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ABSTRACT. Local operator spaces are defined to be projective limits of opera-
tor spaces. These limits arise when one considers linear spaces of unbounded
operators, and they may be regarded as the “quantized” or “operator” ana-
logues of locally convex spaces. It is shown that for nuclear spaces, the maxi-
mal and minimal quantizations coincide. Thus in a striking contrast to normed
spaces, a nuclear space has precisely one quantization. Furthermore, it is shown
that a local operator space is nuclear in the operator sense if and only if its
underlying locally convex space is nuclear. Operator versions of bornology and
duality are also considered.

1. INTRODUCTION

Quantum physics has provided functional analysts with some of their most chal-
lenging problems. In order to justify the physical theory, it is necessary to consider
linear spaces of (generally unbounded) Hilbert space operators. Although in some
cases, such as the theory of “functional integrals” on nuclear spaces, functional an-
alytic methods have proved to be remarkably effective (see [14], [26]), a generally
accepted framework for the Feynman integral remains elusive.

In this paper we consider an aspect of the functional analytic theory that may
have a bearing on these problems. The transition from functions to operators intro-
duces a new kind of linear structure into the systems. A linear space of operators
is automatically equipped with natural orderings or norms on its matrices, which
is usually not determined by those structures on the space itself. This phenome-
non was first observed by operator algebraists, who found it necessary to replace
the positive and bounded mappings of classical analysis with those having these
properties on the matrices as well (see, e.g., [1]).

In recent years, several models have been introduced in order to better under-
stand these notions. M.-D. Choi and the first author axiomatized self-adjoint unital
linear spaces of bounded operators [3] by considering the underlying matrix order-
ings. A more inclusive theory was formulated by Z.-J. Ruan, who succeeded in
characterizing arbitrary linear spaces of bounded operators by using the intrinsic
matrix norms [24]. These spaces are known as operator spaces, and they may be
thought of as “quantized normed spaces”. There is now a rapidly growing literature
on the theory and applications of these objects.
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R. Powers was the first to consider the matrix structure underlying spaces of
unbounded operators. Focussing his attention on the enveloping algebra A(g) of
a Lie algebra g, he showed that one can identify the integrable representations of
g by using suitable matriz orderings on A(g) [22]. In this paper we consider a
non-ordered theory that is applicable to more general linear spaces. Since locally
convex spaces are just the projective limits of normed spaces (see [23]), it is natural
to define a local operator space to be a projective limit of operator spaces. We wish
to show that this simple idea leads to a satisfactory theory.

We have followed the general program proposed some forty years ago by Grothen-
dieck for the study of locally convex vector spaces (see [16], [17], [15], and especially
[20]). In that pioneering work, Grothendieck carefully examined the relationship
between various tensor products and mapping spaces. His approach has thus far
proved to be the most effective way of generalizing classical Banach space techniques
to operator space theory (see, e.g., [2], [10], [7], [19], [21]).

The theory of locally convex spaces is purely topological, 1.e., it is concerned with
the topology on a vector space, rather than any specific seminorms. To illustrate
this, we recall that any two locally convex spaces of the same finite dimension
are linearly homeomorphic, and thus may be identified as locally convex spaces.
Similarly, a local operator space V is characterized by a matriz topology on the
linear space m(V') of infinite matrices [v; ;]; jen With v; ; € V zero for all but finitely
many indices. Once again, a linear isomorphism between two finite dimensional
local operator spaces induces a linear homeomorphism of their matrix spaces (see
§6). On the other hand, an infinite dimensional Hilbert space H supports non-
completely isomorphic operator space structures, and the corresponding topologies
on m(H) are therefore distinct (see §5 for more details).

It should also be noted that the matrix topology on m(V) for V' a local operator
space is asymptotic, i.e., 1t cannot be detected on matrices of bounded size. Letting
V and the n x n matrices M,, (V') have the relative topologies in m(V'), we have the
natural linear homeomorphism

(1) M (V)= V™,

where we have used the product topology on the right (see §5).

We begin in §2 and §3 with a discussion of the notions of absolute matrix con-
vexity for sets and their gauges. In §4 we prove a version of the bipolar theorem.
The local operator spaces are introduced in §5. In §6 we define the local operator
space versions of the projective and injective tensor products by using projective
limits of the corresponding operator space products.

We use the operator projective tensor product to define the notion of matrix
nuclearity for local operator spaces in §7. We prove that a local operator space is
nuclear if and only if the underlying locally convex space is nuclear. It will be re-
called that the nuclear spaces behave in many respects like finite dimensional spaces.
This notion is reinforced by the surprising fact that a nuclear locally convez space
has precisely one quantization. We consider the matrix analogues of boundedness
and “bornology” in §8, and we then discuss local matrix topologies for mapping
spaces and duals in §9. We conclude in §10 with a simple example of a nuclear
operator space that is relevant to elementary quantum mechanics.

Local operator spaces display unusual non-classical phenomena that require ad-
ditional care. The appropriate bipolar theorem involves a few subtleties, which have
already been considered in [13]. Owing to the fact that operator spaces need not
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be locally reflexive in the appropriate sense (this is in contrast to the situation for
normed spaces) [5], the theory of operator integral operators is also more difficult
(see §7).

We have chosen not to be encyclopedic. Instead, our goal has been to prove a
selection of results that show how one can also use Grothendieck’s theory in the
setting of local operator spaces. We will explore other aspects of the theory, such
as the Haagerup tensor product (see §6), in a subsequent paper.

We are indebted to Marc Rieffel, who for some time has encouraged us to develop
the local theory. His studies of quantum deformations had led him as well to
conclude that projective limits of operator spaces will play an important role in non-
commutative analysis. We also wish to thank Barry Johnson, who has advocated a
Banach module approach to operator space theory. His influence may be found in
our frequent use of matrix modules, and in particular, in his elegant characterization
of m-convex hulls in Lemma 3.2.

Turning to notation, we define a graded set Sx = (S, ) to be a sequence of sets
Sp (n € N). Given a sequence of points zx = (z), we write zx € Sx if z, € S,
for all n. Given two graded sets Sgx and T, we write Sg C Tk if S, C T, for all
n € N. When convenient, we omit the symbol .

Welet I, 12, 11, and ¢g denote the usual sequence spaces, and Mo, H Soo Too, and
K, denote the operator analogues, i.e., the Banach spaces of bounded operators,
Hilbert-Schmidt, trace class, and compact operators, respectively.

In this paper all vector spaces are assumed complex. Given vector spaces V and
W, we let L(V, W) denote the vector space of linear mappings ¢ : V. — W, and we
let V¢ = L(V,C). We define a pairing of complex vector spaces V and W to be a
bilinear function F' : V x W — C for which the corresponding functions V — W4
and W — V7 are injective. If we have fixed F, we will often use the notation
(v,w) = F(v,w), whereas we will use the notation (-|-) for sesquilinear forms.

All locally convex spaces in this paper are assumed to be Hausdorff. We have
found it convenient to use slightly different notations for normed and locally convex
spaces. Given normed spaces, we let B(V, W) denote the normed space of bounded
linear mappings from V to W, and V* = B(V, C). For locally convex spaces we use
the notation C(V, W) for the vector space of continuous linear mappings ¢ : V. — W,
and V' = C(V,C). On the other hand we let B(V, W) denote the bounded linear
mappings ¢ : V — W (these need not be continuous — see §9).

The reader may read about operator spaces in [2], [11], and [12]. We use the
following slightly modified notation. If V' and W are operator spaces, we let
Bop (V, W) denote the completely bounded mappings from V' to W with the com-
pletely bounded operator norm ||-||,; . This may be regarded as an operator space
structure provided one uses the usual identification

M (Bop(V,W)) 2 Bop(V, Mp(W)).

On the other hand, we may identify the normed spaces B,,(V,C) and V*, and the
operator space structure on the latter space is determined by the linear isomorphism

(2) M, (V") = Bop(V, My).

Finally we recall that there are two especially important operator structures that
can be placed on a Hilbert space H. We may use the linear isomorphisms

H = B(C, H)
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and
H=B(H",C)

of H with “column” and “row” operators to determine the column and row matrix
norms p. and p, on H, and we denote the corresponding column and row Hilbert
operator spaces by H. and H,, respectively (see, e.g., [8]). To be more explicit, the
corresponding matrix norms are determined by the linear identifications

Mpmn(H:) = B(C*, H™),
and
Mpmn(H:) = B(H™,C").

We have natural complete isometries (H.)* = (H*),.

There is a basic terminological difficulty with matrix structures, since the terms
“completely”, “operator”, and “matrix” have all been used to signal that one is
considering a property of the order or topology on m(V') ratherthan on V. Unfortu-
nately none of these terms would be satisfactory in all situations since, for example,
the term “completely continuous” would conflict with an unrelated notion. We have
therefore chosen to use these terms interchangeably. It should also be noted that
the “operator” or “matrix” nuclear spaces considered below have nothing to do
with nuclear C*-algebras. Since the theory of nuclear locally convex spaces pre-
ceded that of nuclear C*-algebras by several decades, we propose that the latter be
called C*-nuclear if there is a possibility of confusion.

2. MATRIX CONVENTIONS

We let M, denote the vector space of complex m by n matrices @ = [q; ;]
and M, = M, ,. We write 6?3” (1 i< m,1<j <n)for the usual basis of
matrix units in M, ,, and we let 5?7]» = 52}” We identify M, , with the normed
space B(C",C™) and we regard the conjugate transpose operation o — a* as an
isometric conjugate linear mapping from M,, , to M, . Identifying M,, with the
C*-algebra B(C"), M, has the multiplicative identity ¢" = _¢}',.

Given a (complex) vector space V, we let My, ,(V) be the vector space of all
m by n matrices v = [v; ;] with v;; € V, and we let M,(V) = M, »(V), and
Mpmn = Mpa(C). We identify a matrix of matrices over V with a single large
matrix by deleting the inner brackets. Given v € My, »(V) and w € M, 4(V), and
scalar matrices « € M, ,, and 3 € M), 4, we define

VO W E Mmiypnie(V)
and
avB € M, (V)
in the obvious manner. Given v = [v; ;] € M), 4(V'), we have that
(3) vij = EEP)UE](»(])*,
where in general we let

EM =10, 1;...0,] € My .
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On the other hand we have that
i
(4) v = Z Elgp’ Uiij](»q)
i,j
In many situations it is advantageous to replace the finite matrix spaces M, (V)

with the space m(V) of infinite matrices [v; ;] (v;; € V,i,j € N), where all but
finitely many of the v; ; are zero. Unless we indicate otherwise, we use the mapping

vy7 ... V1p 0

Vi .. Vin
= vm1 .. Vma O
Umi1 .- Ummn 0 0 0

)

to identify M, ,(V) with a subspace of m(V). Letting m = m(C), we have that
m(V) is an m-bimodule in the obvious manner. Tt will also be useful to consider
more general index sets. If s and t are finite sets, we let M, (V) be the vector
space of matrices [v; ;] (i € 5,7 € t), and given arbitrary sets s and t, we define

msyt(v) = h_{nMSD,tD(V)a
where the limit is taken over finite subsets 5y C s, and t; C t. In this more general
context it is useful to let n € N also stand for the set {1,...,n}, and oo for the

set N. Our previous conventions have obvious formulations in this more general
setting. Letting €; j ® €51 correspond to &(; ) (j 1), we have a natural identification

mOmM= Megxoo-
Each linear mapping ¢ : V — W determines linear mappings
On My (V) — Mp(W) : [vi ;] — [@(vi ;)]
and
Poo : (V) — m(W) : [vi ;] — [p(vi ;)]
Given a matrix
¢ = lpi ] € Mn(L(V,W))

we define a linear mapping ¢ : V. — M, (W) by letting ¢(v) = [¢; ;(v)]. We use
this to make the identification

(5) My (L(V, W) = L(V, My (W),

and similarly we have the identification

(6) m(L(V, W)) = LV, m(W)).
Given a non-degenerate pairing of vector spaces

(7) <~,~>ZV><W—>'C,

each element v € V (respectively, w € W) determines a linear functional v : W — C
(respectively, w : V — C) by

v(w) = w(v) = (v, w).

The pairing (7) determines the scalar pairings

(8) () My (V) x Mp(W) —C
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and
(9) () m(V)xm(W)—C
where

(v, w) = Z(%” Wi ;)

On the other hand it also determines the matriz pairings

(10) () s M (V) X M (W) — Mimxn

and

(11) ((- ) m(V) x m(W) — Mooxoo

where

(12) ((v,w)) = [(vi j, wi )] = wim(v) = va(w)

for m,n =1,...,00. In the latter formulae we regard v and w as linear mappings

v:W — M, and w:V — M,,, or mappings into m, respectively.

3. MATRIX GAUGES AND MATRIX CONVEXITY

A gauge on a vector space V is a function
7:V —[0,00]

such that

e GL. y(v+w) < y(v)

e G2. 9(av) < [al9(v)
for all v,w € V and o € C.We say that a gauge p is faithful if p(v) = 0 implies
v =10. A gauge p is a seminorm on V if p(v) < oo for all v € V. A faithful gauge p
determines a norm on the space

+ y(w), and

(13) PV ={veV:p) <o},

whereas a seminorm p determines a norm ||||p on the quotient vector space
(14) V, =V/N,,

where

N,={veV:p)=0}.
Letting 7, be the quotient mapping of V' onto V,, we have that
() = Ilm (I,
If v is a gauge on V| then the unit set
B = {v:7(0) < 1}

is absolutely convez, i.e., if we are given v; € BY, and a; € C (1 < ¢ < n) for which
> |ei] < 1, then >~ ayv; € BY. Conversely, given an absolutely convex set B C V,
the corresponding Minkowski functional 47 is a gauge on V. We recall that

vB(v) =inf{A > 0:v € AB},
where we let 72 (v) = co if v ¢ AB for any A > 0.
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Given an arbitrary vector space V, a matriz (or operaior) gauge yx on V is a
sequence of gauges
Yn : Mp (V) — [0, 0]
such that for any v € M, (V), w € Mp(V), « € My, and § € My, 1,
e MGL1. Ypin(v ® w) = max{ym(v),yn(w)}, and
* MG2. y,(avf) < |laf|ym(v) [I8]]-

Owing to MG1, we have a well-defined gauge 7 on m(V) determined by the
relation

Yoo (v) = 1 (v),

when v € M, (V). We say that elements v; € m(V) (i = 1... ,n) are orthogonal if
there exist orthogonal projections e; € m for which e;v;e; = v;.

Lemma 3.1. If vx is a matriz gauge on V, then the corresponding gauge voo Sai-
1sfies the following properties:
mG1l. Ifv and w are orthogonal in m(V'), then yoo (v + w) = max{ye (v), Yoo (w)},
and
mG2. Yoo (avf) < ||| Yoo (v) || B]] for all a, 8 € m,v € My, (V), and m € N.

Proof. Given v, w € m(V) and orthogonal projections e, f € m with eve = v and
fwf = w, we fix an integer m with v,w € M (V) and e, f € M,,. We may
choose partial isometries @ and 8 € M,,, which are equivalences of ¢ and f with the
projections e*) and ("), where k and [ are the dimensions of these projections. It

follows that ava® € My(V), fwi* € M;(V), and

vtw=[a* g ](ava*@ﬂwﬂ*)[g].

5]
Yoo (V4 w) < max{7eo (v), Yoo (w)}.

The remaining verifications are trivial. O

Noting that

2=H[ at g ][%]Hzllewng,

1t follows that

We say that a gauge v on m(V) that satisfies mG1 and mG2 is an m-module
gauge. Tt is evident that given such a gauge, the restrictions v, = v|a, (v) determine
a matrix gauge vx on V, and that we have a one-to-one relation between matrix
gauges v on V and m-module gauges v on m(V).

We say that a graded set By in Mg (V), is absolutely matriz convez if for all
m,n € N,

e MC1. B,, ® B, C Bnyn, and

e MC2. aB,,3 C B, for any n by m and m by n contractions o and .

Given a matrix gauge yx on V, the sequence of unit sets B} = (B7") is an
absolutely matrix convex set. Conversely, given an absolutely matrix convex graded
set By = (B,), the corresponding Minkowski norms 7®» associated with the convex
sets B, C M, (V) determine an operator seminorm 'yg. It is a simple matter to
verify that Bo, = UB,, is the unit ball of the m-module gauge 7.

We say that a set B C m(V) is absolutely m-convezif
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e mC1. for any orthogonal elements v, w € B, we have that v + w € B, and
e mC2. aBf C B for any contractions «,3 € m.

The argument used in Lemma 3.1 shows that the mapping Bx +— Be = UB,
provides a one-to-one correspondence between matrix convex graded sets for V' and
m-convex sets in m(V).

It is evident that an intersection of absolutely m-convex sets is an m-convex set,
and thus if we are given a set S C m(V'), we may define the m-convex hull hop(S)
of S to be the smallest absolutely m-convex set containing S. We are indebted to
B. E. Johnson for the following result.

Lemma 3.2. Given an arbitrary subset S C m(V),

hop(S) = {3 aivifh - vi € 5}

where a1, ... ,an, and Bq,..., B, € m satisfy

Dl pipi <1
Proof. We have that
B
Zaivzﬂi:[al...an](m@..-@vn) )
B

and thus it is evident that if these elements satisfy the indicated relations, we have
that >~ a;v;0; € hop(S). Conversely, given contractions y and 6§, we have that

B16
'y(z a;v;0)6 = [yar ...yap](v1 @ ... D vy)
B 6
where

D eyt =74 (Z aia?) ¥

is again a contraction, and the corresponding relation holds for the ;6 terms.
If we are given orthogonal projections e, f and we have that v = Y a;v;3; and
w =) 7yjw;b; satisfy eue = u and fvf = v, then we have that

D eajaie+ > fyvif<1

and
D e e+ fE18F <1,
and thus
u+v= Z ea;v;ve + Z fB;w;é; f
is a decomposition of the same type. O

Let us suppose that 7 is a matrix gauge on V. Given a finite set sq with n elements,
we may use a bijection of sg onto {1,...,n} to identify My, (V) with M, (V), and
thus provide M, (V) with a gauge 7s,. This does not depend on the particular
bijection since a permutation of {1,...,n} determines a unitary o : C* — C*, and
from mG2 the mapping

v — ot va



LOCAL OPERATOR SPACES 9

leaves the gauge v on M, (V') invariant. If s is an arbitrary set, we may define a
gauge on m4(V) by letting

75(@) = Sup{750 (vso)}’

where the supremum is taken over all finite subsets 59 of 5. In particular we may
use the norms on the spaces My, to define a norm on ms.

Given a matrix gauge v on a vector space V and a matrix v = [v; ;] € M,(V),
we have from (3) and (4) and MC2 the important constraints

() = (B
Yn(v)
(Y B v B
(15) n? max{y1(v; )}

It follows that if px is a matrix gauge for which p; is faithful, then the same is true
for each of the p,, and thus for p.,, and similarly if px is a matrix gauge for which py
is a seminorm, i.e., it is finite, then that is also the case for each p, (n € NU{co}).
In the latter case we say that p is a matriz or operator seminorm. If p is a matrix
seminorm and N, = {v € V : p1(v) = 0}, we have that p determines an operator
norm ||||§é on V, = V/N,, and thus V, is an operator space with

1(7p)n ()7 = pn(v).

4. THE BIPOLAR THEOREM.

IA

INA

If V is a locally convex topological vector space, then the canonical topology on
M, (V) is that determined by the linear isomorphism (1), i.e., we have that a net
vy € M,(V) converges to an element v € M, (V) if and only if (vy); ; — v; ;.

If V is a locally convex vector space, a gauge v on V is lower semicontinuous
if the corresponding unit set B” is closed. The mappings v — BY and B — ~8
determine one-to-one correspondences between the lower semi-continuous gauges =y
and the weakly closed absolutely convex subsets B C V. On the other hand, we
have that B” is a neighborhood of 0 if and only if ¥ is a continuous seminorm (see
[23], p. 14).

Two locally convex spaces V and W are in duality (or a dual pair) if one is given
a distinguished pairing

() VxW—=C
such that all the continuous functionals on V' are given by elements of W, and vice
versa. If this is the case, we have that M, (V) and M, (W) are in duality under the
scalar pairing (8). Both the scalar pairing and the matrix pairing (10) determine the

same topologies on M, (V) and M, (W), which we refer to as the weak topologies.
We define the weak topology on m to be that determined by the scalar pairing

(16) mxm—C:(a,f)— (a,p).

We may similarly use the scalar pairing (9), or letting m have the weak topology,
the matrix pairing (11) to define the weak topologies on m(V) and m(W). Using
(12), it is easy to see that the bilinear mapping

(-, NV x My(W) — M,
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determines all the weakly continuous mappings ¢ : V. — M, i.e., we have
(17) M, (W) = C(V, M,).
Given a subset D C V, the absolute polar of D is defined by
D°={weW:|(v,w)| <1forall ve D}

The classical bipolar theorem implies that D°° is the smallest weakly closed abso-
lutely convex set containing D, and thus D +— D° is a one-to-one correspondence
between the weakly closed absolutely convex sets of V' and W.

Given a graded set Dy C Mg (V), the (absolute) operator polar Dg C My (W),
is defined by

D? ={we M, (W) : ||[{{v,w))|| < 1forall v € D,, and r € N}.
We note that
(18) Dy = DY

since if f € V' satisfies |(f, z)| < 1 for all # € Dy, then |[{{f, z))|| < 1 for all z € D,.
To see this let us suppose that &, 7 € C* are unit vectors. Then regarding these as
unit column matrices, we have that

(((frz)) nl&) = (fIE"an) < 1

(see Lemma 5.2 for a more general result).

The following bipolar theorem is variation of [11]. Owing to the fact that we must
allow infinite gauges in our applications, 1t is necessary to modify that argument,
using a technique introduced in [13]. Unfortunately, we are not aware of a simple
argument that would reduce this result to the bipolar theorem for non-absolutely
matrix convex sets proved in [13]. The reader may prefer to initially skip over the
rather lengthy proof.

We say that Dy i1s weakly closed if that is the case for each set D, .

Proposition 4.1. Suppose that V and W are dual locally conver spaces. Given
any graded set Dy C My (V), we have thai Dg@ 1s the smallest weakly closed
absolutely matriz convez set containing Dy .

Proof. 1t suffices to prove that if Dy is absolutely matrix convex and weakly closed,
then D$® = Dy. Thus we must prove that if vg ¢ D,,, then vg ¢ DP®. To do this
we will show that there exists a wg € M, (W) for which wq € (D?), i.e.,

[l{(v, wo))Il < 1,
for all v € D, and r € N, but

[1{{vo, wo))[| > 1

Letting ¥ be the matrix gauge of Dy and using the identification (17), it suffices
to find a mapping ¢ : V — M, for which

(19) ller ()] <1
for all v € D, and r € N, but
(20) llon (vo)l| > 1.

Using the classical bipolar theorem, we have that vy ¢ D2°, i.e., we may find a

functional F' € M, (V)’ for which
(21) [Flp,| <1< [F(v)l.
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As in [13] we will extract the desired matrix valued function ¢ from a perturbation
of F.

Our argument depends on a simple convexity result. Let us suppose that &
is a cone of real continuous affine functions on a compact convex subset K of a
topological vector space F, and that for each e € &, there is a corresponding point
k. € K with e(k.) > 0. Then there is a point kg € K for which e(kg) > 0 for all
e € £. A simple proof of this result may be found in [13], Lemma 5.2.

Following [11], we claim that there exist states pg and qo on M, such that

(22) |F(avB)| < po(aa™)?y(v)go (8" B)'/*
for all @« € M, ,,8 € M,,, and v € M,(V) for which 7,(v) < oo, with r € N
arbitrary. If 4, (v) = 0, then

Tn(ovf) < le[-(v) |18l =0,

i.e., A(awvf) € D, for all scalars A > 0. Since we chose F' with |F|p, | < 1, we have
A F(avpB)| < 1 for all scalars A > 0, hence F(avf) = 0 and (22) is trivial. Dividing
by a constant, we may assume that v,(v) = 1. Summarizing, our task is to find
states pg and g on M,, such that for all v € M, (V) with v, (v) = 1, we havethat

(23) |F(avB)| < po(aa™)*qo(5" B)/*.
It suffices to find states pg, qo such that

ReF(avﬂ) < po(aa*)1/2qO(ﬂ*ﬂ)1/2

since we can then replace a by e« for a suitable § € [0,27]. In turn, it is enough
to prove that

(24) Re F(avf) < (1/2)[po(aa”)+q0(8" ).
To see this, we replace a by /2« and 2 by t=/23 for ¢t > 0. It follows that
Re F(avf) < (1/2)[tpo(aa’™) +17 q0(8" )],

and minimizing for ¢t > 0 (or simply letting t = po(aa*)~"/2qo(5*3)'/? for a # 0),
we obtain (23).

Letting S,, be the set of states on M,,, S = S, x S, is a compact and convex
subset of (M, ® M,)*. We write A(S) for the continuous affine functions on S.
Given o« € My, f € M,, and v € M,(V) with 7.(v) = 1, we may define a
corresponding function e, 5 € A(K) by

€aw,5(p, 1) = plaa”) + q(6" ) — 2ReF (avp).

Letting £ denote the collection of all such functions, we must show that there is a
point (pg, qo) € S for which e(pg, q0) > 0 for all e € £. But we have that

a) Each function e € £ is non-negative at some point (p.,q.) € S. To see this
suppose that e = e, 4 g, and select states p. and g. with p.(aa*) = ||aa*|| = [|a||?,

and ¢.(8*3) = ||B]|*>. Then we have
€a,v,5(Pe ge) = |le]|* +[18]|* — 2Re F(avf) > 0

since

Re F(avf) < |F(avp)| < [lavB|| < [lalllBll < (1/2)[llel® + 1|8]°]-
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b) The collection £ is a cone of functions, i.e., E4+ & C &, and A€ C & for A > 0.
The second assertion is trivial. For the first we note that

eoz,u,,@ + ealy,ulyﬁl = eallyvllyﬁll

where o' = [ a o ] LB = [ g, ] ,and v = v @ v € M,y satisfies yp4p (v D
') = 1.

iFrom the convexity result, there exists a point (po, qo) at which all of the func-
tions in & are positive. Thus we have proved (22). We claim that we may perturb
these states so that they are faithful. We recall that the normalized trace 7 on M,
is faithful, i.e.; we have that 7(a*a) = 0 implies that = 0. Given 0 < ¢ < 1,
it follows that p = (1 — €)po + e7 and ¢ = (1 — €)gg + 7 are faithful. Letting
G = (1 —¢)F, we have from (22) that if v, (v) < oo,

Glavd) < (1—e)po(aa”) qo(8 B)/ 7, (v)

<
< LD py(aa) + (@) (v)

() + a( D ().

Replacing o by t'/2a and 3 by t~'/2«, where ¢ is a positive scalar, and then
minimizing, we conclude that

(25) |G(avB)| < plaa™)! />y, (v)g(5* B)'/*.
On the other hand, if we let ¢ be sufficiently small, we have from (21) that
|Glp,| <1< [G(vo)].

Applying the GNS theorem, we have corresponding faithful representations =
and # of M, on finite dimensional Hilbert spaces H and K, respectively, with
separating and cyclic vectors & € H and 5o € K satisfying p(a) = (7(«)&0|¢o) and
q(a) = (6(a)no|ne), respectively, for all @ € M,,.

IN

Given a row matrix a = [a1, @3, ..., a,] € My », we define & € M, by
Qq Q9
a = 0 0

We let Ml,n be the linear space of all such n by n matrices, and we let Hy =
71'(]\;[17”)50 C H and Ky = Q(Ml,n)ﬂo C K. Owing to the fact that £, and ng are
separating, Hg and K are n-dimensional spaces.

Fixing an element v € V| the sesquilinear form B, defined on Ky x Hy by

By (8(8)n0, m(6)é0) = G(a"vp)

is well-defined since if, for example, 6(5)ng = 0, then since 7q is separating and 6 is
a faithful representation, we have that § = 0 and G(a*v#) = 0. Thus there exists
a unique linear map ¢(v) : Ko — Hg for which

G(a™vB) = (p(v)8(F)mo | w(@)o)-
It is a simple matter to verify that the corresponding map ¢ : V. — B(Kq, Hy) is

linear. Since Hg and K are n-dimensional, we may identify each of these spaces
with C" | and ¢ with a mapping ¢ : V — M,,.
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Given a matrix v € M,,(V'), we have from (4)

G) = Sp(vi)0(EM o | w(EM)eo)
(26) = (gn(v)n ] ),
where
0(E™ o (B
n= : , €= : e
0(ES o T(ES)o
satisfy

€117 = Sla(ESM)6o|1? = Sp(ES* BNy = p(e™) = 1,

and similarly, ||n||* = 1.
To show that ¢ satisfies (19), we must prove that if v € M, (V) and 7, (v) < oo,
then

{er(@)m | €2)] < ye (@)l ImllIE2 I

for unit vectors &; and 77 in (C*)". Letting
m(&1)€o 0(f1)mo
&= : , = :
7T(O~Zr)£0 9(@)770
where o, §; € My ,,, we have that
[€111* = S| (a:)éoll* = Tp(aj ai) = p(a”a),
and similarly ||n:]|* = ¢(3*B) , where
ai B
@ = ) ﬁ = S Mr,n~
Ay Br
It follows that

S{o(vi)0(B; o | 7(éi)o)
EG(aivijBy)
= G(a™vp),

(er(v)m | &)

and thus if v € D,

[{er(v)m | &) |G (a"vp)|
p(aa*)l/er(U)q(ﬂ*ﬂ)1/2
e (€Il

1.

On the other hand we have that vo € M, (V) satisfies
1 < G(vo) = (pn(vo)n | &),

and since that  and & are unit vectors, we have proved (20). O

IA A

IN
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Given a subset S C m(V), we define its m-polar S® C m(W) by
SO ={wem(W):||({v,w))]| < 1forallveS}.

We claim that S® is m-convex. If w,w’ € S® and e, f € m are orthogonal pro-
jections with ewe = w and fw'f = w’, then given v € S, = SN M,, we have
that ¢ = (™ @ e and f :~6(”) @ f are orthogonal projections in m ® m, satisfying
E((v, w))é = ({(v,w)) and f{{v,w))f = (v, w")). Tt follows that
(,ewe+ Ful DO = |etto.u))é + Fiiw,w ]

= max{|l{(v, W] [l{{v, w' P} < 1.

On the other hand if a, 3 € m are contractions, then that is also the case for
& =" ®aand p @ B, and thus

I¢e, avm) = @, wh)] < I(w,wll <1.

Corollary 4.1. Given a subset S C m(V), S®® is the smallest weakly closed m-
convex set containing S.

Proof. 1f we let B be the smallest m-convex set containing S, the weak closure B
is obviously m-convex, and thus our task is to show that B®® = B. The sets

B, =™ Be™) C M, (V)

determine an absolutely matrix convex set By . The weak closure B is equal to UB,,
since if vy is a net in UB,, converging to v € m(V), then assuming that v € M, (V),

v = li{nE(”)UAE(”) € B,.

Thus if v ¢ B, then we may assume that for some n € N,
vg € Mp(V)\B,.
From the bipolar theorem there exists a wg € My, (W) such that
[I{{vo, wo))[| > 1 = [[((v, wo))l

for all v € B, with r € N arbitrary. Regarding wg as an element of m(W), we have
that wg € BY, and thus vy ¢ B®®. O

Given a gauge v on V| we define the dual gauge v° to be the gauge of the polar
of the unit set of v, or equivalently,

7 (f) = sup {[(v, )] : 7(v) < 1}
If v% 1s a matrix gaugeon V| the corresponding dual matriz gauge 'yg is determined
for f € M,(V') by
7 (F) = sup {[|{{v, A : 7(v) < 1,7 € N}

whereas, if v is an m-module gauge on m(V'), then the dual m-module gauge v on
m(V’) is defined by

72 (f) = sup {[[{{v, I 1 7(v) <1, v € m(V)}.

Given a locally convex space V', we have that V and W = V' = C(V,C) form a
dual pair. An absolutely convex set K C V determines a graded set Ky, where

. . [ K ifn=1
(27) I‘“_{ {0} ifn>1
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We define the minimal envelope K C Mg (V) to be (K5)®@. It follows from the
preceding theorem that K is the weak closure of the matrix convex set

(28) K= {a(vi®...®v,)B :v; € Kp,, a, f contractions}

We define the mazimal envelope K to be the matrix polar of the classical polar
K°® CV’. To be more precise, K = (K%)®, where

. o [ K° ifn=1
(29) I‘ﬂ—{ {0} ifn>1

We claim that if Ly is a weakly closed absolutely matrix convex set with L1 = K,
then

KCLCK.
We have Ly D Ky implies that L® C K® and thus
L=1L% DK% =K.
On the other hand from (18), LY = L} = K} implies that Lg D Kg and
L=1°C(K)® =K.
If p is the gauge of an absolutely convex weakly closed set K in V, we let p and

5 be the corresponding matrix gauges of K and K, respectively. It follows from
above that if p is any matrix gauge with p; = p, then

(30) p<p<p

In particular, if V' is a normed space with the norm p(v) = ||v||, the two eztremal
matrix norms on V are defined for v € M, (V) by

(31) 9llmin = sup {I1((o, A= £ € VA < 1} = pa(v)

(see [6], [2]) and
(32)  llmax = sup {ll{{v, NI : f € BV, My), [I£]] < 1,p € N} = pn(v).

(see [2]). The corresponding operator spaces are denoted by minV and maxV,
respectively.

5. LOCAL OPERATOR SPACES

If V is a locally convex space, then its topology is determined by the family
N(V) of continuous seminorms p : V' — [0,00). In the remainder of the paper, we
regard a locally convex space V as in duality with its continuous dual V', and we
refer to the topology determined by V' as the weak topology on V. Similarly, we
define the weak topology on m(V') to be that determined by either the scalar pairing
m(V) x m(V') — C, or equivalently, by the matrix pairing

m(V) x m(V') = m®m,

where we let m ® m = My xo have the weak topology determined by (16).

We recall that an operator space is a vector space V together with a distinguished
operator norm p. Given a locally convex space V| we define a local operator struc-
tureon V to be a family R of continuous operator seminorms p on V, for which the
seminorms p; generate the topology on V. We define the matriz topology on m(V)
determined (or generated) by R to be the locally convex topology determined by
the seminorms po, with p € 8. We define a local operator space to be a locally
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convex space V together with a matrix topology on m(V') which arises in the above
manner. We shall say that a given local operator structure on a locally convex space
is a quantization of that space. On the other hand when we shall on occassion refer
to results in locally convex theory as being classical.

Let us suppose that V is a local operator space generated by a family of contin-
uous operator seminorms . We say that an operator seminorm v on V is matriz
continuous if the corresponding m-module seminorm

Voo : m(V) — [0, 00)

is continuous. Equivalently, we have that there exists an operator seminorm p € R
and a constant k > 0 with v, < kp, for all n. Letting 91,, (V') be the collection of all
matrix continuous operator seminorms, it is evident that M,, (V') and R determine
the same topology on m(V). We say that a local operator space V is countably
generated if the matrix topology is generated by a countable family fR of operator
seminorms. The collection M,, (V) is partially ordered by the relation p < o if for
each v € m(V) we have that pe(v) < 0so(v).

Given two local operator spaces V and W, we say that a linear mapping ¢ : V —
W is matriz or operator continuous if the corresponding mapping ¢e : m(V) —
m(W) is continuous in the matrix topologies. Thus we have that ¢ is operator
continuous if and only if for any operator seminorm o € MN,p(W), there is an
operator seminorm p € N,, (V) and a constant k > 0 such that

Tn(pn(v)) < kpa(v).

for all n € N. Similarly we say that ¢ i1s a matriz or operator homeomorphism if
@Yoo 1s a homeomorphism in the matrix topologies. We let C,p(V, W) denote the
vector space of all matrix continuous linear mappings ¢ : V — W. If V and W
are operator spaces, these notions coincide with those of completely bounded and
completely isomorphic linear mappings ¢ : V. — W, respectively, i.e., in this case
we have the linear space equality Cop(V, W) = B, (V, W).

It is apparent from (15) that the seminorms p, with p € M, (V) determine
the canonical topology on M, (V). Thus since the seminorm pe, restricts to p, on
M, (V), we conclude that the injection M, (V) < m(V) is a homeomorphism onto
its image. On the other hand, it is already apparent from the theory of operator
spaces that the norm topology on V does not determine that on m(V'). This is
evident if one considers the row and column Hilbert spaces H. and H,. Any com-
pletely bounded linear mapping ¢ : H. — H, is compact [8], Cor.4.5, hence if H is
infinite dimensional, H, and H, are not completely isomorphic.

We next show that any matrix topology on m(V) contains the weak topology
determined by the pairings (9) and (11), and thus m-polars of sets in m(V’) are
automatically closed in m(V'). For this purpose we use several lemmas due to Roger

Smith [27].

Lemma 5.1. Guven integers m,n € N with m > n and a vectorn € C? @C", there
exists an isometry § : C" — C™ and a vectorn € C*QC" for which (B&1,)(n) = 7.

Proof. There exist unique vectors 7; € C™, (j = 1,...,n) with
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Letting ' C C™ be the subspace spanned by the vectors n;, we have that dim F' <
n < m. Thus we may find an isometry § : C* — C™ with image containing
F. For each j we have a unique vector ; € C* for which §(7;) = n;. Letting

=31 ®e"), we have that § ® I, () = 1. O

Lemma 5.2. Suppose that p is a mairiz gauge on a vector space V, and that ¢ :
V — M, is a linear map. If

llon (@)l < kpn(v)
for all v € My (V), we have that

ller ()l < kpr(v)
for all v € M, (V) with r € N arbitrary.

Proof. If r < n, then we have that
ller (@)l = llon(v ® 0n—r)ll < kpn(v @ On_r) = kpr(v).
Let us suppose that r > n. We may assume that p,(v) < co. Given arbitrary unit
vectors n,& € (C*)™ = C™ ® C" we have from the above lemma that, there exist
isometries o, 8 : C* — C™ and unit vectors £, 7 € C* ®C" for which { = (a®1,,)(£)
and n = (f ® I,)(7). We have that
e (mlE)]l = Her(0)(B O Ln)M)l(e @ In)(E))]
[(en(a”vB)g [ €)]
[l en(a™vB)||
kpn(a™vp)
kpr(v).

Since 1 and ¢ are arbitrary unit vectors, we conclude that

ler (I < kpr(v).

IANIAIA

O

Corollary 5.1. If V s a local operator space, then the matriz topology contains
the weak topology on m(V).

Proof. Given f € m(V'), we may assume that f € M,(V') for some n € N. By
assumption the seminorms p; with p € 9,,(V) determine the topology on V. It
follows that there exists such a p and a constant £ > 0 with

lf ()] < kp1(v)
for all v € V. Tt follows that if v € M, (V) then

< n® max{|f(vi;)}
< nPkpi(vig)
< nlkpa(v).

1/ ()

Thus from Lemma 5.2, we have that

£+ ()| < n*kpr(v)

for all v € M, (V) with » € N arbitrary. We conclude that f is continuous as a
linear functional on m(V). O
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We may associate eztremal quantizations of a locally convex space V in the
following manner. Given a continuous seminorm p € 91(V), we have that the unit
ball B” 1s closed and convex, and thus it is closed in the weak topology determined
by V’. Following the discussion of §4, we may associate with p the minimal and
maximal envelopes p and p, respectively, for each continuous seminorm p € N(V).
We let maxV and min V' denote the local operator spaces determined by the p and
p for p € M(V) (the correspondence between sets and gauges is order inverting). If
V is a local operator space, then given p € M,,(V), we have from (30) a diagram
of matrix continuous mappings

maxV — V — minV.

Given a subspace W of a locally convex operator space V| it is evident that
the restrictions of operator seminorms in M,,(V') determine a matrix topology on
m(W). If W is closed in V, it follows from the inequalities (15) that M, (W) is closed
in M, (V). We also have that if V' is complete, then it also follows from (15) that
each of the spaces M, (V) is complete. Tt is often convenient to refer to a linear
matrix homeomorphism of a local operator space W into another local operator
space V as an “inclusion W C V of local operator spaces”.

If p € Nop(V), we let j, denote the corresponding quotient seminorm on

These determine the gquotient operator space structure on V/W. In general the
quotient of a complete locally convex vector space need not be complete. However,
this is the case for a Frechet space, i.e., a countably seminormed complete locally
convex vector space (see [25]). If V' is an operator space, we say that it is Frechet if
it is Frechet as a locally convex space. Tt follows that each space M, (V) is Frechet,
and if W is a closed subspace of V; M, (W) is closed in M, (V'), and (33) determines
a Frechet operator space V/W.

6. PROJECTIVE LIMITS AND TENSOR PRODUCTS

The development of projective limits and tensor products for operator spaces
closely parallels that for locally convex spaces. After recalling the classical defini-
tion, we continue with the development for local operator spaces. We will need the
classical tensor product theory as well, but this can be deduced from the operator
case, or found in [23] and [25] .

Let us suppose that we are given a vector space V, a family of locally convex
spaces V., and linear mappings 7, : V — V,. We associate with each v € T
and p € 9N(V,) a seminorm o on V by letting o, = pp o (7,),. Letting v vary,
the resulting collection 91(V') of seminorms determines the projective locally convex
topology on V determined by the m.,, and we write

(34) V =lim{V,,m,} =limV,.
If V, is a locally convex subspace of a locally convex space W,, then it is trivial
that V' = lim W,. In this paper we will be only interested in projective limits of
Banach spaces. If V is a locally convex space, then we have

V =1limV,
(see (14)), i.e., V is a projective limit of Banach spaces [23]. Tt is customary to take
the completions in order to simplify the discussion of nuclearity (see the following
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section). It should be noted that even if V' is complete, this need not be the case for
V,. Given another locally convex space W = lim W, , we have that a linear mapping

¢ : V. — W is continuous if and only if for each o € 9(W), there is a p € N(V)
and a constant & > 0 for which

1o (DIl < k7, ()]

or equivalently, we have a commutative diagram

v v

(35) | |
v, W,
Po.p
where ¢, , is a contraction.
We may similarly define the projective operator space topology on V determined
by a family of local operator spaces V,, (v € I'), and linear mappings =, : V — V,
by using the collecton of operator seminorms o, = py, o (), and we write

(36) V = oplim{V,, 7, } = oplim V.

The corresponding matrix topology on m(V') is just the usual projective limit
m(V) = lim{m(V5), (7)o } -
Once again we have that if V' is an arbitrary local operator space, then

(37) V =oplim{V,, 7, : p € Nop(V)}.

where Vp is the completion of V,. We recall that the completion of an operator space
may be obtained by completing the underlying normed space, and then observing
that each matrix space is then automatically complete (see (15)). Given p,o €
Nop(V) with p < o, we have a corresponding complete contraction

Mot Vo — Vp
determined by

Tp,o (o (v)) = 7y (v)
forv e V.
Given V = ophm{Vv,ﬂ'v} and W = ophm{Wg,(‘)é} with V, and W;s operator

spaces, we have that a linear mapping ¢ : V — W is matrix continuous if and only
if for each 6 there exists a v and a constant & > 0 for which

185 )n(en ()] < & [I(7y ) (V)]

or equivalently, we have (35), where ¢, , is a completely bounded mapping of
complete operator spaces.

It is important to note that we are considering the projective limit of fopologies
on m(V'), and not the projective limit of the underlying vector spaces m(V,). To
illustrate how one can use this fact, let us suppose that V is a finite dimensional
locally convex space. It is easy to see that we may choose a generating collection
of continuous norms p,. We have from ([5], Lemma 2.3) that if V is a finite dimen-
sional operator space, then any linear mapping of V into another operator space
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is completely bounded. It follows that all operator norms determine the same ma-
trix topology on m(V'). Thus the limit topology is determined by any one of the
corresponding norms (we are indebted to S. Winkler for this observation), and we
conclude that there is only one local operator structure on a finite dimensional
vector space.

If we are given a subspace W of V|, we have that the relative matrix topology on
m(V) is determined by the restriction of the seminorms |7, (-)]|, i.e., we have that

W = oplim{W,, 7,}

where W, = 7,(W) and 7, = m,|w.
The following will play an important role in the next section.

Proposition 6.1. If V is a locally convex space, then
minV = oplim {minV, : p € N(V)},

max V = oplim {maxV, : p € N(V)}.

Proof. Given a continuous seminorm p on V, it suffices to prove that V,; = max Vp
and Vp = min Vp. For the second we observe that the adjoint of the quotient map-
ping V — Vp maps the unit ball of V" onto the polar (B?)° of the unit set for p.
Thus for any v € M, (V') we have that

pn(v) = sup{[|((v,9))ll 19 € (B")"}
sup {[[((mp.n (0), N F VI < 1}
= 7o (0l min -

On the other hand, the quotient mapping also determines a mapping of the unit
ball of B(V,, M) onto (Bf’)g), from which we conclude that

pn(v) = sup {[|{{v,g))|l : g € (B")Y,p €N}
sup {[[{((7p,n(v), ) = f € BV, Mp), [|f]| < 1}
= |7 n(¥)l| pax

(see (31) and (32)). O

Turning to tensor products, we assume that the reader is familiar with the prop-
erties of the (complete) projective and injective tensor products V@W and VW of
normed spaces V and W. We denote the analogous operator space tensor products
for operator spaces V and W by V®,,W and V&,,W. Motivated by the situa-
tion for locally convex spaces, we may use projective limits to define these tensor
products for local operator spaces.

Given local operator spaces V' and W, and continuous operator seminorms y €
Nop(V) and v € N,p (W) we have corresponding linear mappings

T, QT VAW — Vu®opWV
and

T, Qm : VoW — Vp®ole/'
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We define the (incomplete) projective and injective tensor products V @ W, and
V @ W, respectively, to be the vector space V@W together with the corresponding
limit matrix topologies, i.e., we let

Vi W = oplimV,@,,W,
and
V oF W = oplimV,&,,W,.

where the limits are taken over g € M,p(V) and v € Nop(W). We define the
(complete) projective and injective operator tensor products V©,,W and V&, W
to be the completion of these spaces. It is a simple matter to verify that one obtains
the same spaces if one uses any generating families of operator norms R and & for
V and W, respectively.

We may also use projective limits to define the Haagerup tensor product V' é w
for local operator spaces. Alternatively we can appeal to a result of B. Johnson to
the effect that the Haagerup tensor product has a natural interpretation in terms
of module tensor products (see [6]). Since we shall not be using this tensor product
below, we have put off further discussion to a subsequent paper.

Given local operator spaces VW, and X, we say that a bilinear mapping ¢ :
V x W — X is jowntly matriz continuous, if the corresponding mapping

Yoo .00t MV) x M(W) — Megxoo(X)

is jointly continuous in the matrix topologies. Equivalently, for each p € 91(X) we
have that there exist p € M,p (V) and v € Nop(W) and a constant k > 0 such that

pmxn(@m,n(va w)) < kﬂm(v)l/ﬂ(w)

for all v € M, (V) and w € M, (W). Letting ¢ : V®W — X be the linear mapping
determined by ¢, it follows that we have a commutative diagram

Vew —2—

l |

VH®0PWV - Xﬂ
Pu,vip
where the completely bounded linear mappings ¢, ,., are determined by the cor-
responding bilinear functions
Vi x W, — X,.
It follows that ¢ : V @, W — X is matrix continuous. Letting Cop(V x W, X) be

the vector space of all matrix continuous bilinear mappings ¢ : V. x W — X, it
follows that we have a natural vector space isomorphism

Cop(V X W, X) = Cop(V OF W, X).

If W is an operator space, and we let W* have the dual operator space structure
(see (2)) we have the linear isomorphism

(38) (VorF W) =C,p(V,W*).
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To see this, let us suppose that we are given a bilinear mapping F' : V x W — C,
and that we define

pop:V—W"

by letting ¢ (v)(w) = F(v,w). We have that ¢p is matrix continuous if and only
if for each p € MNop(V) there is a k, > 0 with

[1Emn (0, W)l = [[(er)m (v)n (W) < kppm (v) [Je]|

for all v € My, (V),w € M, (W), m,n € N. Since the operator norms determine the
operator space topology for V| these inequalities correspond exactly to the condition
that F' € Cop(V x W, C).

Given local operator space inclusions Vo C V and Wy C W (see §5), we claim
that we a have natural inclusion

(39) Vo@opWo C V&, W.

To see this, we observe that these inclusions determine a continuous bijection of
Vo @F Wy onto a subspace E of V @ W. Given p € Nop(V) and v € N,p (W) with
restrictions gy € Nop(Vo) and vy € N(Wy), the completely isometric inclusions
(Vo) po — Vyu and (Wy),, — W, determine a complete isometry of f/()u@op Wo, onto
a subspace F, , of V0u®0p Wa, . Thus the relation (39) is apparent from the diagram

Vo@F Wy, = E C VeFw

b ! R

V0p®op WOI/ = Eu,u g Vp@op Wl/

If V is a Banach space, we have that
M,(minV) = M,QV = M, @y V,
and thus
m(minV) =m®y V.
On the other hand, we have that the vector space identification
Mp(maxV) =M, @V

determines a cross norm on M, ® V since if we are given « € M, and v € V| we
have that
le @ vllmax = supfllta@v, A : f BV, M) |If]| <1,peN}
sup {[|(id @ f)(a @ v)|| : f € B(V, M), ||If]| < 1,p € N}
sup {[la ® f(v)l| : f € B(V, My), |If]| <1,p € N}
sup {[le|[{[f()[ - f € BV, Mp), [|f|| < 1,p € N}
= lelllv]l-

It follows that we have a contraction

M, @2V — M,(maxV).

Owing to the fact that we have a contraction # : m — M,, for which

[
M, —m— M,
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is the identity mapping, we have that m ®, V is just the union of the normed
spaces My, ®a V. Since m(max V') is the union of the normed spaces M,(maxV),
we conclude from the diagram

M, @AV — Mp(maxV)
! !

meA V. —  m(maxV)
that the natural mapping
m®a V — m(maxV)

is a contraction.
If V is any locally convex space, we conclude that we have the homeomorphic
identifications

(40) m(minV) = limm(minV,) = limm ey V, = may V.
On the other hand, we have from the diagrams

meAV — m(maxV)

(41) ! !

m@a V, — m(maxV,)

that the top row is a continuous mapping.
The bottom row of the diagram

Vol W —2 . we?w

VN®OPWV — Vp@opWV
is completely contractive and thus we have the canonical operator continuous map-
ping

(42) D, - V®OPW — V@, W.
7. NUCLEAR MAPPINGS AND SPACES

Given Banach spaces V and W, a linear mapping ¢ : V — W is said to be
nuclear if it is in the image of the canonical mapping

VW S VIeW C B(V,W).

The space N(V, W) of nuclear mappings ¢ : V — W is defined to be the image of
® together with the quotient norm ||¢||, . determined by

nuc

_Vew
NV W) = S

We have that a mapping ¢ : V — W satisfies ||¢||
commutative diagram

nue < 1 if and only if we have a

I, =

UT J{T
V —— W
©
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where the column mappings are contractions, and 63 is defined for a A € {; of norm
<1, by

Ox(a;) = (Aia;)

Perturbing these mappings, we may replace [, in this diagram by c¢g. A locally
convex space V is said to be nuclear if for each continuous seminorm p on V, there
exists a continuous seminorm ¢ > p on V for which the corresponding mapping

V, — V, is nuclear. We have (see [25]):

Theorem 7.1. Suppose that V s a locally convex space. Then the following are
equivalent:

a) V is nuclear
b) For all locally convez spaces W, we have that the mapping Vo, W — Ve W
is @ homeomorphism, and thus VOW = Vo W.

Given operator spaces V and W we have a corresponding diagram
. Pop oy~
V'@opW — V'@ W C CB(V, W).

We define the space Nop(V, W) of matriz nuclear mappings ¢ : V — W to be the
range of ®,, together with the quotient norm ||¢||”? = determined by

V*Gop W

NOP(V’ W) = ker @
op

(see [9] for the properties of these mappings). We say that a mapping ¢ : V — W

is a proper matriz nuclear contraction if it satisfies ||¢[|7" =< 1. This will be the

case if and only if we have a commutative diagram

fap
Mo —— T

o T

VvV — W
@

where o and 7 are complete contractions, and the mapping 0, 3 is defined for prop-
erly contractive Hilbert-Schmidt operators a, b by
Ba,5(x) = azb.

Tt is equivalent to assume that we have commutative diagrams (43) with My, re-
placed by K.

Given two operator spaces V and W, we have a natural diagram of complete
contractions interrelating the scalar and operator spaces:

VoW —— V'@pW —— V*O,W —— VoW
N(V,W) —— Nop(V, W) ——— Bop(V, W) ——— B(V, W)

In particular, we conclude that if ¢ : V — W is nuclear in the classical sense, then
it is operator nuclear.
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Proposition 7.1. Suppose that V and W are operator spaces. If p : V — W is a
proper matriz nuclear mapping with ||o||’" < 1, then for any operator space X the
mapping

pid: Vol X =Wl X
1s a complete contraction, and thus determines a complete contraction
P @id: VX — WRep X.

Proof. To see this we recall that if G € (W&, X)* and ||G|| < 1, then G determines
a complete contraction

g : W — X~
by
a(w)(x) = G(w @ 2)
(see (38)). Tt is evident from (43) that the composition
v 2w e x

is again a proper matrix nuclear contraction, and thus has the form #(F') for some
F € V*®,, X* with ||F|| < 1. We have that

(G p(v) @ w) =(F)(v)(w) = (F,v @ w),
and by linearity,
(G (¢ @id)(u)) = (F, u)
for all u € V ® X. Since the mapping
V@opW e (V@ W*)*

is completely isometric (see [2]), it follows that

lp@idw)]| = sup {[(G,(p@id)(uw))|: ]G] <1}
< sup {[(F )| [Pl < 1}
< lully -

O

Given operator spaces V and W and matrix nuclear mappings ¢ : V — W and
¥ : X — Y, we have that the mapping

R V®0pX — W®0pY

is matrix nuclear. To see this let us assume that we have the commutative diagram
(43) for ¢ as well as a commuative diagram

. fc,a
Ko ——— T



26 EDWARD G. EFFROS AND CORRAN WEBSTER

Owing to the universal property of the norms ®,,, we have that the first column
in the commutative diagram

S ~ - fagc,b@d ~
I\oo®op[\oo = Keoxoo = Teoxoo = Too@opToo

U@OIT JT@T’

V@op X _ W&o Y
PRy
is completely contractive. Since it is evident that a®c and b®d are Hilbert-Schmidt,
we are done.
Given local operator spaces V' and W, we say that a linear mapping ¢ : V — W
is matriz or operator nuclear if there exists a commutative diagram

EL

UT JVT
vV 2w
where F and F are complete operator spaces, o and 7 are continuous, and ¥ is
nuclear.
We say that a local operator space V' is matriz or operator nuclear if for any

continuous operator seminorm p € MN,,(V'), we have that there is a o € N,, (V)
with o > p and for which the corresponding mapping

(44) Tpo: Vo — Vp

)

1s matrix nuclear.

Theorem 7.2. If V s local operator space, then the following are equivalent:

a) V is a matriz nuclear local operaior space,
b) V is a nuclear locally convez space.

Proof. Let us suppose that V' is matrix nuclear. Then given p € M, (V) we may
select 0,7 € Nop(V) with 7 > o > p for which the mappings

Vi =V, =V,
are matrix nuclear. But it was shown in [10], Th. 4.3, that any matrix nuclear

mapping has factorizations through both row and column Hilbert spaces (see §1).
Thus we obtain a diagram of completely contractive mappings

H, —_— K,

-/ N/ N
Vs — Vs — Vo

with H and K Hilbert spaces, and where the top row is just the composition
H, — V, — K,. But any such completely contractive mapping from H, — K,
must be Hilbert Schmidt (see [8], Cor. 4.5), and the same therefore applies to the
composition V; — Vp. We may next use the fact that a composition of Hilbert-
Schmidt operators is a trace class operator, and the trace class operators coincide
with the nuclear operators between Hilbert spaces. Thus if we select a larger semi-
norm A, we obtain the Hilbert spaces F' and (G, and a diagram of mappings
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F — G — H — K
1 NS |
Vi — Vr — Vo

where the mapping G — H is just the obvious composition. It follows that we
obtain diagrams

F " . K

Vi —— V,

where the mappings 6 are nuclear, and thus V is nuclear as a locally convex space.

Conversely suppose that V' is a nuclear locally convex space. Then given p €
Nop(V), we may find a o € 9(V) such that ¢ > p, and the corresponding mapping
V, — Vp is nuclear. But the operator seminorms are assumed to define the topology
on V, hence we may choose 7 € 9M,,(V) such that 7 > o. It follows that the
composition V, — Vp is nuclear and from our earlier remarks, it must also be
operator nuclear. O

In this regard, we note that m(V) = m®y V is never nuclear as a locally convex
space. To see this we simply observe that if we fix an element vy € V, we have that
we have the homeomorphic inclusion

m=mey Cvyy =mey V,

and we have that a subspace of a nuclear space is nuclear. Thus if m(V') is nuclear,
then so is the infinite dimensional normed space m, which is a contradiction (see

[25], pp. 100-103).

Theorem 7.3. If V is a nuclear locally conver space, then it has precisely one
quantization.

Proof. Tt suffices to prove that maxV = min V. But we have a diagram of topological
identifications and continuous mappings
m(minV) =m@y V=m®sV — m(maxV) — m(min V).

for which the composition is the identity mapping. The first equality follows from
(40), the second from the fact that V' is a nuclear locally convex space. The first
mapping is explained in (41). The final mapping is continuous since the correspond-
ing result is trivial for operator spaces, and we have the commutative diagrams

maxV — minV

| l

max Vp —  min Vp
Thus we have the desired equality. O

Theorem 7.4. If V is a matriz nuclear local operator space, then for any local
operator space W we have that

(45) V®op W = V®op Ww.
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Proof. We have already seen from (42) that we have a matrix continuous mapping
from the first space to the second. On the other hand given p € MN,p(V), let us
select p; > p for which the mapping Vpl — Vp is matrix nuclear. Then for any
o € Nop (W), we have from Proposition 7.1, that the bottom row of the diagram

VRFrWwW —— Verlrw

Vpl ®0p Wa — Vp@opWO'
is completely bounded, and thus the top row is matrix continuous. O

In contrast to the situation for locally convex spaces, it is not evident that the
property (45) characterizes matrix nuclearity for V. The difficulty stems from
the fact that operator spaces need not satisfy the analogue of local reflexivity [5].
However, if we take the latter condition into consideration, we obtain a completely
satisfactory result.

Given operator space V and W, we say that a mapping ¢ : V — W 1s operator
integral, if we have approximately commutative diagrams

fc,a
M, —— T,

UT JVT
VvV — W
@
(see [9]). As in the classical case, any matrix nuclear mapping is operator integral.
On the other hand, the composition of two operator integral mappings is matrix
nuclear. It follows from the latter fact that a local operator space V is nuclear if
and only if we have diagrams (44) with 7, , integral. We let I,,(V, W) denote the
linear space of integral mappings between operator spaces V' to W. We will have no
need to define the corresponding notion for local operator spaces.

An operator space W is locally operator reflexive if for each finite dimensional
operator space F we have that any completely contractive mapping ¢ : F —
W** can be approximated in the point-norm topology by completely contractive
mappings ¢ : E — W. Equivalently, we have that for any operator space V, the
natural mapping

(46) Lop(V,W") = (V& W)
is a completely isometric bijection (see [9], Th. 3.6).

Proposition 7.2. Given a local operator space V, we have that V is matriz nuclear
if and only if we have
a) V' s locally reflexive for a generating famuly of continuous operator semi-
norms p € Nop(V), and
b) for all operator spaces W, V@, W = V@, W.

Proof. Let us assume that we are given p € My,p(V). From (38) the mapping
7, : V — V, determines a continuous linear functional

Fe(Vo,V,)),



LOCAL OPERATOR SPACES 29

where F(v® f) = f(7,(v)). From b), we have F' € (V®,,V,’)". Since by definition,

V@V, = limV, 0,V
there is a 0 € 9M,p(V) and an element

Fe (Vo@op V)"

with

Flv®@ f) = F(ms(v) ® f).
for f € V7. From a) and (46)we may assume that

(V0®opvp*)* = Iop(vaa Vp**)

We may also assume that o > p, and thus that we have a corresponding mapping

Moot Vo =V,

for which 7, = 7, ; o m,. If v € V, then

F(m,(v)@ f) = Faf)

= f

= f

and thus F' is determined by the mapping Tpo V, — Vp. Owing to the fact that
the natural inclusion

Lop(Vo, Vp) = Lop(V5, V™)

is completely isometric (see [9]) we conclude that the connecting mapping 7, , is
operator integral. From our earlier remarks, we conclude that V' is matrix nuclear.

Conversely if V is matrix nuclear, then it is evident from the proof of Theorem 7.2
we may assume that V' is a projective limit of column Hilbertspaces. Since reflexive
operator spaces are obviously locally reflexive, we have condition a). Condition b)
follows from Theorem 7.4 O

Proposition 7.3. If V and W are matriz nuclear spaces, then the same s true

for V®OPW.

Proof. This is immediate from the fact that if we choose p1 > p and o1 > o with
the corresponding mappings V,, — V, and W,, — W, matrix nuclear, it follows
that

N ®op W01 - Vp®op W,

NI

1s matrix nuclear. O

8. DIRECT LIMITS AND OPERATOR BOUNDED SETS

Given a vector space V' and a family of normed spaces F., together with mappings
Yy By — V, the direct limit topology on V is defined to be the finest locally convex
topology on V for which these mappings are all continuous. We write

V= h_{n{E%@/)v}
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to indicate V with this topology. Given a locally convex topology on V| this relation
holds if and only if it has the following property: a linear mapping ¢:V — W, with
W locally convex, is continuous if and only if each of the compositions

E, -V =W

is continuous (see [23], p. 79).
If the E., are operator spaces, then we have corresponding mappings

()0 s M(Ey) — m(V),

and we define the direct limit matriz topology on V to be the corresponding direct
limit topology on m(V'), i.e.,

m(V) = limm(E,).
We use the notation

V = oplim{E,, ¢ }

to indicate V' with this matrix topology. Again it is evident that we have that if V
is a local operator space, this relation will be true if and only if V' has the following
property: a linear mapping ¢:V — W, with W a local operator space, is matrix
continuous if and only if each of the compositions

E, -V =W

is matrix continuous.

A subset B of a locally convex space 1s said to be bounded if it is absorbed by
each neighborhood N of 0, i.e., we have that ¢B C N for some constant ¢ > 0.
Equivalently, each continuous seminorm v € (V) is bounded on B. If B is a
bounded closed absolutely convex set with matrix gauge p = p?, we have that for
any p € (V) there is a constant £ > 0 such that p < kp . Tt follows that p is
faithful, and it defines a norm p is a norm on ,V (see (13)) for which the inclusion
mapping

tp: pV =V

is continuous. We let B(V') denote the set of all gauges of bounded closed absolutely
convex sets in V. Given locally convex spaces V and W, we say that a linear mapping
¢ : V — W is bounded if it maps bounded sets into bounded sets. We let B(V, W)
denote the linear space of bounded linear mappings. Any continuous linear mapping
¢ :V — W is bounded, hence we have the linear injection

C(V,W) — B(V,W).

A subset P of a locally convex space V is said to be bornivorous (see [18]) if it
absorbs arbitrary bounded sets, i.e., for any bounded set B there is a £ > 0 with
kB C P. Any neighborhood of the origin is obviously bornivorous. A locally convex
space V is said to bornological if conversely, any bornivorous set is a neighborhood
of 0. Any countably generated locally convex space is bornological [23], p.82. The
following result may be found in [18], p. 220 and [25].

Proposition 8.1. Suppose that V is a locally convex space. Then the following are
equivalent:

a) V is bornological.
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b) If W is locally conver and ¢ : V — W is bounded, then it is continuous, i.e.,
we have that C(V,W) = B(V,W).
¢) V=Ilm{,V:peB(V)}.

We let B,,(V) denote the gauges of bounded m-convex sets in m(V). Any
bounded set in m(V) is contained in a bounded m-convex set. To see this let us
suppose that p € N, (V), and that poo(B) < a. Then it is immediate from MG1,
MG2, and Lemma 3.2 that if p € N,,(V), and peo(B) < @ then po(hop(B)) < .
It follows that

(47) lm {p m(V) :p € Bop(V)} = lim {;m(V) : ¢ € B(m(V))}

We say that a mapping ¢ : V. — W is matriz (or operator) bounded if o :
m(V) — m(WW) is bounded, and we let B,,(V, W) be the linear space of matrix
bounded mappings.

Corollary 8.1. Suppose that V is a local operator space. Then the following are
equivalent:

a) m(V) is bornological

b) V =oplim{,V: pe€ B,,(V)}.
If V satisfies either of these properties, then for any operator space W, we have

that C,,(V,W) = Bop(V,W). Furthermore, any countably generated local operator
space s matriz bornological.

Proof. Tf V is matrix bornological, then we have from the proposition and (47) that
V = lim{m(V) g € B(m(V)} =lim {,_m(V): p € Bop(V))}

and thus we have b). The converse relation is immediate, as are the remaining two
assertions. (]

If B is a closed bounded convex set in a locally convex space V| then its polar B°
is absorbing in V’| since any continuous linear functional f on ¥ must be bounded
on B. Thus we have that if p is the gauge of a bounded set in V, it is faithful, and
its polar p = p°® is a seminorm on V'. We have the obvious norm isomorphism

(48) GV = (V)

The same arguments apply to the gauges of bounded m-convex sets in m(V'). We
have that if p € B,,(V), then p = p® is an m-module seminorm on m(V"’), and
in this context we have that (48) is a complete isometry of operator spaces. We
shall use such seminorms in the following section to define topologies for mapping
spaces.

9. MAPPING SPACES AND DUALITY

Let us suppose that we are given local operator spaces V and W. For each oper-
ator bounded gauge p € B,,(V) and continuous operator seminorm p € N, (W),
we define

Top : Cop (VW) — Bop(Vp, W)
by taking a linear mapping ¢ € C,,(V, W) into the composition
V=V LW —w,.
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Given a collection of operator bounded gauges & C B(V). we define the & matriz
topology on C,p(V, W) by the relation

Cop(V, W) = oplim{B,, (, V., W,),mp, : p € &, p € Np(W)}.

In particular, we let
Vg = Cop(V, O)s.
Given a net
v € M(Cop(V, W) = Cop(V, m(W)),

we have that ¢, — ¢ if and only if for each p € 9,,(V) we have that the composi-
tions

VeV () — e (7))
converge in B,, (, V, m(W,)) to
PV = V= meo (W) — moo (W)
In particular, we have that f, € m(V') converges to f € m(V') if and only if

({(fu,0)) = ((£,v))

in the norm topology on Me;xeo, uniformly on the bounded unit sets B? C m(V)
forp € G.
We define the strong matrix topology on

V' =C,p(V,0)

by using the collection 3 = B,,(V) of all bounded operator norms on V. The matrix
topology on m(V’) is determined by the m-module seminorms p = p® with p € 3.
We have that a net f, € m(V') converges to a function f € m(V”’) in this topology
if the functions v — ({f,,v)) converge uniformly to the function v — ((f,v)) on
the operator bounded sets in m(V). We note that since the seminorms p; with
p € Nop(V) determine the topology on V, if B is a subset in V, then it is bounded
in V if and only if it is bounded in m(V) (we are using the obvious inclusion
V — m(V)). Thus the strong matrix topology on m(V"’) restricts to the usual
strong topology on V.

We let V" denote the strong bidual of a local operator space V, i.e., V" = (Vﬁ’):@

Proposition 9.1. If V is an operator bornological space, then the mapping V —
V' is a matriz homeomorphic injection.

Proof. The matrix topology on V” is generated by the matrix seminorms o = p®
with p the matrix gauge of a bounded m-convex set D C m(V”’). In particular, if
N is an open set in m(V), it absorbs bounded sets K in m(V), and thus N@ is
absorbed by sets of the form K© in m(V’). Since the sets K© with K bounded in
m(V) generate the strong topology on m(V"), it follows that N© is bounded. On the
other hand, if D is a bounded set in m(V”), then it is absorbed by sets of the form
K® with K bounded in V. It follows that Dg = D® N m(V) absorbs the bounded
m-convex sets in My (V). Thus if we assume that V' is operator bornological, Dg
contains a neighborhood N of 0 in m(V), and (Dg)® is contained in a set of the
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form N®. Thus the strong topology on V* is determined by sets of the form N®©.
Since we have that

NNV =NNYV,

it follows that the injection V < V" is a matrix homeomorphism. O

10. A NUCLEAR QUANTIZATION ARISING IN QUANTUM MECHANICS

It follows from §7 that there is a one-to-one correspondence between nuclear
locally convex spaces and nuclear operator spaces. It perhaps useful to consider
a very simple example that arises in mathematical physics [4], in which we have
explicit operator nuclear mappings.

For any Hilbert spaces H and K we have the natural isometry

(49) H,&K. = H.&,p K.

(see [8], Cor. 4.4¢). Replacing H by H*, it follows that we have a commutative
diagram of isometries

H*@K = (H)*®,K.
| |
T(H,K)= N(H,K) = N,(H., K.)

i.e., each trace class contraction ¢ : H — K determines a matrix nuclear mapping
¢ : H. — K.. Given an arbitrary nuclear Frechet space V, we may find a diagram
of Hilbert spaces and nuclear mappings

Hy & Hy &2
with
V= lgn Hy.
We then have corresponding nuclear operator spaces V. and V, with the same

underlying locally convex topologies, and the matrix topologies

V. = oplim(Hy}),, and

V; = oplim(Hy,),.
We let s be the space of sequences @ = (an)nen which are rapidly vanishing in

the sense that

sup {n" |a,|} < oo
for all £ € N, and we define a mapping

T s — Iy
by letting
mp(a)n = (1 + n)%an.

We then have a diagram of spaces
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where # : [ — I3 is defined by
f(a), = (1 + n)_zan.
We may write § = o o o where the diagonal operator
ola), = (1 + n)_lan
is a Hilbert-Schmidt mapping since

Z i ;|* = 2(1 +5)7% < 0.

i,j j
It follows that # is of trace class, and thus nuclear. Letting s have the topology
defined by the mappings 7, we see that s = lim{ly, 71 }is a nuclear space. Using

the terminology of [4], the (one parameter) space of physical states T is defined to
be the locally convex tensor product

T =s&s.

It is the dual of the algebra A of observables.
In this context we may define a corresponding local operator structure on 7 as
follows. We let s, = lim(l3), and s, = lim(l2), where (I2), and (l2), are the column

and row Hilbert spaces determined by /5. From above we have that the mappings
6:(l2)e — (l2)c and 6 : (I2), — (I2), are matrix nuclear, and thus

Top = $r@opse = im(l2); Oop (I )e

i1s a matrix nuclear local operator space.
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