with the topology of uniform
convergence on compact sets,

iv. Ifwe X*® X andw(z) =0 for all z € X then 7(w) = 0, where 7(3>_ xi @ ;) = S xi(%i),

v. Given any Banach space Y, any compact map in B(Y, X) can be approximated uniformly by finite
rank maps.

Effros and Ruan reformulated the definition by noting that the equivalence of topologies described at
the start of this section means that one can replace the topology of uniform convergence on compact sets
by the stable point-norm topology.

Definition 4.3.2

V' has the operator approximation property if the identity map id : V. — V can be approximated by
completely bounded finite rank maps in the stable point norm topology.

Given this definition, one can prove the following theorem, in direct analogy with Theorem 4.3.3.

Theorem 4.3.4
Let V' be an operator space. The following are equivalent:

i. V has the operator approximation property.
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ii. For all operator spaces W, the finite rank maps in CB(W,V) are dense in the stable point norm
topology.

iii. For all operator spaces W, the finite rank maps in CB(V, W) are dense in the stable point norm
topology.

—

iv. fweV*Rop VCCB(V,V) and w(v) =0 for all v € V then T(w) = 0, where 7 is the matricial trace
T(w) =w(id),id: V = V.

Our ultimate aim is to formulate an operator space version of (v). First we make a necessary detour. By
a finite K-rank map in B (V, W) we mean a map whose range lies inside a finitely generated bi-K-submodule
of W. The bi-K-submodules of V are in one to one correspondence with the finite dimensional subspaces
of F(V) under the categorical equivalence, so the finite K-rank maps are in correspondence with the finite
rank maps.

Definition 4.3.3
We say that a K-operator space V has the K-approximation property if the identity map can be approximated
uniformly on K-compact sets by finite K-rank maps in By (V, V).

This definition and Proposition 4.3.1 give us immediately the following corollary.

Corollary 4.3.5
An operator space V has the operator approximation property if and only if K(V) has the K-approximation

property.

We note that there is the expected K version of Theorem 4.3.4.

Theorem 4.3.6
The following conditions are equivalent to a K-operator space V having the operator approximation property:

i. For all K-operator spaces W, the finite K-rank maps are dense in Bx (W, V) with topology of uniform
convergence on K-compact sets.

ii. For all K-operator spaces W, the finite K-rank maps are dense in By (V, W) with topology of uniform
convergence on K-compact sets.

Proof :

This result follows from the fact that finite X-rank maps in B (W, V) and Bx(V, W) correspond to finite
rank maps in CB(W,V) and CB(V, W) respectively, coupled with the equivalence of the two categories, and
the correspondence between notions of convergence. |

We are now in the position to answer the second part of Effros and Ruan’s question. In doing so the
real reason for bringing in the machinery of K-operator spaces becomes clear: by using K-operator space
methods, one can use the classical method of proof in the difficult direction.

Theorem 4.3.7

An operator space V has the operator approximation property, if and only if for any operator space W
and any operator compact map ¢ € CB(W, V), ¢ can be approximated completely uniformly by finite rank
maps.

Proof :
There exists an 2z € K(V) such that cp(BW) C coz. Since V has the approximation property, for any
g > 0 there is a finite rank map ¢ € CB(V, V) such that

16 @ id) () — ]| < e.
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Therefore
[|[%(v) — v||eo < €

for all v € cox and so
lop—plle<e.

To prove the converse we switch to the K-operator space language. Since K-compactness of ¢, implies
operator compactness of ¢, and if we can approximate ¢ completely uniformly by finite rank maps, then
we can approximate ¢, by finite K-rank maps.

Let X be any K-compact set in K(V), and without loss of generality, we may assume that

X = cox {z;}
for some sequence {z;} € ¢o(K(V)), and that x; # 0 for all . Now let

U = cox {W},

and so the identity map
id : U’C(V) -V

is K-compact. Therefore we can find finite K-rank maps
[C) P UIC(V) — IC(V)

which approximates id in norm; in particular, we may let each map be of the form

Nk
or(v) = Ui (v)ve s
i=1

where ¢, ; € (K (V))*. So all we need do is show we can approximate elements of (7K (V))* by elements
of K(V)* uniformly on X, i.e. given § > 0, then if for all k, i we can find ¢, , € K(V)* such that

[0k i (v) — Ui i(v)

| < d

for all v € X, then if we let
ny
PAOEDIR OIS
i=1

we have
ek (v) — ol < llek(v) — (W) + [lex(v) — o] < 24

for all k sufficiently large, whence the result.
So given any ¢ € (gK(V))* we may assume ||¢||y = 1 without loss of generality. We note that
€ U for all 7, and so we have that

EARE

[lI"/2

U

for all i. But this is equivalent to saying that
[ERCEEA RS
for all 4, and so ||z;||y — 0 as i — co. Now choose an N so that ||z;|| < 6?/2 for all i > N. Then let

v5 = spang {T7}7]\;17
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and let 15 be the restriction of ¢ to V5. We note that since Vs is of finite KX-dimension and so we have that
Y5 € V5§ and

[0s]] < [|sllr =1,

since U sits inside the unit ball of V. But by the Hahn-Banach theorem for K-operator spaces, we can
find a ¥’ € V* which agrees with ¥5 on Vs and

1= [lgsll < 1.

Now for any z; we have either that ¢'(2;) = ¢¥(2;) (if i < N), or

(i) — &' (i)l

< @)l + 119" ()l
< A1llller + (17l ]l]
< 8/246%/2 <68 (for § small).

and it is easy to see that this implies ||¢(2) — ¢'(2)|| < d for all 2z € X. O

We note here that we could, without loss of generality, take the closure of the operator compact operators
in the completely uniform topology on CB(W, V).

4.4 Strong Operator Approximation Properties

There remains the question of where the strong matrix compactness of Saar fits into the picture. Effros
and Ruan in their original paper defined an operator space V as having the strong operator approrima-
tion property if the identity map id : V. — V can be approximated by finite rank mappings ¢, in the
strongly stable point-norm topology, 1.e. if ¢, ®1d — id ®1id point-norm in V?%p B(¢%) (more generally
for ¢,, ¢ € CB(V,W) for some V, W operator spaces, we say that ¢, — ¢ in the strongly stable point-
norm topology if ¢, ® id = ¢ @ id in the point-norm topology on CB(V Sp B(£2), W @op B(£%))). Since
K ?Dﬂp V < B(H) ?Dﬂp V', it is easy to see that the strong operator approximation property implies the oper-
ator approximation property. Effros and Ruan posed the question as to whether or not the strong operator
approximation property was equivalent to the operator approximation property, conjecturing that it was
not.

Kirchberg [22, 23] showed that this is in fact the case. A sketch of the argument is as follows: the
strong operator approximation property is the same as the general slice map property which, for C*-
algebras, implies exactness. FExtensions of C*-algebras with the operator approximation property have
the operator approximation property, but there is an extension of cone C}(S1.(2,7.)) by K (both of which
have the operator approximation property) which is not exact, and so cannot have the strong operator
approximation property. He also showed that if the operator space is locally reflexive, then they do agree.

We would like to gain some mileage in our situation from these facts. To do this we need to introduce
the topology of completely uniform convergence of strongly compact sets:

Definition 4.4.1

IfV and W are operator spaces, we say that a sequence of maps ¢, € CB(V, W) converges to ¢ € CB(V, W)
completely uniformly on strongly operator compact sets if for all strongly operator compact sets X C V
and € > () there is an N such that

sup{|[|(¢v)n(z) —en(@)||ln : 2 € X, neN}<e, Vv >N

Clearly if ¢, — ¢ completely uniformly on strongly operator compact sets, then it converges completely
uniformly on operator compact sets, and hence in the stable point-norm topology. T am are indebted to
Zhong-Jin Ruan for pointing out the following;:
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Lemma 4.4.1
Ifo,, o € CB(V,W) for some V, W operator spaces, and ¢, — ¢ completely uniformly on strongly operator
compact sets then ¢, — ¢ in the strongly stable point-norm topology.

Proof :

Fix some a € V@OD B(H), and some £ > 0. So for all n > 0 there is some a, = Y .._, a; ® v; such
that |la — a,|| < 1. Tet {e,} be a basis for £ and let p, be the projection onto the span for the first n
vectors. We let a,, = ppap, and note that [|a|| = sup{||a,||}.- So we consider the matrix set (a,), and
note that the matrix point (p,a,pn) is within € of (a,). But (pnappn) € span{vy, ... v,} = V; which is
a finite dimensional space. So (a,) is strongly operator compact, so for v sufficiently large, we have that
[[(¢v)n(an) — on(an)|| < €/3. Hence for v and n sufficiently large

(e, ®id)(a) — (p@id)@ll <l @ id)(a) - (¢ id)(an)]
Hl(go)n(an) — n(an)]
(e @ id)(an) — (¢ @ id)(a)]

IA
)

O

We would like to prove a converse result. What we will prove is actually slightly stronger. We will
say that ¢, € CB(V, W) converges to ¢ € CB(V, W) completely uniformly on matriz compact sets if for all
matrix compact sets X C V and € > 0 there is an N such that

sup{|[|(¢v)n(z) —en(@)||ln :2 € X, neN}<e, Vv >N

Clearly by (4.1) we have that uniform convergence on matrix compact sets implies uniform convergence on
strongly operator compact sets.

Lemma 4.4.2
Ifo,, o € CB(V,W) for some V, W operator spaces, and ¢, — ¢ in the strongly stable point-norm topology
then ¢, — ¢ completely uniformly on matrix compact sets.

Proof :
Let X be a matrix compact set in V. Then for each level X,,, we can find a sequence of points in
Zn i € M, (V) which converge to zero, such that

Xn Ccol{zn 1,y Zam,-.-})-
Let 2, be the matrix in M, (V) éop B(¢?) = V@np B(¢?) given by
Tn = dia,g(m,m yoeeaTpm,y - )
and let x be the element, of V@op B((z) éop B(ZQ) given by
r=diag(z,...,2n,...).

Now we observe that any element v € co({#n1,...,%Znm,...}) can be written as (id ®@c)(x) for some
o € CB(B(£?) Dop B(£?), M), with
topology, we have that this implies by [9] that

lolles < 1. Now since ¢, — ¢ in the strongly stable point-norm

e, ®id > p®id
point-norm in CB(V @Op 7, VV@OD), so 1n particular, we can find an N such that

. @id)(x) — (p@id)(@)]| < &
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for all v > N, and so

1(w)n (v) — en (v)

= Nl @id)() (e @i
— |l[doa) (e, @id)(2) - (¢ @ id)(a)]
< &

for all v > N, and for any n € N and v € co{#n1,... ,Znm,...}). So @, converges to ¢ completely
uniformly on the matrix set

{co{zn 1, - Znm,---})},

and so a simple €/3 argument gives us convergence on X . |

So we have proved that these three forms of convergence are equivalent. This means that any of
these three can be substituted for the type of convergence in the strong operator approximation property.
Kirchberg’s result then tells us that there is an operator space where the strongly stable point-norm topology
is different from the stable point-norm topology. Hence by the above result and Proposition 4.3.1 the
topology of completely uniform convergence on strongly operator compact sets does not agree with the
topology of completely uniform convergence on operator compact sets. This implies:

Lemma 4.4.3
There is a strongly operator compact set X in some operator space V such that X is not operator compact.

Proof :

Let V be a space where the operator approximation property holds, but not the strong operator ap-
proximation property. Assume that there was not such X in this V. Then the topology of completely
uniform convergence on strongly operator compact sets agrees with the topology of completely uniform
convergence on operator compact sets, as there is no difference in the classes of matrix sets, and so we have
a contradiction by our previous discussion. |

Turning this around we can give a condition for when the operator approximation property will imply
the strong operator approximation property.

Proposition 4.4.4
If an operator space V satisfies the operator approximation property and every strongly operator compact
set is operator compact, then V satisfies the strong operator approximation property.

Corollary 4.4.5
If a C*-algebra A satisfies the operator approximation property and every strongly operator compact set is
operator compact, then A is exact.

This may not be a complete characterization, however, since it is conceivable that the operator and
strongly operator compact sets may be different, but the topologies of completely uniform convergence
agree.

To conclude this section, we will note that there are a couple of partial results which are analogous to
Theorem 4.3.7.

Proposition 4.4.6

If an operator space V has the strong operator approximation property, then for any operator space W
and any strongly operator compact (resp. matrix compact) map ¢ € CB(W,V), ¢ can be approximated
completely uniformly by finite rank maps.

Proof :
There exists a strongly operator compact (resp. matrix compact) set X in V such that (,o(BW) C X.
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Since V has the strong approximation property, for any € > 0 there is a finite rank map ¢ € CB(V, V) such
that

[l (v) — 0| < €
for all v € X and so
lop—elle<e.

4.5 Co-exactness

Given Proposition 4.4.4 and its corollaries, it would useful to be able to say exactly when strong operator
compactness implies operator compactness. The following lemma starts us off in the direction we want to

go.

Lemma 4.5.1
Let V =T, /W, that is V is a finite quotient of the n by n trace class operators, then the matrix unit ball
of V' is operator compact.

Proof :

By Example 4.1.1, we know that the unit ball of 7, lies inside co(7). So if v is in the mth level of
the matrix unit ball of V| then there is some & in the mth level of the matrix unit ball of 7, such that
v = T, (o), where 7 is the quotient map. Then

n ie)

v=(ider)(c@id)( Y ;@) = (e@id) (Y ei; @ n(ri;)

i,j=1 i,j=1

so the unit ball lies in com, (7). O

Corollary 4.5.2
If V is any finite dimensional operator space, then the matrix unit ball of V is operator compact.

Proof :

For V is completely isomorphic (but maybe not. completely isometric) via ¢ to T,/W for some n and
some W. Without loss of generality we may take ||¢||.s = 1. Hence if we let = ¢ '(m,(7)), we have that
the matrix unit ball X of V has image ¢(X) inside the hull of 7,(7) and so X C co(z). O

We notice that the z in the corollary may have arbitrarily large norm. Tt will be important for us to
be able to measure how big the norm of x can get. To do this we recall [7] that the completely bounded
Banach-Mazur distance, introduced by Pisier [32], between two finite dimensional operator spaces V and

W is defined to be
dep(V, W) = irﬂ‘"{||§0||c4‘]||S071 [leb : @ € CB(V, W) a complete isomorphism}.

Recall [7, 32] that a finite dimensional operator space V is A-ezxact if for any € > 0, we can find a subspace
W of M,, such that
dcb(V, VV) < A+e.

An infinite dimensional operator space is A-exact if every finite dimensional subspace is A-exact. We define
der; (V) to be the infimum of the X for which V' is A-exact an oo if there is no such A.

What we want to measure is a sort of dual of this notion: we are interested in the distance from quotients
of T,, so we will say that V is A-coezxact if for every ¢ > 0, we can find a quotient W of 7,, such that

dep(V,W) < A+ €.
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If V is infinite dimensional, we say V is A-coexact if every finite dimensional subspace is A-coexact. We
define d..,(V) to be the infimum of the A for which V' is A-coexact an oo if there is no such A.

We note that if V is finite dimensional with d...(V) = A, then for any € > 0, we can find an z such
that the unit ball of V lies in co(z) such that ||z|| < A +&. So coexactness measures how much we have to
inflate 7 to get .

To see how this condition helps us we will consider the way that one shows that compact sets in a
Banach space V' are subsets of the closed convex hulls of sequences which converge to zero. et K be our
compact set. Choose a finite dimensional V; so that for every z € 2K, there is a v € V] so that

[l — || < 1/4.
Now we can find a polygon in V; with vertices 2y 1,..., 2 ,, so that
{veVy :dv,2K)<1/4} Cco{z11,... 210, })

and
(211, Z10,)]|eo <sup{||z|| : 2z € 2K} + 1/4+&5.

This last claim follows because for any € > 0, we can find a finite dimensional W which is a subspace of £2°
for some n, so that

dy(W, V) < 14¢

where dp, is the classical Banach-Mazur distance. Then if ¢ : W — V{* is an isomorphism such that
lelllle™ "] < 1+ &1, we have that ¢* : V4 — W* is an isomorphism which satisfies ||¢*||||(¢*) " "|| < 1 + &1,
and W* is a quotient of £! . Tn other words every finite dimensional Banach space satisfies the classical
version of I-coeractness. We then let z; be the image of e; € £], under the quotient mapping and (¢*)~'.
Now we let Ko = 2K + V7 C V/Vi. K3 is compact, so we can repeat the process to get a V5 within 1/16

of 2Ky and 24 ,,... x5, € Vi which satisfy the analogous conditions (but with a £,). We know that we
can find 291,... 22, € V such that m(29,) = 25, (where m is the projection map V — V/V7) and so
that
1as o mamalll— s o7 Il < o
We repeat this construction. We let 2 = (21.1,... ,21 0y, 221, .., Z2n,,...) We note that for k > 2

sup{ax}| < 275 + 47 4 22,

so that if we choose g5 correctly, then 2 € ¢ @ V.
Moreover, let v € K, we can find vy € co (21), so that

[|120 — v1]] < 1/4 + &1,

and v € co (22) such that
[|12(20 — v1) — va]] < 1/16 + 2e9

and so on so that in general we have vy,... v, in co(z1),...,co(z,) respectively, so that

1
[|27v — "y — e, | < an + 2¢,

and so
[|v — (2711)1 4+ 27,)|| < ..

But 27 'uy + -+ 2 ", € co (), and so K C co (z).
The key fact which allowed this construction to work was the observation about classical coexactness.
Which leads us to the following.
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Theorem 4.5.3
Let V' be a A-coexact operator space for A < oco. If K is a strongly operator compact subset of V|, then K
is operator compact.

Proof :
The proof is essentially the operator space version of the preceding argument.
Choose a finite dimensional V; so that for every matrix point & € 2K there is a matrix point » € V3
so that
[l —»| < 1/4.

Now we can find an 2y € M,,, (V1) so that
{v eV, :d(v,2K) < 1/4} C co(zy)
and
[|z1]| < Asup{||z]|: 2 € 2K} +1/4 + &4.

This last claim follows because for any € > 0, we can find a finite dimensional W which is a subspace of £2°
for some n, so that

dy(W, V) < A+ .

Now we let Ko = 2K + V73 C V/V;. K, is strongly operator compact, since if we approximate K
within € by V,, then (V. N V;)/V; will approximate Ko within . So we can repeat the process to get a V5
within 1/16 of 2K, and 2%, € M, (V1) which satisfy the analogous conditions (but with a &},). We know
that we can find 29 € M,,,(V) such that m (22) = 2 (where m is the projection map V — V/V;) and so
that

[lzall = [l3]] < €.

We repeat this construction. We let 2 = diag(z, 29, ...) we note that for k£ > 2
sup{zp}|| < A27F +47F 4 9¢,

so that if we choose € correctly, then z € K éﬂp V.
Moreover, let v € K, we can find vy € co(z), so that

[|120 — v1]] < 1/4 + &1,

and vy € co(z9) such that
[12(20 — v1) — va]] < 1/16 + 2e4

and so on so that in general we have vy,... v, in co(z1),...,co(zx,) respectively, so that

1270 — 2" oy — - —wy,

1
|SE+QEH

and so
[|v — (2711)1 4+ 427, < ..

But 27'uy + - -+ 2 ", € co(z), and so K C co(z).
Hence K is operator compact. Il

Corollary 4.5.4
IfV is a A-coexact (where A < co) operator space and satisfies the operator approximation property, then
V' satisfies the strong operator approximation property.

Corollary 4.5.5
If A is a A-coexact (where A < co) C*-algebra and satisfies the operator approximation property, then A is
exact,.
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Corollary 4.5.6
There are operator spaces which are not A-coexact for any A < oo.

One might ask what other properties that coexact spaces have, and as a result in that direction, we
show that 1-coexactness is related to locally reflexivity.

Proposition 4.5.7
If V is an operator space and V** is 1-coexact, then V is locally reflexive.

Proof :
We want to show that if ¢ : W < V** then ¢ can be approximated in the weak-* topology by complete
contractions ¢, € CB(W, V).
We first assume that W = 7,,/ X for some X, so W* = X1 C M,,, and we know that M, (V*) = T, (V)*,
so that
(M, @op V) = T Bop V*
) )
(XL @np V)* = W @op Vv

and the bottom row is a complete isometry. Hence
CB(W,V**) = (W R4, V*)* = (XL Qop V)™ = CB(W, V)**

and by the matrix bipolar theorem, we know that the unit ball of CB(W, V) is weakly dense in the unit ball
of CB(W, V)**, so that there is a net of complete contractions ¢, € CB(W, V) which converges to ¢, which
means that for all z € W and ¢ € V*, we have

(0, pu(2))) = (2 @Y, 0u)) = ({2 @Y, ¢)) = (¥, 0(2))).

So now if V is 1-coexact, for any € > 0, we can find a complete isomorphism 6§ : W — 7,,/ X for some n
and for some X, such that ||0]|c]|0 " ||cs < 1+ ¢. So if we let [|6~'|| = 1, we have that

v=pof ' T, /X = V**
can be approximated by v, : T,/ X — V, but if we let
o, =U,00 WV

we have that ¢, — ¢ weak-* and |[|¢,|| < 1+ &. By normalizing the ¢, to get complete contractions and
then repeating as ¢ — 0, we get complete contractions approximating ¢ weak-*. 0



References

[1] W. Arveson, Subalgebras of C*-algebras, Acta Math. 123 (1969), 141 224.

[2] D. P. Blecher, The standard dual of an operator space, Pacific J. Math. 153 (1992), 15 30.

[3] D. P. Blecher and V. 1. Paulsen, Tensor products of operator spaces, J. Funct. Anal. 99 (1991), 262 292.
[4] N. Bourbaki, Topological vector spaces, Elements of Mathematics, Springer-Verlag, New York, 1987.
[6] A. Connes, Noncommuntative geometry, Academic Press, New York, 1994.

[6] D. A. Dubin and M. A. Hennings, Quantum mechanics, algebras and distributions, .ongman Scientific
& Technical, Essex, 1990.

[7] E. G. Effros and 7Z.-J. Ruan, Operator spaces, Oxford University Press, to appear.

, On matricially normed spaces, Pacific J. Math. 132 (1988), no. 2, 243 264.

, On approzimation properties for operator spaces, Tnt. J. Math. 1 (1990), no. 2, 162 187.

[10] | Self-duality for the Haagerup tensor product and Hilbert space factorizations, J. Funct. Anal.
200 (1991), 257 284.

[11] —— | On the abstract characterization of operator spaces, Proc. Amer. Math. Soc. 119 (1993), 579
584.

, The Grothendieck-Pietsch and Duvoretsky-Rogers theorems for operator spaces, J. Funct. Anal.
122 (1994), no. 2, 428 450.

, Mapping spaces and liftings for operator spaces, Proc. London Math. Soc. (3) 69 (1994),
171 194.

[14] E. G. Effros and C. Webster, Operator analogues of locally conver spaces, to appear, Proceedings of
the Aegean Conference on Operator Algebras and Applications, 1996.

[15] E. G. Effros and S. Winkler, Matriz converity: Operator analogues of the bipolar and Hahn-Banach
theorems., J. Funct. Anal. 144 (1995), no. 1, 117 152.

[16] D. R. Farenick and P. B. Morenz, C*-extreme points of some compact conver sets, Proc. Amer. Math.

Soc. 118 (1993), 765 775.
[17] P. A. Fillmore, A user’s quide to operator algebras, Wiley Interscience, New York, 1996.
[18] Gelfand and Naimark, Generalized functions, Academic Press, 1950.

[19] A. Hopenwasser, R. I.. Moore, and V. I. Paulsen, C*-extreme points, Trans. Amer. Math. Soc. 266
(1981), 291 307.

73



74 REFERENCES

[20] B. E. Johnson, C*-operator spaces, unpublished notes.

[21] Kadison and Ringrose, Fundamentals of the theory of operator algebras, Academic Press, New York,
1983.

[22] E. Kirchberg, On the matricial approrimation property, preprint, 1991.
[23]

, On non-semisplit extensions, tensor products and exactness of group C*-algebras, Invent.. Math.

112 (1993), no. 3, 449 489.

[24] J. Lindenstrauss and T.. Tzafriri, Classical Banach spaces I and II, Springer, New York, 1996.
[25] R. Loebl and V. 1. Paulsen, Some remarks on C* converzity, Linear Alg. and Appl. 78 (1981), 63 78.
[26] J. Murray and J. von Neumann, On rings of operators, IV, Ann. Math. 44 (1943), 716 808.

[27] V. 1. Paulsen, Completely bounded maps and dilations, Notes in Mathematics, no. 146, Pitman, New
York, 1986.

[28] G. Pedersen, C*-algebras and their automorphism groups, Academic Press, London, 1979.
[29] N. C. Phillips, Inverse limits of C'*-algebras, J. Operator Theory 19 (1988), 159 195.
[30] G. Pisier, An introduction to the theory of operator spaces, preprint.

[31] __ | Fspaces de Banach quantiques: Une introduction a la théorie des espaces d’operatuers, Journee
Annuelle Soc. Math. France (1994), 1 59.

[32] , Fract operator spaces, Asterisque (1995), no. 232, 159 186.

[33] A. P. Robertson and W. J. Robertson, Topological vector spaces, Cambridge University Press, London,
1964.

[34] 7.-J. Ruan, Subspaces of C*-algebras, J. Funct. Anal. 76 (1988), 217 230.

[35] H. Saar, Kompacte, vollstandig beschrankte abbilungen mit werten in einer nuklearen C*-algebra, Diplo-
marbeit, Universitat des Saarlandes, 1982.

[36] K. Schmiidgen, Unbounded operator algebras and representation theory, Operator Theory: Advances
and Applications, vol. 37, Birkhauser, Boston, 1990.

[37] M. Takesaki, Theory of operator algebras, I, Springer-Verlag, New York, 1979.

[38] F. Treves, Topological vector spaces, distributions and kernels, Academic Press, New York, 1967.

[39] D. Voiculescu, K. Dykema, and A. Nica, Free random variables, American Mathematical Society, 1992.
[40] N. Weaver, Operator spaces and noncommutative metrics, preprint, 1995.

[41] C. Webster and S. Winkler, The Krein-Milman theorem in operator converity, preprint, 1997.

[42] S. Winkler, Matriz converity, Ph.D. thesis, University of California, T.os Angeles, 1996.

[43] G. Wittstock, FEin operatwertiger Hahn-Banach satz, J. Funct. Anal. 40 (1981), 127 150.

[44] Y.-C. Wong, Schwartz spaces, nuclear spaces and tensor products, Lecture Notes in Mathematics, no.
726, Springer-Verlag, New York, 1979.



